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Abstract

A block Markov chain is a Markov chain whose state space can be partitioned into a finite number
of clusters such that the transition probabilities only depend on the clusters. Block Markov chains thus
serve as a model for Markov chains with communities. This paper establishes limiting laws for the
singular value distributions of the empirical transition matrix and empirical frequency matrix associated
to a sample path of the block Markov chain whenever the length of the sample path is O(n?) with n
the size of the state space.

The proof approach is split into two parts. First, we introduce a class of symmetric random matrices
with dependent entries called approximately uncorrelated random matrices with variance profile. We
establish their limiting eigenvalue distributions by means of the moment method. Second, we develop
a coupling argument to show that this general-purpose result applies to the singular value distributions
associated with the block Markov chain.
© 2023 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

Understanding hidden structures that underlie sequential data is an important challenge in
data science. Not only do these structures give insight into the complex process which generates
the data; once the structure is determined, any subsequent analysis can benefit from a reduction
in dimensionality.
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An attribute of sequential data is that past and future samples are dependent. Many tools
for data analysis however have only been analyzed for independent data, because dependencies
make the mathematical analysis of a system more difficult. Still, one can simply apply a
tool originally designed for independent data and hope for insights. The conclusions one
derives assuming independence will in the best scenario, but not necessarily, coincide with
the conclusions that one would have derived in the appropriate dependent setting.

One such tool of the trade are spectral methods [1,7,70,72]. The term spectral methods refers
here to any algorithm that makes use of the eigenvalues and eigenvectors of a matrix built from
the data. Eigenvalues and eigenvectors are indeed routinely used to understand the underlying
structure in data. If, for instance, the empirical eigenvalue distribution does not match the
theoretical predictions associated with some model, then this may signify that the model is
missing some important component of the process which generated the data [48,56,64,68].
Another example occurs in principal component analysis, where the eigenvalue distribution
of an empirical covariance matrix can be used to detect the appropriate number of principal
components [46,74]. If the matrix which is built from the data is non-Hermitian then algorithms
typically employ singular values and singular vectors instead of eigenvalues and eigenvectors.
Here recall that the ith largest singular value s;(M) of a square real matrix M is defined in
terms of the ith largest eigenvalue of MM as s;(M) :== (A;(MM™))!/2.

We are specifically interested in the singular value distribution of the sample frequency
matrix

-1
Nx = (Nx.j); =1 Wwhere Ny;; = Z Ux,=i X, 1=j (1)
t=0

built from a dependent data sequence Xo, X1, ..., X, taking values in {1,...,n} for some
positive integer n € Z>. The term singular value distribution of Nx here refers to the measure
vy, defined by

vy, (la, b]) = %#{i e{l,...,n}:a <s;(Ny) <b} )

for any a < b. While the singular value distribution of a random matrix is well understood when
the elements are independent, this is not so when the matrix is constructed from dependent
sequential data as is the case for Ny.

This paper models the sequential data Xo, X;,..., X; as being generated by a block
Markov chain. Block Markov chains are a model for dependent sequential data with an
underlying community structure and have been used to develop and analyze community
detection algorithms for sequential data; see [66,77]. Besides these two papers and the present
paper, the only other rigorous analysis of the spectral properties of Ny when X is a block
Markov chain can be found in [67]. There, an asymptotic distance between the K largest
singular values and the n — K smallest singular values is established.

The current paper establishes a limiting law for the singular value distribution of block
Markovian random matrices such as Ny as the size n of the state space tends to infinity and
the length of the data sequence satisfies £ = ©(n?). For example, Theorem 1.1 describes the
limiting law associated to Ny, which is visualized in Fig. 2. Theorem 1.1 furthermore implies
that the singular value distribution in block Markovian random matrices behaves as one would
predict assuming the entries N x,ij are independent. This gives some legitimacy to the practice of
assuming some independence, particularly when the dependencies are asymptotically equivalent
to those of a block Markov chain and the data sequence is sufficiently long. One can however
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Fig. 1. Visualization of a block Markov chain on K = 3 clusters with p = [[0.9, 0.1, 0], [0, 0.1, 0.9], [0.3, 0.7, O]].
The thick arrows visualize the cluster transition probabilities pi; and the thin arrows visualise the transitions
(X, X¢41) of a sample path (X,)f=0. The starting point X was chosen to lie in the leftmost cluster V.

not ignore the Markovian dependence entirely since it causes the frequencies for different
transitions to have different distributions. Indeed, the singular value distribution following from
Theorem 1.1 does not necessarily agree with the singular value distribution which one would
find assuming that the different entries N x,ij are identically distributed.

We next state our main results in Section 1.1. This is followed by an overview of the
literature in Section 2. Section 3 then provides notation and preliminaries in preparation of the
proofs. Proof outlines are given in Section 4, and a brief comparison between our theoretical
predictions and the singular value distribution obtained from an actual dataset is done in
Section 5. Finally, all details for the proof are provided in Section 6.

1.1. Results

Our main object of study, which will subsequently be formally defined, are Markov chains
which have a community structure. More precisely, the transition probabilities between states
should only depend on the communities to which these states belong.

Fix a positive integer K € Zs,. For any n € Z g, pick a partition (Vk),f:] of V:i=1{1,...,n}
consisting only of nonempty sets. Let p be the transition matrix for an irreducible acyclic
Markov chain on {1, ..., K} with equilibrium distribution w. The block Markov chain with
cluster transition matrix p and clusters (Vk)le is then the Markov chain on V with transition
probability P; ; := px ,/#V), for every i € V; and j € V,. Fig. | schematically depicts a block
Markov chain.

In the subsequent results we are concerned with the asymptotic regime where n tends to
infinity. Fix a sequence of strictly positive real numbers « := («y, ..., ¢g) with Zle o =1
and assume that for every k € {1,..., K} it holds that #V;, = axn + o(n). Let X = (X,)f:0
denote a sample path from the block Markov chain with an arbitrary starting distribution for
Xo and with length ¢ = an? + o(n?) for some fixed A € R.g. Recall the definition of the
empirical frequency matrix N x from (1) and note that N x,ij counts the number of traversals
of edge (i, j). The empirical transition matrix Py associated with the sample path is given by

N X,ij
> k=1 Nx.ik
It will be shown in Corollary 6.10 that there is no division by zero in (3) asymptotically almost
surely.

A B " ~ .
PX = (PXqij)i,j:l where PX,ij =

3
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Fig. 2. On the left: N x/+/n and a frequency-based histogram of the singular values (bars) compared to our theoreti-
cal predictions (solid line). On the right: ﬁﬁx and its singular values. These figures were made by sampling a path
with n = 1000, £ = 2n2, & = (0.5, 0.4, 0.1) and cluster transition matrix p =1[0.9,0.1, 0], [0,0.1, 0.9], [0.3, 0.7, O]].
The systems of equations in Theorems 1.1 and 1.2 were solved using the algorithm in [39, Proposition 4.1] after
which we used the Stieltjes inversion formula (4) to recover the measures.

Some terminology is required to state the main results. The Stieltjes transform of a finite
nonzero measure & on R is the analytic function s : C* — C~ given by s(z) = [1/(z —
x)du(x) where Ct := {z € C : Im(z) > 0} is the upper half-plane and C~ = {z € C :
Im(z) < 0} is the lower half-plane. Let us remark that some authors refer to the Stieltjes
transform by another name such as Cauchy transform or Cauchy-Stieltjes transform. Further,
let us warn that some authors employ a convention which differs by a minus sign from the
notation employed here; they instead consider the map z +— f 1/(x — z)du(x). The relevance
of the Stieltjes transform for our purposes is that u can be recovered from s(z) by the Stieltjes
inversion formula [8, Theorem B.8.] which states that for any continuity points a < b

b
w(la, b]) = —% lir(r)1+ / Im(s(x + ~/—1g))dx. 4)

A sequence of random measures i, on R is said to converge weakly in probability to a finite
measure o if [ f(x)du,(x) — [ f(x)du(x) in probability for every continuous bounded
function f € C,(R). Finally, the symmetrization of a measure u on R is the measure sym(jt)
on R given by A = (u(A NR5p) + n((—A) N R5p))/2 where A ranges over all measurable
subsets of R and —A := {—a :a € A}

Visualizations of the following results are shown in Fig. 2.

Theorem 1.1. The empirical singular value distribution Vi, s n converges weakly in proba-
bility to a compactly supported probability measure v on Rxo. Moreover, the symmetrization

sym(v) has Stieltjes transform s(z) = Zlel o;(a;(z) + ag+i(2))/2 where ay, ..., axx are the
unique analytic functions from C* to C~ such that the following system of equations is satisfied
K
ai()” =z=Y_ rm(ie; " pijak(2) ()
j=1
K
aik (D)7 =z =Y aw(je; ' pjiaj(2) (6)
j=1

fori=1,..., K.
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Theorem 1.2. The empirical singular value distribution v Jaby comverges weakly in probability
to a compactly supported probability measure v on R>o. Moreover, the symmetrization sym(v)
has Stieltjes transform s(z) = Zlel o;i(a;(z) + ax1i(2))/2 where ay, ..., arx are the unique
analytic functions from C* to C~ such that the following system of equations is satisfied

K

4@ =z =Y 27w aipi jaxy(2) )
j=1
K

aik (@) =z =Y 27w e el pjiai(2) ®)

Jj=1
fori=1,..., K.

Observe that the limiting law described in Theorem 1.1 is the same as occurs for a
random matrix M with mean-zero independent entries matching the variance profile of Ny
[79, Theorem 6.1]. By matching variance profile, it is here meant that Var[M;;] = Var[](’ x,ij] for
all i, j. Similarly, the limiting law in Theorem 1.2 corresponds to the limiting law of a random
matrix with independent entries which instead matches the variance profile of ﬁﬁx This
hints at an underlying more general universality principle, which is commonplace in random
matrix theory. Informally, universality states that the spectrum of a random matrix often only
depends on the variance of the entries.

Indeed, the first step of our proof establishes a precise version of this universality statement
in Corollary 4.3. The proof strategy is essentially a modification of the moment method.
More specifically, we generalize a result from [40] concerning the eigenvalue distributions of
approximately uncorrelated random matrices to include the possibility of a variance profile.
The explicit description of the Stieltjes transform of the limiting laws relies on [79].

The second step of our proof establishes that this general-purpose universality principle
applies to the block Markovian random matrices Ny and Py. Proposition 4.7 contains the
corresponding result. The key difficulty is to control the dependence. To this end, we use a
coupling-based approach which is original to this paper and in fact the main new ingredient
to establish the results. The reader is referred to Proposition 4.8 for a special case of
Proposition 4.7 whose proof contains the key ideas.

For future research, an investigation into what happens when the sample path is much
shorter, i.e., £ = o(n?), can be considered. We anticipate that the results of this paper can
be extended to such regimes, in which the empirical frequency matrix is sparser. Nontrivial
modifications would however be required in the part of the proof which relies on the moment
method. This is because, in a sparse random matrix, normalizing for the variance causes all
higher moments of the entries to diverge. This issue can already be observed at the level of
a scalar random variable. Namely consider a sequence of Bernoulli random variables &, with
probability of success p, = o(1) as n tends to infinity, and set &, = (&, — pu)/~/Pn(1 — pPn).
Then Var[¢,] = 1 whereas E[(,f] = Q(pn_l/z) diverges.

2. Related literature
2.1. Block Markov chains
Block Markov chains are the Markov chain analogue of the stochastic block model, and can

similarly be used as a benchmark to investigate community detection problems. Community
detection has been studied extensively within the context of the stochastic block model, and
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we refer interested readers to [35] for an overview. Community detection problems within the
context of block Markov chains received attention more recently [30,31,66,77,78,80].

Spectral clustering algorithms for learning low-rank structures in Markov chains from
trajectories that specifically utilize the sample frequency matrix Ny or the empirical transition
matrix 13X have been analyzed in [66,77]. The fact that I\AJX and ﬁX have previously been used
in the context of community detection algorithms for Markov chains is also what motivated
us to consider these two specific matrices. One could in principle however also build different
matrices from the data. Appropriately modified, the methods of the current paper should still
apply and thereby allow one to derive the associated singular value distributions.

In order to compare algorithmic performance to an information-theoretical lower bound on
the detection error rate satisfied under any clustering algorithm, [66] required a sufficiently
sharp upper bound to the largest singular value of Ny — E[Nx]. The singular values of Ny
were recently also considered in [67]. It is established there that N x has K informative singular
values of size @(£/n), and that the remaining n — K singular values are O(/€/n). Besides the
dense regime £ = £2(n?), the sparser regimes £ = 2(nlnn) and £ = w(n) are also considered
in [66,67].

