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Curse of dimensionality
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Can one identify a lower-dimensional structure?
➢ Clustering
➢ Rich theory for Block Markov chains
➢ This talk: what about real-world data? 

The state space of real-world Markov chains is 
often large. 

This causes many difficulties…
➢ Algorithms slow down
➢ Human interpretation becomes difficult



Block Markov chains
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Fix the following data: 
• A positive integer 𝐾 ≥ 1
• A stochastic matrix 𝑝 ∈ 0,1 𝐾×𝐾

• A partition 𝒱1, … , 𝒱𝐾 for 𝒱 ≔ {1,… , 𝑛}. 

Then, the associated block Markov chain is the 
Markov chain on 𝒱 with transition matrix 

𝑃𝑖,𝑗 =
𝑝𝑥,𝑦

#𝒱𝑦
∀𝑖 ∈ 𝒱𝑥 , ∀𝑗 ∈ 𝒱𝑦.



Detection and evaluation of clusters within sequential data7

Theory on block Markov chains

Random matrix-theoretic properties 
• J. Sanders, A. Van Werde (2023)

Singular value distributions
• J. Sanders, A. Senen-Cerda (2023)

Spectral norm bounds 

Clustering algorithms
• J. Sanders, A. Proutière, S.-Y. Yun (2020)

Two-step clustering algorithm and 
information-theoretic limits. 

• A. Zhang, M. Wang (2020)
Spectral clustering algorithm.

Reinforcement learning
• Y. Jedra, J. Lee, A. Proutière (2023)

Block Markov decision processes
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Theory on block Markov chains

Random matrix-theoretic properties 
• J. Sanders, A. Van Werde (2023)

Singular value distributions
• J. Sanders, A. Senen-Cerda (2023)

Spectral norm bounds 

Clustering algorithms
• J. Sanders, A. Proutière, S.-Y. Yun (2020)

Two-step clustering algorithm and 
information-theoretic limits. 

• A. Zhang, M. Wang (2020)
Spectral clustering algorithm.

Reinforcement learning
• Y. Jedra, J. Lee, A. Proutière (2023)

Block Markov decision processes

1. Spectral initial guess
2. Greedy improvements 

Concentration inequalities
Talk to me at Friday’s poster 
session! 
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What about the real world? 

Does the algorithm work?

Is the model appropriate?

What insights can be found? 



Our contributions

Efficient implementation of the algorithm
Python module with C++ implementation
pip install BMCToolkit

Identification and preprocessing of datasets
Sequential data demonstrating relevance to 
a variety of fields. 
(Ethology, natural language processing, 
microbiology, finance) 

Model evaluation toolset
Classical as well as new evaluation tools. 
For instance: spectral noise evaluation 
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Sequential datasets

Lorem ipsum dolor sit amet, consectetur adipiscing elit.

Maecenas in turpis sit amet risus ultricies tincidunt vitae

accumsan enim. Pellentesque ac efficitur enim. Praesent dui

magna, mattis at bibendum eu, fringilla eu neque. Nulla vel

accumsan arcu. Quisque sagittis, massa quis maximus

vestibulum, sapien ligula venenatis ex, eu elementum diam

ante a neque. Nunc egestas malesuada interdum. Morbi eget

sem in neque pretium vehicula. Duis nulla turpis, efficitur sed

lacus at, auctor tempor lorem. Maecenas pharetra et erat non

viverra. Morbi pellentesque velit nec risus imperdiet, ac

fermentum lectus aliquam. Maecenas rutrum nisi ut turpis

ultricies, id placerat quam fringilla. Donec non interdum urna.

Nam justo mi, malesuada eu sollicitudin vitae, euismod vitae

tortor. Donec feugiat ligula sed sem luctus consectetur id non

lectus. Donec ac neque sed metus facilisis rhoncus.

