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Motivation

Many real-world systems can be modelled as a Markov chain:
* Sequence of words in text
* DNA
* Taxi pickup locations.
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Motivation

Many real-world systems can be modelled as a Markov chain:
* Sequence of words in text
* DNA
* Taxi pickup locations.

The state space can be very large. This causes problems such as algorithms
slowing down.
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Motivation

Many real-world systems can be modelled as a Markov chain:
* Sequence of words in text
* DNA
* Taxi pickup locations.

The state space can be very large. This causes problems such as algorithms
slowing down.

Solution: cluster together similar states.
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Provable clustering

For so-called block Markov chains the consistency of spectral community
detection algorithms has been proved in [Sanders et. al., 2020] and [Zhang et.
al., 2020]. An impossibility theorem when insufficient data is available was also
proved in [Sanders et. al., 2020].

Key references:

* Anru Zhang and Mengdi Wang. Spectral state compression of Markov processes.
IEEE Transactions on Information Theory, 66(5):3202-3231, 2020.

* Jaron Sanders, Alexandre Proutiére, and Se-Young Yun. Clustering in block Markov
chains. The Annals of Statistics, 48(6):3488-3512, 2020.
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Block Markov Chain

Fix the following data: 0.9
* Number of clusters K > 1.

* Cluster transition matrix p € RKxK,
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Block Markov Chain

Fix the following data: 0.9
* Number of clusters K > 1.
* Cluster transition matrix p € RKxK,

Then, the block Markov chain associated to a partition V; U...UVx ={1,...,n}is
the Markov chain with transition matrix P given by

PiJ = ;t;);j}// Vi € Vx, Vj € Vy.

We consider the regime where n — oo but K and p are fixed.
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Spectral algorithm

Spectral community detection algorithm:
1. Observe a sample path Xy, ..., X,.
2. Construct .BX, the estimator for the transition matrix P.

3. Principal component analysis of Py yields embedding of state space into RX.
4. k-means + improvement algorithm.
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Spectral algorithm

Spectral community detection algorithm:
1. Observe a sample path Xy, ..., X,.

2. Construct .BX, the estimator for the transition matrix P.
3. Principal component analysis of Py yields embedding of state space into RX.

4. k-means + improvement algorithm.
=
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Motivating question

Note that the spectral algorithm relied on singular vectors of Py. This motivates
studying the spectral properties of Py in general. For instance, what is the
limiting empirical singular value distribution?
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Motivating question

Note that the spectral algorithm relied on singular vectors of Py. This motivates
studying the spectral properties of Py in general. For instance, what is the
limiting empirical singular value distribution?

Key difficulty: Py was constructed based on a sample path of a Markov chain.
This is dependent data.
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Motivating question

Note that the spectral algorithm relied on singular vectors of Py. This motivates
studying the spectral properties of Py in general. For instance, what is the
limiting empirical singular value distribution?

Key difficulty: Py was constructed based on a sample path of a Markov chain.
This is dependent data.

Key contribution: A more natural way to deal with the dependence than was
used in previous works about block Markov chains. Namely, a coupling
argument.
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Result

density
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Theorem

Assume that as the size of the state space n tends to infinity it holds that #V; = a;n + o(n)
and that the length of the sample path satisfies ¢ = A\n? + o(n?). Assume moreover that p
defines an ergodic chain with equilibrium distribution .

Then, the empirical singular value distribution v . converges weakly in probability to a
probability measure v on R>o whose symmetrization sym(v) has Stieltjes transform s(z) =
S @i(0i(2) + ak4i(2)) /2 with fori = 1,... K

K
a(2)”' =z~ Z A (i) i jax(2)

aik(z =7 Z AT 7'('(] ()éi_104-/-2pj7/aj(2).
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Key proof technique: Coupling

One can pretend as if the observation at time t is independent of all other
observations up to some error term. More precisely, given t; € {0,...,¢} one
constructs a path Y with Y independent of X¢, such that Y = X; for most t # ¢;.

Y
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Thank you!

The key references for this talk are:

* The current result: Jaron Sanders and Alexander Van Werde. "Singular value distribution of
dense random matrices with block Markovian dependence." arXiv preprint arXiv:2204.13534
(2022).

* Spectral algorithm and information-theoretic lower bound: Jaron Sanders, Alexandre
Proutiere, and Se-Young Yun. Clustering in block Markov chains. The Annals of Statistics,
48(6):3488-3512, 2020.

* Different perspective on community detection in Markov chains and an algorithm: Anru
Zhang and Mengdi Wang. Spectral state compression of Markov processes. IEEE Transactions on
Information Theory, 66(5):3202-3231, 2020.

A different approach to coupling in dependent random matrices, namely a blocking procedure,
can be found in the works of Merlevede and Banna in the period 2015-2016.
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