2.2. Random matrices generated by stochastic processes

The spectral distributions of matrices whose entries are sampled by means of a stochastic
process, such as a Markov chain, were considered in [22,34,53,54,60,62]. These results are
similar to ours in that the randomness is due to the sampling noise of the stochastic process,
but differ in the precise construction of the matrix.

Sample covariance matrices for time series have been considered in [9,10,44,55,61,75].
Let us note that covariance matrices of time series can also be viewed as an instance of the
aforementioned study of random matrices with entries sampled from a stochastic process by
consideration of the entries of the data matrix. Sample autocovariance matrices of time series
have been considered in [12,17,18,49,50,76].

2.3. Coupling arguments

The critical new ingredient in our proof are the coupling arguments which are used to
establish Proposition 4.7. Coupling arguments are a natural way to deal with the dependence
in a Markov chain. They have been used in this setting since the seminal paper [29]. Coupling
arguments in random matrix theory are however not common place; exceptions we are aware
of are [9,11].

2.4. Approximately uncorrelated random matrices

A class of self-adjoint random matrices with dependent entries and decaying covariances,
called approximately uncorrelated random matrices, was studied in [40]. The authors establish
that the empirical eigenvalue distribution of an approximately uncorrelated random matrix
converges weakly in probability to the semicircular law. Our Corollary 4.3 generalizes their
approach to admit the possibility that not all entries have the same variance. Improved results
to convergence weakly almost surely are established in [19,33] under additional assumptions.
It would be interesting to establish similar results in the presence of variance profiles (see the
remarks preceding Proposition 6.16).
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2.5. Random matrices with a variance profile

Let M be a random matrix with independent centered entries and variance profile S;; =
Var[M;;]. The classical results on the spectral properties of random matrices assume that this
variance profile is constant, but extensions to nonconstant variance profiles have also been
considered [2,4,27,28,32,37].

It is typically necessary to assume that the variance profile has tractable asymptotic behavior.
One notion of tractable asymptotic behavior may be found by employing notions from
graphon theory [23,26,79]. In this case the variance profile converges to an integrable function
W : [0,1]> — R. Let us note that results characterizing eigenvalue distributions in this
setting historically preceded the graphon-theoretic terminology; see [71]. Graphon theory was
originally developed in [52] as limiting objects for sequences of dense graphs.

Systems of self-consistent equations as in Theorem 1.1 frequently occur in the theory of ran-
dom matrices with variance profiles [32,71,79]. However, solving these equations to determine
an explicit expression for the Stieltjes transform s(z) is rarely possible. A numerical method
based on an iteration of contraction maps has been developed in the field of operator-valued
free probability theory [39].

2.6. Poisson limit theorems for Markov chains

The variance profiles in our block Markovian setting follow from a Poisson limit theorem,;
see Theorem 4.5. This is in turn deduced from a nonasymptotic Poisson approximation theorem:;
see Theorem 6.11. Poisson limit theorems for Markov chains are a topic of study in their own
right. We refer to [69, Section 2.3] and [38, Section 5] for an overview of the literature.

Distinct from the literature, the emphasis of Theorem 6.11 lies on the fact that the state space
is growing. Compare this e.g. to [63] which concerns the number of visits to an increasingly rare
cylindrical set in the sample path of a Markov chain on a fixed finite state space. Theorem 6.11’s
proof relies on a general Poisson approximation result for sums of dependent random variables
from [6] which in turn relies on a method from [24].

2.7. Random transition matrices

There has been recent interest in the spectral properties of random walks in a random
environment. The setting of [15] is to first sample a random n x n matrix M of independent
and identically distributed nonnegative real random variables of finite variance, and to then
construct the random transition matrix P := D~'M with D the diagonal matrix containing the
row sums of M. The results then concern limiting laws for the singular value distribution and
eigenvalue distribution of /nP. Different models for random transition matrices have been
considered in [13,14,16,20,21,25,42,43,47,56,58,81].

Our study of Py differs from the study of P in the source of randomness: the randomness in
Py is due to the observation noise in the sampled Markov chain in a deterministic environment
whereas the randomness in P is due to a perfect observation of a random environment. Our
situation involves the additional subtlety that one has to deal with the dependence intrinsic
to the sampling noise of a Markov chain. It should however be mentioned that many of the
aforementioned results also concern the distribution of eigenvalues, while we study singular
values.
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3. Notation and preliminaries

3.1. Block Markov chains

Block Markov chains were defined in Section 1.1. Denote o : V — {1, ..., K} for the map
which sends any v € V; to the cluster index k. Note that the definition of a block Markov
chain implies that Yy = (U(Xt))f:() is a Markov chain on the space of clusters {I,..., K}
with transition matrix p.

Recall that it is assumed that |#V; —ayn| = o(n) with o > O for all k € {1, ..., K}. Further,
recall that the V; are assumed to be nonempty for all n. Hence, there exists some «,,;, € R.,
independent of n, such that #V}, > a,,;,n for all k € {1, ..., K}.

We denote Ey = (EX,,)f=1 for the chain of edges Ex, := (X,_i, X,) associated with X.
3.2. Graphs

All graphs in this paper are assumed to be finite and are allowed to have self-loops or multi-
ple edges. We use the term simple to refer to the case where self-loops or multiple edges are not
allowed. An ordered tree is a simple rooted tree such that every vertex is equipped with a total
order on its descendants. The collection of all ordered trees on k + 1 vertices is denoted by 7.

For any n € Z-; we denote E, for the set of directed edges {1, ..., n}> corresponding to
the state space V = {1, ..., n}. Given a directed edge ¢ = (i, j) and an n X n matrix M we
denote M, := M;;. For two vectors of integers m, m’' € Z® we denote m < m' if m; < m/ for
alli e {1,...,R}.

3.3. Graphon theory

A graphon is an integrable map W : [0,1]> — R which is symmetric, meaning that
W(x,y) = W(y,x) for all x,y € [0, 1]. We denote W, for the collection of graphons W
such that 0 < W(x, y) <1 for all x, y € [0, 1].

The cut norm on a graphon W is defined by |Wllo = sups o | [sr W, y)dxdy]
where the supremum runs over all measurable subsets S, T of [0, 1]. The cut metric 6g on the
space of graphons is defined by

So(W, W'y := igfuvv‘f’ - Wlo o)

where the infimum runs over all measure preserving bijections ¢ : [0,1] — [0, 1] and

We(x,y) = W(p(x), ().

Given a symmetric matrix M € R"*" one can define a graphon W¥ by setting

WH(x, y) = M;; if(x,y)e[izl,;l)x[j;l,%). (10)

The graphon W¥ can be assigned values on the boundaries x = 1 and y = 1 by extending
continuously.

3.4. Measure theory

Recall that the Stieltjes transform of a finite measure on R, weak convergence in probability
of random measures, and the symmetrization of a measure on R~ were defined in Section 1.1.
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For two probability measures 1 and v on a countable space V, we can define the total variation
distance as

dry(u, v) = % D@ = v()l. (11)
xeV
Whenever the kth moment of a measure © on R exists, k € Zsg, the kth moment will
be denoted as my () = [ x¥du(x). Note that the definition of the empirical singular value
distribution of an n x n real matrix M with singular values s;(M) > --- > 5,(M) from (2) can
be rephrased as stating that vy, is the measure on R given by vy :==n=' > s,y Where
s,y denotes a point mass at s;(M). The empirical eigenvalue distribution s of an n x n
symmetric matrix A with eigenvalues A;(A) > --- > A, (A) is similarly defined as the measure
on R given by s :=n"' 3" 8. 4).
Denote the Hermitian dilation of M by

HM) — (A‘;T "g) (12)

Note that the eigenvalues of H(M) are s;(M), —s1(M), ..., s,(M), —s,(M). Hence, pum) =
sym(vys) where sym(vy,) denotes the symmetrization of the measure vy,.

3.5. Compressed notation for conditional probability

Let A, B,C, D € F be events in some probability space ({2, F,P) with P(C N D) # 0.
We will on a few occasions encounter long expressions involving the associated conditional
probability. To preserve readability we may then also use the following compressed notation

IP’ABCD—'PA < 13
<,|,>—.<B’D). (13)

Similar notation may be used for conditional expectation and unconditional probability.
3.6. Asymptotic notation

We employ the usual conventions for big-O notation: Let (x,)72, and (y,),2, be two
sequences of real numbers. Then x, = O(y,) if and only if there exist C,ny > 0 such that
|x,| < Clyy| for all n > ng. Similarly, x, = o(y,) if and only if for every C > 0 there exists
some ng such that |x,| < Cly,| for all n > ng; and x, = (2(y,) if and only if there exist
C, ng > 0 such that |x,| > C|y,| for all n > n¢. Finally, x, = ©(y,) if and only if x, = O(y,)
as well as x, = 2(y,).

If (x,),2,, depends on some parameters a, b, then the possible dependence of the constants
on the parameters is expressed in the notation. For example, x, = O,(y,) means that there
exist C, ny > 0 possibly dependent on a but not on b such that |x,| < C|y,| for all n > ny.
When emphasizing like such, the parameters a, b are assumed not to depend on #.

4. Proof outline

Our proof of Theorems 1.1 and 1.2 consists of two parts: a general-purpose universality
result and a reduction argument.

The first part of our proof is given in Section 4.1 where we generalize the results concerning
eigenvalues of approximately uncorrelated random matrices from [40] to admit the possibility
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of a variance profile. The corresponding general-purpose universality results are Theorem 4.2
and Corollary 4.3. Similar results for matrices with variance profile have previously also
appeared in [79, Theorem 3.2 and Theorem 3.4] under the assumption that the entries
are independent. The combination of variance profiles with dependence, i.e., the notion of
approximately uncorrelated random matrices with a variance profile, is new.

The second part of our proof is given in Section 4.2 and consists of a reduction to
Corollary 4.3. This involves two key difficulties. First, we need to determine the variance
profiles associated with the block Markovian random matrices ]QX and ﬁx These variance
profiles are established using Theorem 4.5, which states that N x,ij 1s asymptotically Poisson
distributed with a rate that depends only on the clusters to which i and j belong. Second,
we need to establish that the block Markovian random matrices are in the approximately
uncorrelated universality regime. To do so, we develop a coupling argument which shows that
the covariance between the number of traversals of different edges decays sufficiently quickly;
see Proposition 4.7 for the corresponding result.

4.1. Eigenvalue distributions of approximately uncorrelated random matrices with variance
profile

The results in this section concern the eigenvalues of a symmetric matrix whereas we are
interested in the singular values of the matrices N x and PX To this end, let us remind the
reader of the fact that the study of singular values of any matrix can be reduced to the study
of the eigenvalues of a symmetric matrix by a Hermitian dilation (recall (12)).

Definition 4.1. A family of symmetric random matrices (A,);2, is said to be approximately
uncorrelated with variance profile if, for any non-negative integers 0 < r < R and

my,...,mg € Zso withm; =1 fori =1,...,r, it holds that
E[Am]'.---Am’?A] = 0, g(n"? 14
ViAo 1. 71) iy iR m R0 (14
and
2
Vk#I:{i?J%)}(#{ilez} ’E[A"’il.fl T lRJR] l—[k 1 [ n lk/k:” = or(1) (15)
where the maxima run over all values of (i1, ji), ..., (ig, jr) € {1, ...,n}2 with {i, ji} #

{i;, j;} for all k # 1.

In order to identify a limit of the empirical eigenvalue distribution w,,, /7 it is necessary
to assume that the variance profile has tractable asymptotic behavior. We follow the approach
taken in [79, Theorem 3.2] and employ the homomorphism density. The homomorphism density
from a simple graph F = (V,E) on V = {1,..., R} to a symmetric matrix M € R"™" is
defined by

1(F, M) := Z [T M- (16)

il ..... ip=1{v,w}eE

The name homomorphism density may be explained by the fact that if A is the adjacency
matrix of a graph G, then #(F, A) counts the number of graph homomorphisms of F to G. A
detailed proof for the following result may be found in Section 6.1.
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Theorem 4.2. Let (A,)2, be a family of symmetric random matrices which are approximately
uncorrelated with variance profile S, = (Var[A, ;;1); j=1- Assume that for every ordered tree
T e U Ty it holds that (T, S,) has a limit as n — oo. Then, the empirical eigenvalue
distribution of (L4, s converges weakly in probability to the unique probability measure |
whose moments are given by

Mo () = ) lim (T, 8,), Mg () =0, (17)
TeTm

Sfor every m € Zs¢. Moreover, [ is compactly supported.