Pellentesque iaculis, urna et consequat venenatis, nulla felis

laoreet metus, vitae porta risus neque non odio. Sed venenatis

mauris magna, sed tincidunt enim suscipit vitae. Donec a

commodo ipsum. Proin euismod lacus ac metus finibus

sagittis. Duis congue lorem quis velit tempus tincidunt. Ut

ultrices rhoncus ipsum, eget aliquam ex dapibus et. Mauris

porta, quam sit amet tincidunt aliquet, ex ante tincidunt nibh,

et ultricies mi diam ac odio. Duis viverra velit ut dolor ornare

ultricies. Phasellus non interdum velit, ac egestas ligula. Cras

magna odio, vestibulum in ex ut, scelerisque dapibus tellus.

Curabitur facilisis nisl quis erat lobortis efficitur. Donec at

ullamcorper nulla, ut eleifend purus. Donec euismod odio quis

dui ultricies efficitur. Quisque lobortis lectus tortor, in

interdum lorem tempor dictum. Curabitur vitae libero sed ex

elementum fringilla. Duis vel sagittis nisl. Donec a lectus

consectetur quam tincidunt mollis venenatis eget purus.

Mauris condimentum id dolor quis rutrum. Etiam egestas

sapien sit amet interdum tincidunt. Nam a viverra risus. Nulla

in auctor massa, ac lobortis nunc. Nam maximus efficitur

purus a laoreet. Class aptent taciti sociosqu ad litora torquent

per conubia nostra, per inceptos …
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TextDNAAnimal movement Stock market



Dataset: animal movement data
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Dunn ranch bison tracking project: (S. Blake, R. Arndt, D. Ladd)
GPS coordinates of bison over time. 

(latitude, longitude, timestamp)
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(latitude, longitude, timestamp)

Preprocessing:
1) Discretize using a grid with bins of 40x40 meter. 
2) Disregard self transitions. 
3) Prune outliers caused by noisy GPS data.  



Dataset: animal movement data

Detection and evaluation of clusters within sequential data16

Dunn ranch bison tracking project: (S. Blake, R. Arndt, D. Ladd)
GPS coordinates of bison over time. 

(latitude, longitude, timestamp)

Preprocessing:
1) Discretize using a grid with bins of 40x40 meter. 
2) Disregard self transitions. 
3) Prune outliers caused by noisy GPS data.  

Resulting dataset:
Number of states: 𝑛 = 3155
Sample path length: ℓ ≈ 2 × 105

Sparsity: ℓ/𝑛2 ≈ 0.019



Clusters in animal movements
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Clusters in animal movements
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Geographical features!



Dataset: DNA
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Human gene OCA2: 
Sequence of nucleotides:

…GTAGTTAGATCTCCTCTATCC…
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Human gene OCA2: 
Sequence of nucleotides:

…GTAGTTAGATCTCCTCTATCC…

Preprocessing:
Extract sequence of codons. (Three-letter words)

… → GTA → GTT → AGA → TCT → CCT → CTA → ⋯



Dataset: DNA
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Human gene OCA2: 
Sequence of nucleotides:

…GTAGTTAGATCTCCTCTATCC…

Preprocessing:
Extract sequence of codons. (Three-letter words)

… → GTA → GTT → AGA → TCT → CCT → CTA → ⋯

Resulting dataset:
Number of states: 𝑛 = 64
Sample path length: ℓ ≈ 16 × 104

Sparsity: ℓ/𝑛2 ≈ 39
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Clusters in DNA

Clusters:

𝒱1 ≔ {AAA,… }
𝒱2 ≔ {CAC, GCC, CCC, TCC, ACC,

GTC, CTC, TTC, ATC, TGC, AGC,
TAC, AAC, GGC, TAG, CTA, GAC}

𝒱3 ≔ {GTG, GAG, GGT, GCA, GAA,
GTA, GGA, GAT, GGG, GTT, GCT}

𝒱4 ≔ {CGA, CGC, ACG, TCG, CCG,
GCG, CGT, CGG }

𝒱5 ≔ {TTT}
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Observation: (codon-pair bias)
Only rarely 𝒱2 → 𝒱3.  

Codons ending with “C” rarely 
transition to codons starting 
with “G”.  

