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Matrix concentration inequalities

The following topics have a common feature: they all benefit from matrix concentration in-

equalities!

Community detection

Time series analysis

Quantum information theory

Randomized linear algebra

Spectral graph theory

Compressed sensing

An example of such a matrix concentration inequality is the matrix Bernstein inequality [Oli09,

Tro12]. LetX1, . . . ,Xn be independent self-adjoint random matrices satisfying E[Xi] = 0 and
‖Xi‖ ≤ R. Then, S :=

∑
iXi satisfies

E[‖S‖] ≤ cσ
√

ln(2d) +R ln(2d)
where σ2 := ‖E[S2]‖.
This result is extremely flexible and underlies many of the applications above. It is however

not always a sharp bound. In particular, the dimensional dependence by
√

ln(2d) on the first
term is often found to be suboptimal. For instance, for a Wigner matrix one has E[‖S‖] ≈ 2σ.
In such a case, matrix Bernstein does not provide the correct asymptotic order. A further

limitation is the independence assumption which can be restrictive in applications such as

the analysis of time series.

Question 1. When can the dimensional dependence by
√

ln(2d) be removed?

Question 2. What if the summands Xi are dependent?

We were inspired to work on this problem by [BBvH21] which made fundamental progress

on Question 1 in the case where S is Gaussian and by [BvH22] which concerns the case with
independent non-Gaussian summands.

Markovian model

Let Z1, . . . , Zn be a Markovian sequence of random variables. Suppose that the random ma-
trices are instantaneous functions of this Markov chain:

Xi = fi(Zi).

Dependence parameter: For two random variables V,W we define

ψ(V | W ) := sup
A,B

∣∣∣P(V ∈ A,W ∈ B) − P(V ∈ A)P(W ∈ B)
P(V ∈ A)P(W ∈ B)

∣∣∣
and quantify the dependence in the Markovian sequence as

Ψ := min
{
j ≥ 1 : ψ(Zi+j | Zi) ≤ 1/4 for all i ∈ {1, . . . , n− j}

}
Free-probabilistic quantity: We define a quantity ‖Sfree‖ satisfying σ ≤ ‖Sfree‖ ≤ 2σ by
‖Sfree‖ = infW�0 λmax(W−1 + E[SWS]).

Matrix parameters: Recall that σ2 = ‖E[S2]‖ and ‖Xi‖ ≤ R. We further also use ς2 :=
‖
∑n

i=1 E[X2
i ]‖ and v

2 = ‖ Cov(S)‖.

Application: Block Markov chains

Fix a positive integer K ≥ 1 and let V1, . . . ,VK be a

partition of {1, . . . , d} into nonempty sets. Then, a block

Markov chain with cluster transition matrix p ∈ [0, 1]k×K is
a Markov chain with transition probabilities P(Zt+1 = j |
Zt = i) = pa,b/#Vb for i ∈ Va and j ∈ Vb.

The associated empirical frequency matrix is the d × d ma-

trix N̂ with entries given by N̂i,j :=
∑n−1

t=1 1{(Zt, Zt+1) =
(i, j)}. Concentration properties of this matrix are essential
in the study of spectral clustering algorithms [SPY20].
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Figure 1. Visualization of a block Markov chain on K = 4 clusters.

Lemma. Suppose limd→∞ #Vi/d > 0 for every i ∈ {1, . . . , K}. One can then represent√
n/d(N̂ − E[N̂]) in terms of the Markovian model with

σ2 = O(1), ς2 = O(1), Ψ = O(1), R = O(
√
d/n), v2 = O(1/d).

In particular, when n = ω(d ln(2d)4), our main result yields that E[‖S‖] ≤ ‖Sfree‖ + o(1).
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Figure 2. Singular value distribution of
√
d/n(N̂ − E[N̂]) as well as our leading-order term ‖Sfree‖. We observe

that the inequality ‖Sfree‖ ≤ 2σ is strict. Not only have we reduced the logarithmic dimensional dependence,
we also get a sharp leading-order term!

Result: Sharp concentration inequality

Theorem. In the Markovian model, there exists an absolute constant c > 0
such that for any 0 ≤ δ ≤ 1 and x ≥ 0

P
(
‖S‖ ≥ (1 + δ)‖Sfree‖ + cε(x)

)
≤ 2d(1 + δ)−x

where

ε(x) = v1/2σ1/2x3/4 +R1/3Ψ2/3ς2/3x2/3 +RΨx.
In particular,

E[‖S‖] ≤ (1 + δ)‖Sfree‖ + cε(ln(2d)).

Proof sketch

Recall that the Gaussian case is well-understood due to [BBvH21]. Our general strategy in-

volves a universality argument: we show that E[tr S2p] ≈ E[tr G2p] for all p ≥ 1. The desired
result then follows using the Markov inequality.

Let G be a Gaussian model of S. For t ∈ [0, 1] we show that d
dtE[tr S(t)2p] is small where

S(t) :=
√
tS +

√
1 − tG.

In a settingwith independent summands, a similar strategywas employed by [BvH22]. Their ar-

gument relies on an expansion in terms of classical cumulants. The efficiency of this approach

is due to an independence-implies-vanishing property of classical cumulants. This property

does not apply to us.

Our new idea is to instead use Boolean cumulants. These are not as well-known as classical

cumulants but have the advantage that they enjoy a nice interaction with the Markovian

structure. By also using an identity from [AHLV15] and a change-of-measure we show that

d
dt
E[tr S(t)2p] = 1

2

∞∑
k=3

tk/2

(k − 1)!
E[

∑
(ρ,α,i)

∆(ρ, α, i)∂X(ρ, α, i)

i,1
· · · ∂X(ρ, α, i)

i,k
tr S(t)2p]

where X(ρ, α, i)

i,j has the same marginal distribution as Xij and ∆(ρ, α, i) are scalar random variables

measuring the decay of dependence. Inspecting the combinatorics associated with the iden-

tity of [AHLV15], we show that∑
(ρ,α,i)

‖∆(ρ, α, i)‖L∞ ≤ 2k−1k!
∑

i∈{0}×Zk−1
≥0

exp
(

− ln(4)
k∑
j=1

1{ij > ij−1}
⌊ij − ij−1

Ψ

⌋)
≤ k!ckΨk.

The directional derivative of tracial moments is explicit:

∂B1 · · · ∂Bk
tr[Mp] =

∑
π∈Sk

∑
r1,...,rk+1≥0

r1+···+rk+1=p−k

tr[Mr1Bπ(1)M
r2Bπ(2) · · · MrkBπ(k)M

rk+1].

Combining this with a trace inequality and the fundamental theorem of calculus it can be

shown that E[tr S2p] ≈ E[tr G2p] as desired.

Further results

Using the same method of proof, we establish the following:

1. Universality for tracial moments: For any positive integer p ≥ 1 one has
that E[tr Sp] ≈ E[tr Gp] and Var[tr Sp] ≈ Var[tr Gp]. This can be used to
establish universality of empirical eigenvalue or singular value distributions

improving upon [SVW23].

2. Similar results in the matrix series model: In the matrix series model we

have Xi = YiAi for deterministic Ai and random real-valued Yi. We here
quantify dependence and heavy-tailedness using a cumulant-based

parameterKk := maxi1
∑

i2,...,ik
|κ(Yi1, Yi2 . . . , Yik)|.

3. Applications of the matrix series model: We show concentration for

matrices with independent sub-Weibull entries. Further, we establish

convergence of the empirical eigenvalue distribution of the adjacency

matrix in the G(n,m) random graph model.
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