Proof sketch. Just as in the classical moment method, the key step is to show that
Elmi (e, /)] = mp(n) + ox(1) for every k € Z>p. Observe that

Elmy (i a,yi)] = n~ 72 E[Tr(A})] (18)
n
= n_l_k/2 Z E[An,ilizAn,i2i3 e An.ik,likAn,ikil] (19)
i1sens ir=1
for every k € Zso. Given a sequence of indices i = (i, ..., i, i), which occurs on the

right-hand side of (19), let G; := (V (i), E(i)) denote the induced undirected graph with vertex
set V(i) :={iy, ..., ix} and edge set E(i) := {{i}, i»}, {i2, i3}, ..., {ix, i1}}. Viewing i as a cycle
on G;, let r{(i) be the number of edges which are traversed exactly once and let (i) be the
number of edges which are traversed exactly twice. Note that we could in principle also define
r3(i), r4(i), . .., but these quantities will not be relevant in the proof.

Consider P(i) = E[A, i, - Anii]- In a classical application of the moment method,
one has assumed that all entries A, ;; with i < j are independent and centered. Under such
assumptions, it immediately follows that P(i) = 0 whenever r|(i) > 0. The entries of A, are
however not independent in our case. It may thus be that P(i) # 0. Instead, one has to rely
on part (14) in the definition of an approximately uncorrelated random matrix to deduce that
P(i) is small whenever r;(i) is large. Combined with a bound on the number of terms with
r1(i) = r, which is stated in Lemma 6.4 and established in [40], this is still sufficient to argue
that the contribution of the terms with r(i) > 0 is asymptotically negligible.

When k = 2m + 1 is odd, the number of terms with r{(i) = 0 in (19) is of a smaller
order than the normalizing factor n=!=%/2, This yields that n~'=*2E[Tr(A%)] = o04(1) for all
odd values of k. When k = 2m is even, the asymptotics are dominated by the contribution
of those P(i) for which G; is a tree and r»(i) = k/2. This leads to the conclusion that
n URRE[TAD] = Y rer, (T, Sp) +o(1). O

Note that Theorem 4.2 also applies to random matrices with independent entries. Corre-
spondingly, the limit x4 may be explicitly identified whenever it is known for independent
random matrices with the same variance profile. The following corollary is an instance of this
principle and uses the description provided in [79, Theorem 3.4] for eigenvalues of matrices
with independent entries. The details for the reduction argument are provided in Section 6.2.

Corollary 4.3. Let (A,);2, be a family of symmetric random matrices which are approximately
uncorrelated with variance profile S, = (Var[An,ij])ﬁ i1 Assume that there exists some
graphon W € Wy such that so(WS, W) — 0. Then, the empirical eigenvalue distribution
M, /a converges weakly in probability to the probability measure p whose Stieltjes transform
s(z) is given by
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1
s(z):/ a(z, x)dx (20
0

where a(z, x) is the unique analytic function from Ct x [0, 1] to C~ satisfying the following
self-consistent equation

1
a(z,x) ' =z7— / W(x, y)a(z, y)dy. 21
0

4.2. Block Markovian random matrices are approximately uncorrelated with variance profile

The proof of Theorems 1.1 and 1.2 now amounts to a reduction to Corollary 4.3 which is
done in three steps. First, in Section 4.2.1 we argue that we may recenter the matrices and
we may assume that X starts from its equilibrium distribution. Second, in Section 4.2.2 we
determine the variance profiles by means of a Poisson limit theorem. Finally, in Section 4.2.3
we show that the random matrices are in the approximately uncorrelated regime which is
done using a coupling argument. The key ideas for the coupling argument are demonstrated in
Section 4.2.4.

4.2.1. Reduction to centered random matrices when starting in equilibrium

A sample path (Z,)‘_, of a Markov chain Z on the state space V is said to have initial
distribution ¢ : V — [0, 1] if P(Zy = v) = «(v) for all v € V. Assume that Z is irreducible and
acyclic so that it has an equilibrium distribution II;. Then, Z is said to start in equilibrium if
it has initial distribution II,.

Let Dy denote the n x n diagonal matrix whose ith diagonal value is the sum of the values
on the ith row of NX:

Dyxi = Z Nx,ij~ (22)
i=1

Observe that we can write the definition of the empirical transition matrix in (3) as I3X =
Dy'Ny.

The following lemma, whose proof is provided in Section 6.3.1 based on perturbative
arguments, allows us to make the following two reductions. First, we may recenter Ny and
pretend as if Dy is a deterministic matrix. Second, we may assume that X starts in equilibrium.

Lemma 4.4. Let X = (X,)f=0 and Y = (Y,)f=0 be sample paths from the block Markov
chain where X starts in equilibrium and Y has an arbitrary initial distribution. Denote
My = Nx — E[Nx] and Qx = diag((¢ + 1)IIx)~'My.

(i) Assume that vy, , n converges weakly in probability to a probability measure v. Then,

Vi, gn converges weakly in probability to v.

(i) Assume that v s, converges weakly in probability to a probability measure v. Then,
Y, converges weakly in probability to v.

The strategy is now to apply Corollary 4.3 with A, = ~2H(My) or A, = v2H(1nQx)
where X is a block Markov chain which starts in equilibrium.
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4.2.2. Determination of the variance profile

The limiting variance profile of Ny can be established by a direct calculation which shows
that the covariance between the different terms of N Xe = Z, 1 Ley = 18 asymptotlcally
negligible. We instead take a different route: one that yields the stronger claim that N x.e satisfies
a Poisson limit theorem and is conceptually more satisfying.

Theorem 4.5. Assume that X starts in equilibrium. Fix some ki, k, € {l,..., K} with
Pk, > 0 and let (e,);2, be a sequence of directed edges with e, € Vi, x Vi, for all n.
Then Nx ., converges in distribution to a Poisson distribution with rate )Ln(kl)a,:lla,:z ! Dy ky-

A proof is provided in Section 6.3.2 where one can also find a nonasymptotic Theorem 6.11
which gives a precise upper bound on the total variation distance of I\Afx,en to a Poisson
distribution. The proof relies on a reduction to a general Poisson approximation theorem for
sums of dependent random variables from [6].

Let us remark that the proof of Theorem 4.5 may also be used to derive a Poisson limit
theorem in different scaling regimes than the running assumption £ = @(n?) and #V;, = O(n).
More precisely, a Poisson limit theorem holds whenever £ and #V, x #V, tend to infinity in
such a fashion that (#Vkl#sz)’lﬁ converges to a nonzero constant. For example, N X.e, also
satisfies a Poisson limit theorem in a block Markov chain with two clusters of size #V; = @(1)
and #V, = £ = w(1) respectively.

The variance profile of Ny now follows by a tightness argument which is provided in
Section 6.3.3.

Corollary 4.6. Let e, be as in Theorem 4.5 and assume that X starts in equilibrium. Then,
as n tends to infinity, it holds that Var[Nx ., 1 = Am(ko)ey o' Py ky + 0k, 4y (D).

Graphon limits for the variance profiles of V2H (Mx) and V2H (nQx) are immediate from
Corollary 4.6. To be precise, by (10) and (12) the variance profile of V2H(My) converges to
the graphon

2 ey piy i 2x, 2y = 1) € i, civn) X [ej, ¢j4),s

Wu(x, y) = { 2am (e o pji if (2 — 1,2y) € [ci i) X [, ¢j1), (23)
0 otherwise
with respect to the cut metric (9). Here, ¢; := ;{ llozk and i, j € {1, ..., K}. Similarly, note

that IIx(v) = w (o (v))/(nasw)) + o(1) so that the variance profile of \/_H(n Qx) converges to
the graphon Wy, specified by

Z)L_ln(i)‘log,vajflp,v,j if 2x,2y — 1) € [ci, ¢is1) X ¢, ¢j41),
Wox,y) = {227\ w () e ajpji if 2x — 1,2y) € [ciy civr) X [¢), €js1)s (24)
0 otherwise.

4.2.3. Approximately uncorrelated

It remains to show that H(My) and H(nQx) are approximately uncorrelated with variance
profiles. In fact, since nQyx is derived from My by rescaling with n diag((¢ 4+ 1)IIx)~!, which
is a deterministic diagonal matrix with entries of size ©@(1), it is sufficient to establish that
H(My) is approximately uncorrelated with variance profile.
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Proposition 4.7.  Assume that X starts in equilibrium. Then the sequence of self-adjoint
random matrices H(Mx) is approximately uncorrelated with variance profile.

Recall that Definition 4.1 of approximately uncorrelated random matrices with a variance
profile consists of two properties, namely (14) and (15). The proof for Proposition 4.7 given
in Section 6.3.4 thus comes down to a verification of these two properties: (14) is verified in
Proposition 6.15 and (15) is verified in Proposition 6.14.

The proof of Theorems 1.1 and 1.2 is then complete. Indeed, by using the Hermitian dilation
in (12) and the preliminary reduction from Lemma 4.4, it is sufficient to establish limiting laws
for the eigenvalues of V2H(M X)/«/E and v2H(nQ X)/«/E when X starts in equilibrium.
This case follows from Corollary 4.3 with the limiting variance profiles in (23) and (24).

4.2.4. Demonstration of the coupling argument

Proposition 4.7 is the most important ingredient for our results. Let us provide an example
for the method of proof by establishing a special case of (14): the covariance between two
entries decays at an appropriate rate.

Proposition 4.8. Assume that X starts in equilibrium. Then,

max |E[My o, Mx .,1| = O(n™") (25)

ey 7£e)

where the maximum runs over all pairs of distinct edges e, e; € E,.

Proof. The proof is split into parts. The main ideas are contained in Part 2 and Part 3. In Part 2
we observe that it is sufficient to understand how much the expectation of N x,e, changes when
it is conditioned on a traversal of e; at some predetermined time. This effect of conditioning
on a traversal is then understood by a coupling argument in Part 3.

Part 1: Preliminary reduction to K > 5

We claim that there is no loss in generality in assuming that K > 5. The idea is to split a
cluster into pieces.

Since #Vg = agn + o(n) it may be assumed that #Vx > 5. Define a new partition of the
state space V into nonempty sets (V))<4* by V! := V) for i < K and by taking (V))X% to be
a partition of Vg into nonempty sets. It can here be ensured that we remain in the asymptotic
regime where the clusters have size ©(n). Indeed, this for instance follows if the subdivision
of Vx is taken to be into clusters of roughly equal size so that the ratio #V//#V tends to 1/5
for every i € {K,..., K + 4}. Further define a (K + 4) x (K + 4) stochastic matrix p’ by
pz{,j = (#V}/#vmin{K,j})pmin{K,i},min{K,j} for all i, ] = 1, ceey K + 4.

The reduction to K > 5 now follows by observing that the clusters (Vl-’)iK: T‘ and cluster
transition matrix p’ define exactly the same block Markov chain as we started with. Indeed, if
P/ ; denotes the transition probabilities of the ‘new’ block Markov chain then for any i € V;
and j € V] it holds that

| 1 #V)/,
Pxy = oy o
) #Vy #Vmin{K,y}

P/

T Yy

Pmin{K x}),min{K,y) = i, ;- (26)
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>

Fig. 3. Visualization of the construction of the chain Y in the proof of Proposition 4.8 by gluing an edge e; onto
X at time #;. The clusters of the block Markov chain allow us to ensure that E[LT — L~] is O(1) which causes the
expected difference E[Ny,e, — Nx.e,] to be small because a traversal of e; in this small period of time is unlikely.

Part 2: Rewriting E[Mx ., Mx ,]

Pick two distinct edges e, e; € E,,. Recall from Section 3.1 that Ex = (E X,z)le denotes
the induced Markov chain of edges Ex, = (X;_1, X;). It may be assumed that e, is such that
P(Ex,1 = e1) # 0, otherwise Mx ., = 0 and there is nothing to prove.

Recall that My = Ny — E[Nyx] and write NX,el = Zflzl JIEX_[1 =, to find that

E[Mx o, Mx o,] = E[Nx o, Mx.c,] — E[Nx ., IE[Mx.,] (27)
4
=Y P(Exy, = e)(ElNx., | Ex,, =e1] —E[Nx ). (28)

=1

Note that all edges whose starting point and ending point have the same clusters as the
starting point and ending point of e; respectively are equally likely to be traversed at time
t1. There are at least ozfm.nn2 such edges. Hence, P(Ex,; = e;) < ot,;iznn’Z. Considering
that there are £ = O(n?) terms on the right-hand side of (28), it remains to be shown that
E[Nx., | Ex: = el — E[Nx,,]1 = O(n") uniformly in #,.