Clusters in DNA

Sample frequency matrix:     ෡𝑁𝑖,𝑗 ≔ #{transitions i → j}

Before clustering: After clustering:

Clusters:

𝒱1 ≔ {AAA,… }
𝒱2 ≔ {CAC, GCC, CCC, TCC, ACC,

GTC, CTC, TTC, ATC, TGC, AGC,
TAC, AAC, GGC, TAG, CTA, GAC}

𝒱3 ≔ {GTG, GAG, GGT, GCA, GAA,
GTA, GGA, GAT, GGG, GTT, GCT}

𝒱4 ≔ {CGA, CGC, ACG, TCG, CCG,
GCG, CGT, CGG }

𝒱5 ≔ {TTT}
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with “G”.  

Clusters in DNA

Sample frequency matrix:     ෡𝑁𝑖,𝑗 ≔ #{transitions i → j}

Before clustering: After clustering:

Clusters:

𝒱1 ≔ {AAA,… }
𝒱2 ≔ {CA𝐂, GC𝐂, CC𝐂, TC𝐂, AC𝐂,

GT𝐂, CT𝐂, TT𝐂, AT𝐂, TG𝐂, AG𝐂,
TA𝐂, AA𝐂, GG𝐂, TAG, CTA, GA𝐂}

𝒱3 ≔ {𝐆TG, 𝐆AG, 𝐆GT, 𝐆CA, 𝐆AA,
𝐆TA, 𝐆GA, 𝐆AT, 𝐆GG, 𝐆TT, 𝐆CT}

𝒱4 ≔ {CGA, CGC, ACG, TCG, CCG,
GCG, CGT, CGG }

𝒱5 ≔ {TTT}
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Observation: (codon-pair bias)
Only rarely 𝒱2 → 𝒱3.  

Codons ending with “C” rarely 
transition to codons starting 
with “G”.  

Clusters in DNA

Sample frequency matrix:     ෡𝑁𝑖,𝑗 ≔ #{transitions i → j}

Before clustering: After clustering:

Clusters:

𝒱1 ≔ {AAA,… }
𝒱2 ≔ {CA𝐂, GC𝐂, CC𝐂, TC𝐂, AC𝐂,

GT𝐂, CT𝐂, TT𝐂, AT𝐂, TG𝐂, AG𝐂,
TA𝐂, AA𝐂, GG𝐂, TAG, CTA, GA𝐂}

𝒱3 ≔ {𝐆TG, 𝐆AG, 𝐆GT, 𝐆CA, 𝐆AA,
𝐆TA, 𝐆GA, 𝐆AT, 𝐆GG, 𝐆TT, 𝐆CT}

𝒱4 ≔ {CGA, CGC, ACG, TCG, CCG,
GCG, CGT, CGG }

𝒱5 ≔ {TTT}

Rediscover biological phenomenon!



Dataset: Text
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Sequences of text: Wikipedia corpus
Every page corresponds to a sequence of words

Wikipedia → is → an → online → encyclopedia → ⋯
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Sequences of text: Wikipedia corpus
Every page corresponds to a sequence of words

Wikipedia → is → an → online → encyclopedia → ⋯

Preprocessing:
1) Reduce to root words and prune 100 most frequent and 

extremely infrequent words which occur fewer than 1000 times. 
2) Remove self transitions. 

3) Aggregate data: ෡𝑵 ≔ σWikipedia pages p
෡𝑵p.
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Sequences of text: Wikipedia corpus
Every page corresponds to a sequence of words

Wikipedia → is → an → online → encyclopedia → ⋯

Resulting dataset:
Number of states: 𝑛 ≈ 17 000
Sample path length: ℓ ≈ 2 × 108

Sparsity: ℓ/𝑛2 ≈ 1.4

Preprocessing:
1) Reduce to root words and prune 100 most frequent and 

extremely infrequent words which occur fewer than 1000 times. 
2) Remove self transitions. 

3) Aggregate data: ෡𝑵 ≔ σWikipedia pages p
෡𝑵p.



30 Detection and evaluation of clusters within sequential data

Clusters in text

200 clusters including:

𝒱color = {green, white, red, blue, black, gold}

𝒱letters = {b, c, x, v, iii, g, e, r, f, j, d, k, p, l, w, h}

𝒱music = {song, top, singl, album, track, band}

𝒱navigation = {west, east, south, north,american}

𝒱tech = {motor, magnet, real, nuclear, electr}

𝒱politics = {socialist, reform, labour, communist,

liber, democrat, republican, labor, conserv}

𝒱compare = {larger, less, below, greater, higher,

smaller, abov, reduc, lower, low}
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Clusters in text

200 clusters including: Benchmarking with document classification: 

𝒱color = {green, white, red, blue, black, gold}
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Clusters in text

200 clusters including: Benchmarking with document classification: 

𝒱color = {green, white, red, blue, black, gold}

𝒱letters = {b, c, x, v, iii, g, e, r, f, j, d, k, p, l, w, h}

𝒱music = {song, top, singl, album, track, band}

𝒱navigation = {west, east, south, north,american}

𝒱tech = {motor, magnet, real, nuclear, electr}

𝒱politics = {socialist, reform, labour, communist,

liber, democrat, republican, labor, conserv}

𝒱compare = {larger, less, below, greater, higher,

smaller, abov, reduc, lower, low}

Improvement algorithm is helpful! 



Dataset: Stocks
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Sequence of highest daily returning stock on S&P500

Compute daily return per stock as Rt ≔
Closing price

Opening price
− 1.

For every day, consider stock with highest return.
… → 𝐺𝑂𝑂𝐺𝐿 → 𝐴𝑀𝑍𝑁 → 𝑁𝑇𝐴𝑃 → 𝐻𝑈𝑀 → ⋯
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Sequence of highest daily returning stock on S&P500

Compute daily return per stock as Rt ≔
Closing price

Opening price
− 1.

For every day, consider stock with highest return.
… → 𝐺𝑂𝑂𝐺𝐿 → 𝐴𝑀𝑍𝑁 → 𝑁𝑇𝐴𝑃 → 𝐻𝑈𝑀 → ⋯

Preprocessing:
1) Only consider time range where complete data is available.

That is, approximately from 2001 to 2021.
2) Eliminate self transitions.
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Sequence of highest daily returning stock on S&P500

Compute daily return per stock as Rt ≔
Closing price

Opening price
− 1.

For every day, consider stock with highest return.
… → 𝐺𝑂𝑂𝐺𝐿 → 𝐴𝑀𝑍𝑁 → 𝑁𝑇𝐴𝑃 → 𝐻𝑈𝑀 → ⋯

Resulting dataset:
Number of states: 𝑛 = 300
Sample path length: ℓ ≈ 2500
Sparsity: ℓ/𝑛2 ≈ 0.027

Preprocessing:
1) Only consider time range where complete data is available.

That is, approximately from 2001 to 2021.
2) Eliminate self transitions.
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Clusters in stocks

Comparison to alternative model:
[ℙ] Block Markov chain with 𝐾 = 3 after 

improvement step.
[ℚ4] Sequence of independent random 

variables with 3 classes having 
different frequencies.   
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Clusters in stocks

Comparison to alternative model:
[ℙ] Block Markov chain with 𝐾 = 3 after 

improvement step.
[ℚ4] Sequence of independent random 

variables with 3 classes having 
different frequencies.   

Metric for comparison: 
Log-likelihood ratio evaluated on validation 
data.  

Observation: 
The simpler model ℚ4 performs similarly. 
Possibly because the training data is very sparse. 
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Clusters in stocks

Comparison to alternative model:
[ℙ] Block Markov chain with 𝐾 = 3 after 

improvement step.
[ℚ4] Sequence of independent random 

variables with 3 classes having 
different frequencies.   

Metric for comparison: 
Log-likelihood ratio evaluated on validation 
data.  

Observation: 
The simpler model ℚ4 performs similarly. 
Possibly because the training data is very sparse. 