Part 3: Construction of coupled chains (X,Y)

Recall that we ensured that K > 5. In particular there exists some k € {I,..., K} such
that V) does not contain any endpoint of e; and e,. To study the difference E[Nx,, | Ex,, =
e1] — E[Nx.,] we construct a pair of chains (X, Y); see Fig. 3 for a visualization.

(i) Sample an infinitely long path X = (ft)j'i ~ from the block Markov chain and

independently sample an infinitely long path Y = (Y12 _o, from the block Markov
chain conditioned on Ey, = e;. Note that it is possible to sample at negative times
by means of a time reversal of the Markov chain. Such time reversal exists by the
assumption that the Markov chain associated with p is irreducible and acyclic.

(i) Define

T~ =1, —sup{t € Z, : X, € Vi, ¥, € Vi), (29)

T =inf{t € Zoy, : X, € Vi, Y € Vi) — 1y (30)

and note that 7~ and T are finite with probability one due to the assumption that the

Markov chain associated with p is irreducible and acyclic. Let L™ := max{0,#, — T}

and LT = min{¢, t; + T+Y). _ _

(iii) Let X := (X,)'_,. Define ¥; == (Y,)"_, by ¥, =Y, fort e {L~,...,L*}and ¥, = X,
otherwise.

By construction, X is a sample path from the block Markov chain whereas Y is a sample
path of the block Markov chain conditioned on the event Ey;, = e;. Now, by the law of total
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expectation
E[Nx., | Ex;, = e1]l —E[Nx.,] = E[Ny., — Nx.,] (31)
4
= Z P(L™ =0, LY =¢HE[Ny,, — Nx., | L- =€, LT =¢7]. (32)
¢, et=1

Part 4: [E[Ny,, — Nx.o, | L™ = €7, LT = €] < 2o} n='(¢* — ¢7)

+
Let Ay = IL =41 1Ey ,—e, denote the number of times e, was traversed by (X,)z -
Slmllarly, let Ay = Zl —1-+1 LEy,=¢,- Since V; does not contain any endpoint of e, it holds

that Ny,e2 Ny ey = Ay — Ax. Therefore

|E[Ny,e, — Nx.o, | L™ =€, LT = ¢*]] (33)
<E[Ax |L =0, LT =¢"1+E[Ay | L- =¢", Lt =¢*].

We will establish a bound on the conditional expectation of Ay by using its definition in terms
of 1gy,=c,. To this end we claim that

P(Ey, =e) | L™ =0, LT =¢") <o ! n™! (34)

for any ¢t € {1, ..., ¢}. In case t = 11, the left-hand side of (34) is zero and there is nothing to

prove. Now consider the case where ¢ # ;. For any edge e whose starting point is equal to

the starting point of e, and whose ending point is in the same cluster as the ending point of

ey it holds that P(Ey, = e | L™ =4, Lt =¢") =P(Ey, = e, | L~ = ¢~, Lt = ¢*). This

implies (34) whenever ¢ > t; since there are at least «,,;,n such edges e. The case ¢t < t; may

be deduced similarly by reversing the roles of the ending point and the starting point of e.
Combine (34) with the fact that Ay = Z,L:L, 11 LEy, =, tO conclude that

[%—
E[Ay |L-=¢", LT =¢"] = Z P(Ey,=e | L™ =0",LT =¢%) (35)
t=0+1
<a 7't -0 (36)

The same conclusion applies to Ax. Combine finally with (32) and (33) to deduce that
|E[Nx.e, | Ex., = e1] — B[Ny, | <20}, n 'E[LT — L7]. 37)

Part 5: E[L* — L™] = O(1)

Note that E[LT — L] < E[T'] + E[T"]. Here, E[T*] and E[T ] are finite con-
stants which do not depend on 7. Indeed, consider the product Markov chain E&’Y) =
(U(th+,),0’(ytl+,))?oo on the space {1,...,K} x {1,...,K}. Then T is the first strictly
positive time X X.7) is in (k, k). Recall that the transition dynamlcs p for o(X;) and o(Y,) are
assumed to be acychc and irreducible. It follows that P(T+ > t) shows exponential decay in z.
Because there are only K2 possibilities for the initial state X, (x.yy.0 it follows that E[T*] < B
for some constant BT € R. which does not depend on e, e; or n. A similar argument shows
that E[7T~] < B~ for some B~ € R.,.

From (28) and (37) it now follows that

E[Mx o, Mx .,] <20(B™ + B ), > n~

mln

(38)
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Observe that the right-hand side of (38) is independent of ey, €. Since £ = O (n?) this concludes
the proof. [J

5. Numerical experiment on Manhattan taxi trips

We will now demonstrate that Theorems 1.1 and 1.2 can give nontrivial predictions for
the singular value distributions on an actual dataset. Specifically, we will analyze the first six
months of 2016 in the New York City yellow cab dataset [57]. Each datapoint contains the
pick-up and drop-off location of one trip. Here, pick-up locations are typically close to drop-
off locations so that the dataset may be modeled as a fragmented sample path of a Markov
chain.

Spectral clusterings using the Markovian structure of this dataset have previously been
analyzed in [77]. Our preprocessing is similar to what was done in [77], and is as follows.
The map is subdivided into a fine grid and we trim all states which have been visited fewer
than 200 times. We further remove all self-transitions. This results in a state space of size
n = 4486 with £ = 55 x 10° transitions.

Note that £/n”> ~ 2.7. This empirical observation allows us to make a relevant remark
concerning our theoretical assumption £ = ©(n?). Some of our readers may namely be familiar
with the literature on random graphs. It is an empirical observation that most real-world graphs
are sparse. This sparsity is correspondingly a key difficulty which one should interact with in
the setting of random graphs. Sparsity is not irrelevant in the setting of sequential data but it has
a different meaning; it relates to the amount of time that the process was observed. As opposed
to random graphs it is not unusual to encounter dense sequential data in the real world. The
key novel difficulty is rather that sequential data has dependence. This is precisely the difficulty
which our proofs interact with; recall the coupling argument in the proof of Proposition 4.8.

A clustering OA)k)f:l is found by applying both steps from the algorithm in [66] with K = 4
clusters; the result is displayed on the left-hand side of Fig. 4. Having obtained these clusters
we may estimate the parameters of the block Markov chain as

cb L # L Yiev 2jen Nxij Diev, 2jevy, Nx.ij
A=—, G =—, M= ——, Dkjhy = = .
n n diev 2 jev Nxij Dievy, 2jev Nxiij
These parameters may be substituted in Theorems 1.1 and 1.2 to yield predictions for the

singular value distributions of Ny and Py. The theoretical predictions and the empirical
observations are displayed in Fig. 4. For comparison, we have also displayed the quarter
circle law which is the universal law for the singular values of a random matrix with
independent entries and identical variance. In other words, the quarter circle law is the
prediction corresponding to K = 1.

Taking into account the fact that we used just K = 4 clusters, we conclude that the
predictions match the shape of the singular value distributions fairly well. Observe that the
quarter circle law does not even match the general shape of the distributions: the quarter circle
law has a concave density whereas the observed empirical distributions have convex densities.

6. Proofs
6.1. Proof of Theorem 4.2

We work under the assumptions of Theorem 4.2. This is to say that (A,);2, is a family of
symmetric n x n random matrices which are approximately uncorrelated with variance profile.
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BEEEEEES.
BEYEYEs.

density

—— Block Markov
--- Quarter circle

Fig. 4. On the left: Manhattan and the four clusters in purple, blue, green and red. In the middle: Ny /+/n and a
frequency-based histogram of the singular values compared to our theoretical predictions and the quarter-circle law
with density (wA)~!(4A —x2)!/ zllx R NAL On the right: «/nPx and its singular values compared to our theoretical

predictions and the quarter-circle law with density n‘l):(4/): - xz)l/zlxe[o,z/ /i)- The systems of equations in
Theorems 1.1 and 1.2 were solved using the algorithm in [39, Proposition 4.1] after which we used the Stieltjes
inversion formula (4) to recover the measures.

Recall that for any fixed ordered tree T € 7y it is assumed that ¢(7, S,) has a limit as n — oo
where S, = (Var(A,,;;))} i1 denotes the variance profile of A,,.

The proof of Theorem 4.2 comes down to a modification of the proof in [40] to include
the variance profile. Let us start by including some background on the moment method. These
results are well-known and included for the reader’s convenience.

The following lemma is implicit in the proof of the Wigner semicircle law in [5, Section 2.1].
See particularly the remarks following Lemma 2.1.7 in [5, Section 2.1.2] and the application
of Chebyshev’s inequality in the first sentence of [5, Section 2.1.4].

Lemma 6.1. Let (11,)52, be a sequence of random probability measures on R and let p be
a deterministic and compactly supported probability measure on R. If, for every k € Z,

Elmy ()] = mye(u) + ox(1); - Var[mg(w,)] = ox(1), (39
then W, converges weakly in probability to .

The following result is moreover a direct consequence of the Stone—Weierstrass theorem
and the Riesz representation theorem [65, Theorem 2.14].

Lemma 6.2. For any compactly supported probability measure | it holds that the sequence
of moments (i ()i, satisfies the following properties:

(1) It holds that my(u) = 1.
(ii) For any k € Zs( the Hankel matrix (m; j(u))ff’ =0 is positive semi-definite.
(iil) There exists a constant ¢ € R such that [my(p)| < c* for all k € Zsy.
Moreover, for any sequence of real number (my);2,, satisfying these properties there exists a

unique probability measure |1 with (i (u)2, = (M2, and this measure  is compactly
supported.

Lemma 6.3. There exists a unique probability measure . whose moments are given by
Mop() = Y lim (T, S,);  mapia(p) =0, (40)
n—o0
TeTm
for every m € Z=¢. Moreover, [ is compactly supported.
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Proof. The existence of such a probability measure p is known [79, Theorem 3.2]. However,
it is not explicitly stated in [79] that i is compactly supported so, for the sake of completeness,
let us provide an argument based on Lemma 6.2.

The condition that mg(u) = 1 is satisfied since p is a probability measure. Further, the
positive semi-definiteness of the Hankel matrix (m;; (u))ﬁ j=0 for every k € Z> is equivalent
to the trivial statement that f p(x)p(x)du(x) > 0 for every polynomial p(x) € C[x]. It remains
to show that the moments of  are exponentially bounded.

It follows from (14) in the definition of an approximately uncorrelated random matrix with a
variance profile that max; j_i,.. . Syij < ci. Therefore, using the definition of homomorphism
densities in (16) it holds that for every m € Zs( and any ordered tree T’ € T,

«(T,S,) <cl. 41

It holds that #7,, = C,, where C,, is the mth Catalan number. It is known that there exists
some ¢; € R, such that C,, < ¢ for all m € Z>(. Hence,

Z (T, S,) < e <" (42)
TeTm

for some constant c3 € R.¢ and all m > 1. (42) provides an exponential bound on the rate
of growth of the even moments my,,(w). Further, recall that we already know that mp(u) = 1
and my,, 1 = 0. It follows that my(u) < c’3‘ for all k € Z-¢. Conclude by Lemma 6.2 that u is
compactly supported and unique. [

We adapt the same notation as in the sketch of Theorem 4.2. This is to say that given
integers i = (i1,...,0, ;1) with i; € {1,...,n} for every j = 1,...,k we denote
the induced undirected graph with vertex set V(i) = {ij,..., i} and edge set E(i) =
{{i1, i2}, {2, i3}, ..., {ix, i1}} by G; = (V(i), E(i)). Viewing i as a cycle on G; we let (i)
be the number of edges which are traversed exactly once and r,(i) be the number of edges
which are traversed exactly twice. Finally, we define P(i) :=E[A, ;i, - - Aniziy |-

The following combinatorial result will be essential.

Lemma 6.4 (/40, Corollary 10]). With i as above it holds that #V (i) < (k+r1(i))/2+ 1 with
strict inequality whenever ri(i) > 0.

Lemma 6.5. For any m € Zx it holds that

E[m2m+l(ﬂAn/\/ﬁ)] = on(1), (43)
Bl (1a, i)l = Y, 1(T, ) + on(1). (44)
TeTn

Proof. Let k € Z>( be a positive integer and recall the expansion for E[my (w4, )] in (19).
Let i := (iy,...,i, i1) be a sequence of integers as occurs on the right-hand side of (19).
By property (14) in the definition of an approximately uncorrelated random matrix it holds
that P(i) = Ox(n~'"/?) whenever r (i) = r. By the part concerning the strict inequality in
Lemma 6.4 we have that for any r € Z. there are ox(n**+"/2+1) terms on the right-hand side
of (19) with r(i) = r. This means that only the terms with r;(i) = O survive the normalization
by n~1-%/2;

Elm(1a,, gl =n"""2 3" P@) + o(1). (45)
i:r1(i)=0
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Fig. 5. Visualization of a sequence of integers i for which P(i) has an asymptotically relevant contribution to (45).
The corresponding undirected graph G; is the tree found by identifying the doubled edges.

Note that G; is connected. Hence, for any i with 7;(i) = 0 it has to hold that #V (i) < k/2+ 1
with equality if and only if & is even, G; is a tree and r»(i) = k/2. In particular, for k odd there
are o (n'*/2) terms on the right-hand side of (45). Hence, for any m € Z taking k = 2m + 1
yields that

Elmomt1(a, /)] = om(1). (46)
Now let k = 2m be even. As above, the contribution of the terms for which G; is not a tree or
(i) # m is asymptotically negligible. Consider some sequence of indices i = (iy, ..., i, i1)

for which G; is a tree and (i) = m. An example of such a sequence i is depicted in Fig. 5.
Equip G; with the unique order such that i is the path traversed by depth-first search.
Now,

Elma (1a, i)l =" "2 3" 3" P(i) + 0n(1) (47)
TeTm i:Gi=T

where the isomorphism condition is to be considered in the space of ordered trees.
The ordering on any T € 7, induces a canonical numbering of the vertex set corresponding
to the order of visits in depth-first search. This is to say that it can be assumed that V(T) =

{1,...,m 4 1}. Denote E(T) for the set of edges. Note that the collection of sequences of
indices i with G; = T is in bijection with the collection of injective labelings I' : V(T) —
{1, ..., n}. The assumption that A, is approximately uncorrelated with variance profile S, then

implies that P(i) = ]_[{v’w}eE(T) Sn,l{J{U +0,,(1). Note that there are O,,(n"*!) injective labelings
of V(T) and only O,,(n™) labelings which are not injective. Hence, the sum over all i with
G; = T is asymptotically equivalent to a sum over all (not necessarily injective) labelings
1:V(T)—{1,...,n}:

n—l—(Zm)/z Z P(l) — n—l—(2m)/2 Z 1_[ Sn,]vlw +0m(1) (48)
i:G;=T Iyendpy1=1{v,w}eE(T)
=T, S,) + onm(l). (49)
Note that (16) was used in the second step. By (47) it now follows that for every m € Zx
Elmon (g, gl = Y 1T, )+ om(1). (50)
TeTm

Combine (46) and (50) to conclude the proof. [J

Lemma 6.6. For any k € 7> it holds that Var[m (i 4,/ )] = ok(1).
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P it L el R

l/':fv h \ /” g \c
z/” i ”v‘\./j it J2 >.
T, W J

N & i1, J/f \J 2+2 ﬂ;/’

Fig. 6. Visualization of a pair of sequences of integers i, j with V(i)NV(j) # ¥ as occur in the proof of Lemma 6.6.
While not depicted it is possible that i and j are also equal at other vertices than ig, = jq,.

Proof. Recall that

Var[mg (14, )] = Elme(iey, ) a1 — Elme(ieg, /)1 (51)

The limit of E[my(uy,, ﬁ)]z is known by Lemma 6.5. Hence, it suffices to show that
Elmi(ia,, ﬁ)2] converges to the same limit. For any k € Zxo,

E[mkmn/f) 1=n"""E[(Tr A})’] (52)
n2 Z Z AnitipAnigiy *** Anigiy Anjip Ao gz = Anjeir ] (53)

ik =1 1o ji=1
Leti = (iy,...,i, 1) and j := (ji, ..., jr, j1) be sequences of integers which occur in (53).

Define G; ; = (V(i) U V(j), E(i) U E(j)). Let P(i, j) := E[Ap i, - An jj,] be the term
occurring on the right-hand side of (53).
First, consider those sequences of indices i, j for which V(i) N V(j) # @. Then i, j can

be merged: let /; € {1,...,k} be the minimal index such that i;; € {ji,..., -} and let
I, € {1, ..., k} be the minimal index such that j,, = i;, and set
Lij =100, ooy 0ty Jlols oo Jho JUs J2s v Tl 415 o+ o5 By 1) (54

A resulting sequence is schematically depicted in Fig. 6.

By definition of approximately uncorrelated it holds that P(i, j) = Ox(n~'/?) whenever
r1(€;, ;) = r. Further, it follows from Lemma 6.4 that #V (i) U V(j)) < 2k + ri(£; ;))/2 + 1.
Hence, for any r € Z there are O ((2k+r)/2+1) terms with V(@)NV(j) # P and r((£; ;) =r.
This implies that the contribution is asymptotically negligible:

n Y PG )= 0. (55)
i,j:V@HONV(j)£D

The argument to deal with the terms with V()N V(j) = @ is identical to the argument used
in the proof of Lemma 6.5. In particular, it can be established that

2k or(1) if k is odd,

n > PG = > o
T (Zren/z «(T,Sy)) 4+ ox(1) if k is even,

(56)

where it is used that the contribution of those pairs of trees G;, G; which were removed by
restricting our attention to the case of V(i) N V(j) = @ is asymptotically negligible due to the
fact that there are only Oy (n**!) values of i, j with V(i)NV(j) # @ and r2(i) = ry(j) = k/2.
Combine (55), (56), and the limit established in Lemma 6.5 for E[my(u4,, ﬁ)]2 to deduce
that Var[my (i ,,, )]l = or(1). 0O
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Proof of Theorem 4.2. By Lemma 6.3 there exists a compactly supported probability measure
wn with the specified moments. The result is now immediate by Lemma 6.1 whose assumptions
were verified in Lemmas 6.5 and 6.6. [

6.2. Proof of Corollary 4.3

Proof. Recall that it is assumed that (W S", W) — 0. Then, by [51, Theorem 11.5], it holds
that t(F, W5) converges as n — oo for every fixed tree. Consequently, by Theorem 4.2, it
holds that uy,, s converges weakly in probability to some limit  and it remains to show that
the Stieltjes transform of u is given by (21).

To this end remark that Theorem 4.2 also applies to random matrices with independent
entries. Consequently, if we consider a sequence of random matrices B, with independent
entries and the same variance profile as A,, then also ug,, 5 converges weakly in probability
to . The desired shape for the Stieltjes transform now follows from Theorem 4.2 by
[79, Theorem 3.4] which provides the same description for the Stieltjes transform in the case
of a random matrix with independent entries. The assumption that max;;j—,.. . S,;; = O(1)
in [79] is satisfied since (14) in the definition of an approximately uncorrelated random matrix
implies that max; j—i,_, E[Aﬁ’ij] = O(1).

Let us remark that it may not be clear from the statement of [79, Theorem 3.4.] that the
codomain of a(z, x) should be C~. This specification of codomain is however important to
guarantee uniqueness of the solution to the self-consistent equation (21); see [3, Theorem 2.1
and subsequent remarks]. The fact that the codomain should be C~ is implicit in the final
sentence of the proof of [79, Theorem 3.4] which makes reference to [3, Theorem 2.1]. Let us
provide some additional details for this final sentence of the proof in [79] so as to make the
codomain explicit.

The proof of [79, Theorem 3.4] begins by specifying the function by means of a Laurent
series, namely a(z,x) = Z/fio B (x)z7k=1 for certain explicit coefficients By (x), in
[79, Equation (3.4)] after which it is deduced that (20) and (21) are satisfied by the
provided Laurent series. On the other hand, by using a geometric series at z = 00 in
[3, (2.8)], one can see that the unique solution d(z, x) to (21) with codomain C~ also admits
a Laurent series, namely d(z, x) = > ;- br(x)z*. Let us warn here that the convention for
the Stieltjes transform which was used in [3] differs by a minus sign from the convention
which was used here and in [79]. One should correspondingly take m,(z) = —a(z, x) when
applying [3, Theorem 2.1]. This difference by a sign also explains why the codomain in [3] is
C* whereas we claim that the appropriate codomain is C™.

Now observe that a Laurent series of the form Z,fil c(x)z™
ci(x) =1, ¢p(x) =0, and

.....

k satisfies (21) if and only if

1 k=2

cl(x) = / W, 3) Y e jo1(x)e;(ndy forall k > 3. (57)
0 -

j=1
This implies that the coefficients of the Laurent series of a(z, x) and a(z, x) have to be equal
since both functions satisfy (21). It follows that a(z, x) and d(z, x) are equal in a neighborhood
of z = 0o and consequently everywhere on C* by the identity theorem for analytic functions.
This shows that the function a(z, x) provided in [79, Equation (3.4)] indeed has codomain

Cc-. O
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6.3. Proofs for Theorems 1.1 and 1.2

It remains to establish the claims which were announced in the proof outline in Section 4.2.
This means that we have to prove the following statements: (i) The preliminary reduction
to centered random matrices starting in equilibrium in Lemma 4.4. (ii)) The Poisson limit
Theorem 4.5 and its Corollary 4.6 concerning the variance profile of NX. (iii) The statement
that H(My) is approximately uncorrelated with variance profile from Proposition 4.7.

6.3.1. Proof of preliminary reductions in Lemma 4.4
Recall from Section 3.4 that v4 denotes the empirical singular value distribution of a matrix
A.

Lemma 6.7. Let A, be a sequence of random n x n matrices such that v,, converges weakly
in probability to some probability measure v.

(i) Let B, be a sequence of random n x n matrices such that %||B,,||12: converges to 0 in
probability. Then vy, 4, converges weakly in probability to v.
(ii) Let C, be a sequence of random symmetric n Xxn matrices such that % rank(C,) converges
to 0 in probability. Then v, ¢, converges weakly in probability to v.
(iii) Let D, be a sequence of random diagonal n xn matrices such that | D, —1d ||o, converges
to 0 in probability. Then vp, 4, converges weakly in probability to v.

Proof. Statement (i) follows after a Hermitian dilation (12) from [8, Corollary A.41], see
also [73, Exercise 2.4.3]. Statement (ii) follows after a Hermitian dilation from [8, Theorem
A.43], see also [73, Exercise 2.4.4]. Let us now provide a proof for the statement (iii).

Pick some arbitrarily small ¢ > 0. It has to be shown that

P(| [ f(x)dvp,a,(x) — [ f)dv(x)| > &) = o(1) (58)

for every continuous bounded function f € C,(R). Since v and vp, 4, are probability measures
we may further restrict ourselves to the case where f is compactly supported. This follows by
consideration of fg with g a bump function; see e.g. [45, Proof of Lemma 6.21]. Let ¢y € R.¢
be a sufficiently large constant so that supp(f) € [—c, cs]. By f being compactly supported
and continuous it follows that f is uniformly continuous. There therefore exists some § > 0
such that | f(x) — f(y)| < &/2 whenever |x — y| < §.

Observe that ||Dyllop < 1+ D, — Id|lop and ||D;1||gp1 > 1 — ||ID, — Id|lep. Further,
it follows from [41, Theorem 3.3.16(d)] that 0;(D,A;) =< ||Dxllopoi(A,) and o0;(D,A,) >
||Dn’1||gplo,-(A,,). When combined this yields that 0;(D,A,) — 0i(A,) < |ID, — Id [lopoi(An)
and 0;(D,A,) — 0i(A,) = —||D, —1Id [lopoi (Ay), respectively. This is equivalent to saying that

|Ul(DnAn) - Ui(An)| = ”Dn —1Id ||0p0i(An)~ (59)
Since || D, — Id ||y, converges to zero in probability it holds that
IP’(HDn —1d [lop < min{é/2cy, 1/2}) =1-o0(1). (60)

Deduce from (59) that whenever the event contained on the left-hand side of (60) holds, it
follows that 0;(D,A,) > cy for any i with 0;(A,) > 2c; and that |0;(D,A,) — 0;(A,)| < &
for any i with 0;(A,) < 2cy. Therefore, whenever the event contained on the left-hand side
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of (60) holds, it follows that

|ff(x)dUD,,A,,(X) — [f(x)dva, (x)| < ! | f(0i(DyA) — f(oi(Ap))l
n
i:0;(Ap)<2cy
< % 61)

We used here that supp(f) € [—cy, cy]. Combine (60) with (61) and the assumption that
V4, converges to v weakly in probability to conclude that (58) holds. This concludes the
proof. [

We will ultimately use Lemma 6.7(iii) with D, = Dy diag((£ + 1)IIy) to replace Dy by a
deterministic matrix. This requires that Dx =~ diag((¢ + 1)IIx), which will be shown by means
of a concentration inequality that follows from the short mixing times of block Markov chains.