Delicate model evaluation



Model evaluation using spectral noise
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Spectral noise

Definition. The sample frequency matrix is the 𝑛 × 𝑛
matrix ෡𝑁 given by 

෡𝑁𝑖,𝑗 = #{transitions i → j}

= σ𝑡=1
𝑛−1 1{𝑋𝑡 = 𝑖, 𝑋𝑡+1 = 𝑗}
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Spectral noise

Definition. The sample frequency matrix is the 𝑛 × 𝑛
matrix ෡𝑁 given by 

෡𝑁𝑖,𝑗 = #{transitions i → j}

= σ𝑡=1
𝑛−1 1{𝑋𝑡 = 𝑖, 𝑋𝑡+1 = 𝑗}

42

Theorem. (J. Sanders, A. Van Werde, 2023)
Assume that ℓ = Θ 𝑛2 . Then, the histogram of 
singular values of ෡𝑁/ 𝑛 has a limit as 𝑛 → ∞.

The limit can be computed in terms of the 
parameters of the block Markov chain. 
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Empirically observed insensitivity 

Observation. Real-world data often has a highly 
inhomogeneous equilibrium distribution.

44 Detection and evaluation of clusters within sequential data

The spectrum of ෡𝑁 tends to be dominated by this 
inhomogeneity.

This makes it insensitive to model violations. 



Empirically observed insensitivity 

Observation. Real-world data often has a highly 
inhomogeneous equilibrium distribution.
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Solution: Consider normalized Laplacian.
That is, the matrix ෠𝐿 defined by

෠𝐿𝑖,𝑗 ≔
෡𝑁𝑖,𝑗

σ𝑘=1
𝑛 ෡𝑁𝑖,𝑘 σ𝑘=1

𝑛 ෡𝑁𝑘,𝑗

The spectrum of ෡𝑁 tends to be dominated by this 
inhomogeneity.

This makes it insensitive to model violations. 



Spectral model evaluation
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TextAnimal movement

Stock marketDNA

Lorem ipsum dolor sit amet, consectetur adipiscing elit.

Maecenas in turpis sit amet risus ultricies tincidunt vitae

accumsan enim. Pellentesque ac efficitur enim. Praesent dui

magna, mattis at bibendum eu, fringilla eu neque. Nulla vel

accumsan arcu. Quisque sagittis, massa quis maximus

vestibulum, sapien ligula venenatis ex, eu elementum diam ante

a neque. Nunc egestas malesuada interdum. Morbi eget sem in

neque pretium vehicula. Duis nulla turpis, efficitur sed lacus at,

auctor tempor lorem. Maecenas pharetra et erat non viverra.

Morbi pellentesque velit nec risus imperdiet, ac fermentum

lectus aliquam. Maecenas rutrum nisi ut turpis ultricies, id

placerat quam fringilla. Donec non interdum urna. Nam justo

mi, malesuada eu sollicitudin vitae, euismod vitae tortor. Donec

feugiat ligula sed sem luctus consectetur id non lectus. Donec ac

neque sed metus facilisis rhoncus. Pellentesque iaculis, urna et

consequat venenatis, nulla felis laoreet metus, vitae porta risus

neque non odio. Sed venenatis mauris magna, sed tincidunt

enim suscipit vitae. Donec a commodo ipsum. Proin euismod

lacus ac metus finibus sagittis. Duis congue lorem quis velit

tempus tincidunt. Ut ultrices rhoncus ipsum, eget aliquam ex

dapibus et. Mauris porta, quam sit amet tincidunt aliquet, ex

ante tincidunt nibh, et ultricies mi diam ac odio. Duis viverra

velit ut dolor ornare ultricies. Phasellus non interdum velit, ac

egestas ligula. Cras magna odio, vestibulum in ex ut, scelerisque

dapibus tellus. Curabitur facilisis nisl quis erat lobortis efficitur.

Donec at ullamcorper nulla, ut eleifend purus. Donec euismod

odio quis dui ultricies efficitur. Quisque lobortis lectus tortor, in

interdum lorem tempor dictum. Curabitur vitae libero sed ex

elementum fringilla. Duis vel sagittis nisl…



Summary

Clustering in real-world sequential data 
can produce insights!

Model evaluation is non-trivial… 
Benchmarking is not sufficient.

In spectral model evaluation, it is best to 
use ෠𝐿 instead of ෡𝑁.
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Thank you! 

a.van.werde@tue.nl pip install BMCToolkit