Let Z be a Markov chain on the state space V which is irreducible and acyclic. For any
e € [0, 1) the e-mixing time of Z is defined as t%. (¢) := min{t € Zsq : d(t) < e} where

mix

d(t) = SUB dvP(Z, = — | Zo = 2), II7) (62)

tZ =1Z (1/4). Observe that
1} where Xy, = o(X,) is the
induced Markov chain on the clusters {1, ..., K}. Observe furthermore that the dynamics of
Yy are independent of n by definition of a block Markov chain, so that t>% is a constant. Thus

X = 0().

mix

We will rely on a concentration inequality from [59] which we reproduce here for the

and dyy denotes the total variation distance defined in (11). Set

since X is a block Markov chain it holds that 71X, < max{tri’; ,

reader’s convenience. Similar proofs for concentration in block Markov chains using this
concentration inequality may be found in [66,67].

The concentration inequality is provided in terms of an invariant ypZS called the pseudo-
spectral gap:

1 =Py Py)

VA zZ Z

‘= max ——=—*=~
ypS iezzl i

where P := diag(IT;)"' P} diag(IT,). (63)

Here Pz denotes the transition matrix of the Markov chain Z and P} is the transpose of this
matrix. The pseudo-spectral gap is closely related to the mixing time:

1 -7 1 4+ 21n(2) + In(1/ min; ¢y II7(7))

z —'ps— zZ
2l‘mix tmix

(64)

by [59, Proposition 3.4] whose assumptions are satisfied because Z is trivially uniformly
ergodic as an irreducible and acyclic chain on a finite state space.

For any function f : V — R denote E,[ f] and Varp, [ f] for the expectation and variance
of the random variable f(Z,), respectively, where Z; has distribution II;. The following
proposition occurs in [59] in a more general setting with possibly infinite state spaces. We
state the result here for the reader’s convenience since it will be used multiple times.
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Proposition 6.8 (/59, Theorem 3.4]). Let Z be an irreducible and acyclic Markov chain on
V starting in equilibrium. Consider a function f : )V — R on the state space such that
| f@) —Em, [fll <C forall z € V. Then, with S == Zfzo f(Z,), it holds that

e
(S = ELSN > r) < 2exp (_ B(E+ 1+ 1/y2) Var, [f1+ 20rC> ©5)

Sfor all r € Ryy.
Lemma 6.9. Ler X := (X t)fzo be a sample path of the block Markov chain with an arbitrary

initial distribution. Then, there exist constants c4,c5 € R.o not depending on the initial
distribution such that

P(|Dx.ii — (€ + DITx(@)] > v/nt) < cyexp(—cst) (66)

foralli=1,..., n.

Proof. Let « € {1,..., K} be a random variable following 7 which is independent of X.
Define
T =inf{t € Z>, : 0(X;) = «}. (67)

Observe that since the Markov chain associated with p is assumed to be irreducible and acyclic,
it follows that P(T > t) < cg exp(—c7t) for some cg, c; € R. o which are independent of n and
the initial state Xj.

Write S := Y/ f(X) — Yo2), (X)) and Sy i= Y07 f(X,) where f(x) = 1,—;. We
may apply Proposition 6.8 to derive a concentration inequality for S,. Observe that

|f(x) —En[fll <1 and  Varg,[f]= Ix()(1 — Ix(i)) < csn”" (68)
for some cg € R.(. Recall that tn’fix = O(1). Correspondingly, by (64), it follows that there
exists some constant c9 € R.( such that yp)g > c¢9. By Proposition 6.8 and the fact that

¢ = On?), we find that for any r € R.
P(|S> — (€ + DIIx ()| > «/nr)

2 s 69
< _
= TP\ TR 1+ 1/ Vary [F1+ 20/ (©9)

< croexp(—ci1r). (70)

The constant ¢;; € R is chosen so that ¢;; < nypf/(S(E +1+ 1/y;§)VarHX[f] +204/n) for
all n and the constant cjy > 2 is chosen so that cjgexp(—cj;r) > 1 whenever r < 1.

Further, since T has exponential decay and f < 1, there exist constants cy3, ¢j3 € R.¢ such
that

P(S; > «/nr) < P(T > /nr/2) < cip exp(—ci34/nr). an
The desired result now follows by the triangle inequality and the fact that |I§ X.ii —Zfzo f(Xy)| <
1. O
The following corollary is immediate by the union bound and the fact that (¢ 4 1)/Ix has
entries of size @(n).
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Corollary 6.10. Let X = (X,)f:0 be a sample path from the block Markov chain with an
arbitrary initial distribution. Then || diag((¢ + I)Hx)_'ﬁx — Id|lop converges to zero almost
surely as n tends to infinity. In particular, asymptotically, Dy is invertible almost surely and
Py thus well-defined.

Let us now proceed to the proof of Lemma 4.4. Recall that Lemma 4.4 concerns a reduction
to centered random matrices when starting the chain from equilibrium.

Proof of Lemma 4.4. Let X := (X )2, and Y = (}7,);'20 denote infinitely long sample paths
of the block Markov chain where X starts in equilibrium and Y has some arbitrary initial
distribution. Define

T :=inf{t € Z21 : 0(X,) = o(Y})} (72)

and observe that since the Markov chain associated with p is irreducible and acyclic, it holds
that P(T > t) < c14 exp(—c;st) for some constants cy4, c15 € R.¢ which are 1ndependent of n.
Let X = (X) be the path defined by X, = X, forallt < T and X, = Y, forallt > T.
Further, let Y = (Yt);=o be the truncation of ¥ to length £ 4+ 1. Observe that X is a sample
path from the block Markov chain starting in equilibrium whereas Y is a sample path from
the block Markov chain with an arbitrary initial distribution. The desired results concern the
singular value distributions associated with Y.

Set

B, ="M, ]E[NX], (73)
Vn Vn

and observe that Ny / Vn = My//n+ B, + C, almost surely. The first claim now follows by
Lemma 6.7 since || B, ||F /n < (2T //n)*/ n converges to zero in probability and rank(C, ) <K.

For the second claim set D, = dlag((ﬁ + 1)IIx) and observe that f Py =
D, /n diag((¢ + I)HX)‘lﬁy. By Corolhry 6.10 and the continuity of M +— M~ in the
neighborhood of Id it holds that || D, — Id |lo, converges to zero in probability. Hence, it is
sufficient to establish that the singular value distribution of /n diag((£ + I)HX)_'NY has the
desired weak limit in probability by Lemma 6.7(iii).

In this regard observe that, with notation as in (73),

Vi diag((€ + D IIy) ™" Ny (74)
= /nQyx + ndiag((¢ + )IIx)~' B, + ndiag((¢ + 1)IIx)"'C,.

Here, it holds that
lIn diag((€ + 1)ILx) ™" B,llg/n < ln diag((€ + DITx)~"lIg, | Bull3/ 7. (75)

Hence, since we already know that ||B,,||12:/n converges to zero in probability and since
In diag((¢ + DIIx) 'lop = O(1) it follows that ||n diag((¢ + 1)IIx)~'B,||#/n converges to
zero in probability. Furthermore,

rank(n diag((¢ + DIIy)~'C,) < rank(C,) < K. (76)

Apply Lemma 6.7 to (74) to conclude the proof. [
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6.3.2. Proof of the Poisson limit Theorem 4.5

We will extract Theorem 4.5 from a nonasymptotic result. For such a nonasymptotic result
one has to precisely quantify the mixing behavior of the chain of clusters Yy = (o(X ,))fzo.
For our purposes this is most naturally done in terms of the relative pointwise distance.

Let Z be a Markov chain on the state space V which is irreducible and acyclic. The relative
pointwise distance Az(r) after r € Z, steps is given by

M) e max B =21 Zo =0 — 0] -
x,yeV IIz(y)

Note that Az(r) is related to the quantity d(r) from (62) which was used to define the mixing
time. Indeed, a direct calculation with the definitions shows that

maxy yey|P(Z, =y | Zo = x) — Iz(y)|

0<Azr) < :
? minyey I17(y)

= (min II7(»)~'d(r). (78)

Theorem 6.11. Let X = (X f)f:o be a sample path from a block Markov chain which starts in
equilibrium. Pick some ¢ € [0, 1/2] and ry € Z>; such that Ax,(r) < & for all r > ro. Then,
forany ki, ky € {1,..., K} and e € Vi, x Vi, which is not a self-loop

dry (]P’(Nx,e =), Poisson(%>) (79

#Vkl#sz
drg — 1 12¢
2 2 + ’
#HVe) ) # V) #V, #V,

< fﬂ(kl)l?kl,kz(

and for any self-loop e € Vi, x Vi,

L (k1) P,k ))

80
(#Vk,)? (80)

drv (]P’(NX,E =), Poisson(

4rg — 1 2 12¢
Sfﬂ(kl)l?kl,kl( 0 )

@V T BVLR BV R

Proof. The proof consists of the following parts. Part 1 introduces notation which is used in [6]
to quantify local and long-range dependence. The parameters quantifying the local dependence
are estimated in Part 2. Finally, the parameter quantifying long-range dependence is estimated
in Part 3.

Part 1: Notation for local and long-range dependence

For every t € {I,...,€} let B,(t) == {t' € {1,...,£} : |t' —t] < ro} and consider the
following parameters which quantify local and long-range dependencies:
pl = P(EX,I = e)v
pl,l/ = IPJ(E‘X,t - ea Ex,t/ - e)a
s, =E[|P(Ex, =¢| (Ley,_Ireq.. K}\Bro(t)) —p]- 81

Applying [6, Theorem 1] to the sum of dependent random variables NX,e = Zle Iey =
yields that

L (k1) pry ky

drvy (]P’(Nx,e = —),Poisson( YRy
kT Vky

)) < by + by + b3 (82)
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where

4 4 ¢
b=y > ppe ba=Y_ Y pu. bii=) s (83)
=1

=1 t’eBro(t) =1 r/eB,-O(t)\{t}

Here we used that the definition in [6] for total variation distance differs from our definition
(11) by a factor two. Indeed, observe that SUPAQZZ()W(A) —v(A)| = %erz>o|ﬂ(x) — v(x)|
for any two probability measures p and v using that the supremum is realized by A = {x €
Zeo : u(x) = v(x)).

Part 2: Bounding the local dependence contributions (b, and b;)

By definition of X as a block Markov chain it holds that for any 7 € {1, ..., £}
_ Px 1 =k Xx =ka)  ww(ky)piy iy

- = . 84
! #V, V), #V, V), &4
From (84) it follows that
7 (ky)? p? 2 1
by < €@2ro+ 12 PRk ) p sy 0 (85)

BV ) # V) 2 @V P #V, )

where it was used that 7w (k1) pk, k, < 1. It holds for any ¢, ¢ € {1, ..., ¢} with |t —¢'| > 1 that

P(Xxi—1 = ki, Xx =ka, Yx vy = ki, Ux v = ko)
(#Vi, P #V,)?

Py = (86)

7 (k1) Piy ey

. 87
T (#V)2(#Vi,)? &7

For t' € {r + 1,¢+ — 1} it may similarly be deduced that if e is a self-loop then p,, <
n(kl)pkl,kl(#vkl)‘3 and if e is not a self-loop then p, , = 0. Hence,

k) piy i (G + ) if e s a self-loop,
2%72 ! . (88)
Lt (k1) piy ke, EPRETN otherwise.

Part 3: Bounding the long-range dependence contribution (bs)

The first step in this part will be to control s, in terms of a simpler quantity; this step is
achieved in (92). Thereafter, control over (92) is achieved in (101) and we deduce the desired
bound for b5 in (105).

Recall that X is uniformly distributed in ]_[fzo Vix, given that XYy = sy. It follows that
1Egy = is conditionally independent of (1gy ,=¢)req...., ENBry (1) given Yy ;o1 and Xy ;.. (If
t —ro— 1 < 0 one can use a time reversal to make sense of Yy ;_,,_; a time reversal exists
since Y is assumed to be irreducible and acyclic.) Hence, by the law of total probability

P(Ex, =e| (Leyg,=e)reft... Z}\B,O(t)) (89)
= Z P(Zx.—rg—1 = 81, Exorrg = 52 | (ILEX_,:e)t’e{l,...,l}\Bro(t))
s1,52€{l,..., K}

XP(Ex; =e| Yxi—rg—1 = 51, DX 147y = 52)-
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On the other hand, we may write

P (90
=p Z P(Zx—rg—1 = 81, Dxrarg = 52 | (Lgy =), .. Z}\B,O(t))-

s1,82€{1,....K}

Observe that

E[P(Zx.1—rg—1 = S1, Dx.itrg = 52 |(LEy =e)reqi.... E}\Bro(t))] On
= II;D()—:X,Ifrofl =51, ZX,FH’Q = 52)~

Therefore, by using the triangle inequality on s,’s definition together with (89)—(91), it follows
that

s < Y P(Exirg1 =51, Dxiiny = 5) (92)
s1,52€{1,..., K}
X [P(Ex, = €| Zxir1 =51, Dxitry = $2) — i
Observe that for any s;,s, € {1,..., K} with P(Xx 4, = 82 | Lx1—ry—1 = s1) > 0, the
definition of conditional probability yields that
P(Ex; =e| Xx g1 = S1, 21419 = 52) 93)
_P(Exy=e, Xxitrg =52 | Dxy—rg—1 = 51)

P(Xx 4y = 52 | Lxt—rg—1 = 51)

Here, by definition of a block Markov chain

P(Ex,: = e, Xx.4ry = $2 | Lx1—rg—1 = 51) (94)
_ Plxo1 =k Xx = ko Uxgrg = 52 | Lxpmrg—1 = 51)
#Vkl#Vk2 ’

Moreover, the Markov property applied to Yy yields that

P(Xx—1 = ki, Zx i = ko, Vxigry = 82 | Lxi—rg—1 = 51) 95)
=P Xx,_, =kt | Ux1—rg—1 = )Py o P X 100g = 52 | Vx .t = k2).

Combining (93), (94) and (95) yields that

P(Ex; =e| Xxi—rg—1 = S1, Lx,14ry = 52) (96)
Pk Pxi—r =k | Xximrg—1 = sOP(Xx iy = 52 | Lx 0 = k)
#Vi, #Vi, P(XX 11 = 52 | Yx1—rg—1 = 51) ‘

Let us introduce the following notation:

_ Pxiqry =52 | Lxi—rg—1 = 81) — 7(s52)

s@ . , 97

i 7(s2) e
P(Xx i1 = ki | Yxi—ry—1 = 51) — m(ky)

50 ~ =1 , 98

h 7 (ki) o9
P(Xx 14ry =52 | Lxo = ko) — 7(s52)

89 = 7o : . 99

252 7(52) o
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Substituting (97)-(99) into (96) yields

P(Ex, =e | EX,t—ro—l =51, EXJ-‘FVO = 52) (100)
b) (c)
_ wk)pr g (18,50 +85) (101)
#V#V, 1+ 89, '

Note that by our assumption and the definition of relative pointwise distance, |8§‘1‘?52| <e<1/2
Hence by Taylor’s theorem

| 1
1+ 850,

2
) < de. (102)

<¢ max
x6[1/2,1/2]<1 +x

Similarly, it holds that |5§f?kl| <e<1/2and [§ | <& <1/2. In particular |(1+8{", )(1 +

s1.kq
80 ) < 9/4 and
11— 1+ 87 )1 +80 )l < 3. (103)

Bound (101) using (84), (102), (103) to find that

[P(Ex: =e| Xx—rg—1 = 81, Vx,14r9 = 52) — Pl < % - 12e. (104)
Hence by (92) and the definition of b3,
by < 004 Pl sy oo (105)
TCH#V #V,

This concludes the proof: the estimates for by, b, and b3 from (85), (88) and (105) can be
substituted in (82) to yield the desired result. [

Proof of Theorem 4.5. Note that the total variation distance in (11) metrizes convergence in
distribution. This is to say that N X.e, converges in distribution if and only if IP’(N Xey = —)
converges with respect to the metric drv.

Recall that Yy is assumed to be irreducible and acyclic. Hence, by (78) it holds that Ax;, (r)
decays exponentially in r. Recall that £ = an? + o(n?) and #V, = agn + o(n). In particular
(#Vi, #Vi,) '€ converges to oy, lock_2 '1 as n tends to infinity. The result now follows by taking
ro = log(#V, #V,) in Theorem 6.11. [

6.3.3. Proof of Corollary 4.6 on the variance profile .
Due to the decomposition Var[Nx ., ] = E[N)z(’en] — E[N X,en]2 the following result implies
Corollary 4.6.

Lemma 6.12. Assume that X starts in equilibrium. Let e, be as in Theorem 4.5, and Y a
Poisson distributed random variable with rate )Ln(kl)oe,:]'oz,:z]pkl,kz. Then for every m € Zs it
holds that, as n tends to infinity,

E[N7,, ] =E[r"] +on(). (106)

Proof. We have already established in Theorem 4.5 that N X.e, converges in distribution to Y.
Hence, to derive convergence of the moments it suffices to verify that for every m € Z it
holds that the sequence of random variables N)'(”Jefnl is uniformly integrable [36, 7.10. (15)].
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We will apply Proposition 6.8 to the Markov chain of edges Eyx := (Ex,z)le with the
function f(e) = 1,—,,. Observe that
|f =B [f1l <15 Varg, [f]= Heg(e)( = Hey(en) < oo, (107)
Note that Ey induces a chain Xg, on the reduced space {1,..., K} x {I,..., K} and that
z
tEx < max{2, t X} by X being a block Markov chain. Since X is a block Markov chain

mix > "mix
. . YEx .
it follows that the dynamics of X, do not depend on n. It follows that tmiix is a constant.

Correspondingly, by (64) it holds that 1/ yplfx = O(1). Hence, since £ = @(n?), Proposition 6.8
yields that

P(INx.e, — £ (k)#Vi) ™ #Vi) ™ pry s > 1)
FZJ/EX
<2exp|-— —= (108)
8(€ + 1/vps™) Varp, [ f1+20r
< c17exp(—cigr) (109)

for some cy¢, c17 € R.¢ which do not depend on n. The constant c;¢ € R is chosen so that
ci6 < ypfx/(8(£ + 1/yp€X)VarHEX [f1+ 20) for all n and the constant ¢;7 > 2 is chosen so
that cj7 exp(—cier) > 1 whenever r < 1. Note that En(kl)(#Vkl)‘1(#Vk2)‘1pkl,k2 converges to
a finite constant as n tends to infinity. Hence, for some sufficiently large constant c;g € R.

IP)(]\A/X,en > r) < cigexp(—ciel)- (110)
In particular,
oo
EINY =Y r" PNy, =1) (111)
r=1
<cigy " exp(—cig(r — 1) (112)

r=1

The right-hand side of (112) is finite and independent of 7. This shows that N )’?’;1 is uniformly
integrable and concludes the proof. [

Corollary 6.13. Assume that X starts in equilibrium. Then, for all m € Z it holds that as
n tends to infinity max, g |E[NY 1l = On(1).

Proof. Observe that ]E[]\A/?’e] can only take K? possible values depending on the clusters of
the endpoints of e. Hence, the result follows from Lemma 6.12. O

6.3.4. Proof of Proposition 4.7 on H(My) being approximately uncorrelated

Recall Definition 4.1 of an approximately uncorrelated random matrix with a variance
profile. The definition consists of two statements: (14) and (15). These two parts are established
in Propositions 6.15 and 6.14 respectively.

Proposition 6.14. Assume that X starts in equilibrium and let R € Zx,. Then, for all m € Zgo
it holds that as n tends to infinity
max _ ‘IE [M;’;’lel e MYR ] —-E [M;"lel] ---E [MmR ] = 0, r(1). (113)

X,eg X.,ep
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Fig. 7. Visualization of the merging process in the construction of X and Y during the proof of Proposition 6.14.
The fragments X' and Y’ are allowed to diverge whenever either one uses ej. This ensures that all information
about Y using e is erased from X. Otherwise, the fragments are merged by taking X' = Y’. This ensures that the
two chains are often equal because using e is a rare event. The cluster structure is exploited to ensure that the
endpoints of the short fragments X’ and Y’ can be glued after diverging.

Proof. We proceed by induction on R. The base-case R = 1 is trivial. Now assume that R > 1
and that the claim is known to hold for any product with strictly less than R edges e;.

The proof is subdivided in three main steps. First, we construct a pair of Markov chains
X, Y which are equal most of the time but are sometimes allowed to diverge. The goal of this
process is to ensure two properties: (i) It holds that My, ~ My, for every j € {2,..., R}.
(ii) It holds that X is independent of My,,. The approx1mat10n from the first item may be used
to show that

E[MgfélM;”iz Myt~ H«:[M;";l M;”Ze2 e MYS (114)
The independence from the second item allows us to factorize

E[1‘4?‘1—’11‘4;?2‘-’2 o mR ] - IE[1‘41/ el]E[M;?,ZEZ T M;(H,IZ‘R . (115)
Combined, (114) and (1 15) yield that E[My, --- My % ] equals E[My} IE[My”, ---My¥ ]

up to some error term. The induction hypothesis then yields the desired result provided we
show that the error term is small. A bound on the size of the error terms is established in the
third step.

Some preliminary reductions are applicable. Firstly, precisely as in Part 1 of the proof of
Proposition 4.8, it can be assumed that K > 2R+ 1 by splitting a cluster into pieces of asymp-
totically equal proportions. Further, the value of ]E[M e ] — E[M ] -E[My b eR]
can only depend on the isomorphism type of the labeled dlrected subgraph G induced by
{e1, ..., eg} with vertex-labels given by the clusters and edge-labels by the index j of e;. As
n tends to infinity the number of possible isomorphism types for G remains bounded. Hence,
we can fix some isomorphism type for G. Informally, this allows us to pretend that the edges
el,...,eg € E, stay fixed as n tends to infinity. Due to the induction hypothesis it may also
be assumed that the e; are distinct.

Part 1: Construction of Markov chains (X,Y)

Recall that it was ensured that K > 2R + 1. Hence, there exists some k € {1, ..., K} such
that V; does not contain any endpoint of e¢; for j =1,..., R.

Use the following procedure to construct a triple of sample paths (X, Y, Z) with random
length > ¢ + 1. These will be trimmed to paths X, Y and Z of length exactly equal to £ 4 1
afterwards. See Fig. 7 for a visualization of the construction.

(i) Sample two independent infinite paths ()? ?);’20 and (Zo)fio from the block Markov chain
starting in equilibrium. Due to the assumption that the Markov chain associated with p
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is irreducible and acyclic it holds that T := inf{r > 1 : X? € Vg, ZO € Vy} is finite with
probability one.
Set (X,)T" - (XO)TO Yand (V)% = (Z0,%" = (292"

(ii) Fori = 1,..., £ extend X, Y and Z by using the following procedure.

(a) Sample two independent infinite paths (X i 2o and (Z’ )72, from the block Markov
chain with X = Z’ chosen uniformly at random in V.

(d) Let T; = mf{t € Zzl X € Vi, Z’ € Vi}. Due to the assumption that the
Markov chain associated w1th pis 1rredu01ble and acyclic it will hold that 7; is
finite with probability one.

(c) If f ey was traversed by (Xl) 0 or (Z ) 2 ! then let (Y )l o = (Zﬁ)ITL_Ol. Else, let
DLy = XD,

(d) Append (X ! )t Lo (Y’) 6 and (Z’) 0 " to the prev1ously constructed parts of X
and Z respectively. This is to say that we define X i) = X Y

+30 e 0 b
Y;andZHerT._Z’fort_O I — 1.
The sampled paths X' := (Xf)tzgl, Yl = (Xt"),igl and Z! = (Z)tzgl used in the
construction of X, Y and Z wrll be called fragments Forany i =1,..., ¢ the ith fragments
are said to be merged if (X’ )f 20 " and (Z‘ ' did not traverse ey. Denote X = (X )t 0 Y =

(Yf) _oand Z = (Z,)t _ for the truncatlons to length ¢ 4 1. Note that these are block Markov
chains from the specified model.

We further claim that X is independent of My, . Let us remark that this is due to the special
role of ¢; in the above construction; it will typically not be true that X is independent of My .
for any other edge ¢ # e;. Indeed, let W be the path found from Z by replacing ZZt
with a uniformly random node in Vj for every i = 0,...,£ — 1. Then X is mdependent of
W = (W,)fzo. In particular X will be independent of My, since this is a function of W. Now
note that My, is equal to My, by definition of ¥ and the fact that V; was chosen not to
contain any of the endpoints of e;. This establishes that X is independent of My, as desired.

Part 2: Approximate factorization of E[My b My S

Y,eg
For any j = 2,..., R define A; to be the difference between the number of times e; was
used in Y and X, that is,
Aj = Ny, — Nx.,. (116)

Observe that My’e/. = Mx,e_, + A; for every j > 2 since ]E[](’y,ej] = E[Z\Alx,ej]; after
all X and Y have the same distribution. Substitute the binomial expansion for every factor
M;:éj = (Mx,; + 4;)" in M;ZZ e M;TSR and use the fact that My, is independent of the
My .; with j > 2 to find that

E[My, My, --- My 1—E[My} IE[My", ~-~M§’Z’§R (117)
| MHA an l
0<m’<m

where the summation runs over vectors of integers of length R and the ¢, are absolute
constants with c¢,; = 0 whenever m; =0 for all j > 2. Note that M;?i’z e M;"f,R is a product

with R — 1 factors. It follows that the induction hypothesis is applicable to IE[M;?’ZE2 e M;?”jk]
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so that it remains to show that E[M ]_[ A A ]_[ A Mx ¢ ] = 0, (1) whenever m/j >1
for some j > 2.
By the Cauchy—Schwarz inequality it holds that

R ’
) [ le_[A HMXe ’} [l—[A ] [ i"lil_[Mi(ff_m’)] (118)

j=2
Due to the 1ndependence of X on My,, we can write

[ i’Z:l_IM2(m’ m)]= [ 2’"‘] [l_[ My m)} (119)

which is 0 (1) by Corollary 6.13 and the induction hypothesis. It remains to show that

ET%, 4771 = o (D). | |
Define M to be the event where X' and Y' were merged and denote —M,; for the
complement of this event. For any fixed j > 2 let Ay ; := Nxo, ;T Z, 1 Lo, N xi.., denote

the number of times when X used edge e; in a fragment where X and Y were not merged and
define Ay ; similarly. Then

|4;1 = [Ny, — Nx.;| < Ay + Ax,. (120)

2m’,
Substitu,te the definitions of Ay ; and Ay,; in the resulting bound []7_, A}/ < [[{_,(Ay,; +
Ax. j)zm/' and expand the monomial expression. Then, the Cauchy—Schwarz inequality reduces
us to the statement that E[N;O,ej] = 04(1) and E[(Zle ILMI.NX,-,ej)"] = 04(1) for any g €
Z> where it was used that ¥ has the same distribution as X. These claims are established in the
next part of the proof. In fact, we will establish the stronger claims that E[N;’(i 1=0,(n7%
.ej

for any (i, j) € {0, 1} x {1, ..., R} and E[(Zle ]LMI.NX;,EJ.)‘]] = 0q(n’1) for any i > 1.
Part 3: Bounding IE[N;, ..l and E[(Zle Lo, NXi’ej )]
€

Part 3.1: B[Ny, , 1= 04(n™?)

Fix some (i, j) € {0, 1} x {1,..., R} and g € Z>,. By the law of total expectation

o0
E[N)q(i!ej] = ZP(T, = I)E[N)q(i'ej | T; = t]. (121)

t=1

Use N Xie; = Z;T'=1 1 Eyi=e; 1O derive the following bound

E[N;,.’ej | Ti=t1= Y P(Exi, =¢j...., Eyi, =¢ | Ti=10) (122)

< Z P(Exi, =e; | T; =1). (123)

For any edge e whose starting and ending point are in the same clusters as the starting and

ending point of e; it holds that P(Ey: n=e | T; =1t) = IP’(EX, =e; | T; =t). There are at

least ocmmn such edges so it follows that P(Exi , =e¢; | T} = t) < (xmlznn 2
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(123) now yields that
E[N®, | T =t] <o, n >t (124)
qej

min

By (121) and (124) it follows that

E[NY; , 1 < oi,n BT (125)
Here, E[7/] is a finite constant which does not depend on n. Indeed, consider the product
chain Kz i) = (o()N(f), 0(2;‘));30 on the space of clusters {1, ..., K} x {1,..., K}. Then T;
is the first strictly positive time X 7i) is in (k, k). In particular, ]ET[Tiq] is independent of n.
The fact that ]E[Tl.q] is finite is immediate from the fact that P(7; > t) shows exponential decay
in ¢t since the Markov chain associated with p is assumed to be irreducible and acyclic. This

concludes the proof of the statement that E[N?(i,ej] =0y (n2).

Part 3.2: E[(X_, T-pm, NX,-,EJ,)LI] =0,

Observe that for any g € Z>,

¢ q ¢ .
E[(Z ]lﬁM,.]\A/Xi.ej> } = Z []‘[ LM”NX,-Z,(,]] (126)
i=1 [
q q .
DI | EEEN (127)
[ =1

where the second sum in (127) runs over all values of iy, ..., i, € {1,..., £} with #{i, ..., i,} =
d.

Note that the random variables 1., MI.NX%]_ with i > 1 are independent and identically
distributed due to the fact that V; was chosen not to contain any endpoint of e; or e;.
Correspondlngly, a term with d distinct i; values on the right-hand side of (127) may be
factorized as ]_[, ) ]lﬁMqul g‘] for some ¢, ...,q; € {1, ..., q}. Since NXI’ ¢ > 1 it holds

that ]E[LMIN;’(IIW] < E[1-, ;I(I,e,-]' Consequently, we may bound (127) as

L q q d
E[(Z ]1_.MiNXi,Ej> i| < Zcq,dﬁdE[LMle@’eJ (128)
i=1 d=1

for some absolute constants ¢, 4 € R.o. Since £ = O(n?) it now suffices to show that
E[1-r,N 1=0 (n‘3) This will be shown by an argument resembling Part 3.1.
By the lawjof total expectation

E[LMINQ,EJ_] (129)

= ) B(Ti = OPC-M; | Ty = 0EINY, , | Ti =1, =M].

t=1

The union bound implies that P(A | U;B;) < Y, IP(A | B;) for any countable collection of
events A, B; with P(B;) # 0. Observe that

_‘Ml = Ufoezzl{EX',to =e¢; and 1) < Tl} @] {EZI,tO =e¢ and 1y < Tl}. (130)
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. S _ T]
Therefore, since NX',e/- == ]lEXIJI =e;

E[Ny,, | Ti =1, =Mi]

t

= Z P(Exi, =€, Exi, =¢; | Ti =1, =M)) (131)
e, [q=1
t

< > (D P(Exi, =e; | Ti =t Exi, =e) (132)

1,y lq:l )
+Y P(Exi, =e; | Ti=t.En, =ep)) (133)

Iy

where the second sum in (132) runs over all 7y € {1, ..., ¢} with P(T} =t, Exl,,o =e)#0
and the sum in (133) runs over all ¢y € {1,...,t} with P(T; = ¢, Ezl,,o = e1) # 0. First
consider the terms with E;i , = e;. Note that there are at least o2 n® edges e whose starting

point and ending point have the same clusters as the starting point and ending point of e;
respectively. Conditional on 71 = 7 and E;i , = e; any such edge e is equally likely to be
traversed at time #; by X!. It follows that P(Exi,, =e; | Ti =1, Epn, =€) =< ot,;iznn’Z.

Let us now consider the terms with Ey1 , = e;. When |fp — 7| > 1 the foregoing argument
applies word-for-word and yields that P(Ex1, =e¢; | Ty =1, Exi, = €1) < a,;iznn’z. The
cases fp = t; — 1 and tp = t; + 1 require a modification.

When 7y = #; — 1 note that there at least «,,;,n edges e whose ending point is in the same
cluster as the ending point of e; and whose starting point is equal to the starting point of e;.
Conditional on 71 =t and Ex1 , = e; any such edge e is equally likely to be traversed at time
f. Hence, P(Ey1, =e; | Ty =t,Ex1, =€) <a,,n~" forall tp =1 — 1.

Similarly, when 7y = #; + 1 note that there are at least «,,;,n edges e whose starting point
is in the same cluster as the starting point of e; and whose ending point is equal to the ending
point of e;. Conditional on T; = ¢ and Ex1, = e; any such edge e is equally likely to be
traversed at time #;. Hence, IE”(EX”1 =e;| T =t, EXI,tO =e1) < a”:l.'nn‘l for all g = t; + 1.

Using these bounds in (132) yields that

E[I\Al;f(lyej | Ty =1, ~M,] < 2a,2n"'19F, (134)

Observe that P(- M, | T} = 1) < I[E[]\Alxl.e1 +NZI,61 | T) = t]. Note that X' and Z' follow the
same distribution and apply (124) with ¢ = 1 to deduce that

P(=M; | Ty = 1) < 2E[Ny1,, | Ty =] < 20,20t (135)
Hence, (129), (134) and (135) yield that
E[1-, MIN?(I.@_,] < 4ot nETI (136)

where, as in Part 3.1, it holds that IE[T,’”Z] is a finite constant which does not depend on
n. Hence, ]E[L/VIIN;1 ] = Qq(n‘3) which may be combined with (128) and the fact that
€

£ = O(n?) to deduce the desired result:

¢ q
E[(Z JLM,.NX,@> } = 0,(n™". (137)
i=1

This concludes the proof. [
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Fig. 8. Visualization of some configurations of edges occurring in E fr, for varying values of " when R = 3. The

visualized configurations are not exhaustive. Observe that EfR = E,fR_l C E,{"R_z C... C Efo as is immediate
from the definition.

Proposition 6.15. Assume that X starts in equilibrium and let 0 < r < R be positive integers.

Then, for any m € Zfo withm; = 1 fori = 1,...,r, it holds that as n tends to infinity
max  |E [M'"‘ .. ]‘ — /2 138
Vi;éj:e,-y&ej X,eq xeR m,R( ) ( )
where the maximum runs over all sequences of distinct edges ey, ..., eg € En.

We will prove a better bound than Proposition 6.15. Recall from Section 2.4 that [33] im-
proved the convergence in probability of [40] to convergence almost surely provided additional
assumptions. It turns out that the most immediate generalization of their results would be too
restrictive to include block Markov chains because the correlations in Proposition 6.15 do not
decay sufficiently quickly.

The correlation between edges e; and e; is maximal when the ending point of ¢; is equal
to the starting point of e;. Correspondingly, Proposition 6.15 can be improved when there are
many edges whose ending point is not the starting point of some other edge. This improvement
could be a point of departure to strengthen Theorems 1.1 and 1.2 to convergence almost surely.

For any positive 1ntegers 0<r <Rlet E R , denote the collection of sequences of distinct
edges e, ...,eg € E such that for every i € {1 , '} it holds that the ending point of e¢;
is not the starting point of any edge e; with j € {1, ..., R}\ {i} and the starting point of ¢; is
not the ending point of any edge e; with j € {1, ..., R} \ {i}.

See Fig. 8 for an example with R = 3. The following proposition includes Proposition 6.15
as the special case with r' = 0.

Proposition 6.16. Assume that X starts in equilibrium and let 0 < r’ < r < R be positive
integers. Then, for any m € ZR So Withm; =1 fori = 1,...,r, it holds that as n tends to

infinity
max _ ‘]EI:M;?}EI .. XFRjH — m,R(n*’—i’/Z]*’—r’/Z.l)' (139)

Proof. This proof combines the proof of Proposition 4.8 with an inductive argument as
was used in the proof of Proposition 6.14. The main technical difference is that we can no
longer use the Cauchy—Schwarz inequality during the inductive step as in (118): the resulting
squares would reduce r to zero which weakens the conclusion of the induction hypothesis.
Instead, the step analogous to (118) will employ conditional independence. The price we pay
for this argument is that it necessitates a stronger induction hypothesis to account for the added
conditioning.
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The same preliminary reductions as in the proof of Proposition 6.14 are applicable. Firstly,
precisely as in Part | of the proof of Proposition 4.8, it can be assumed that K > 2R + 1
by splitting a cluster into pieces of asymptotically equal proportions. Further, by fixing an
isomorphism type for the labeled directed graph G induced by {ej, ..., eg} we may again
pretend that the edges ey, ..., eg stay fixed as n tends to infinity.

Part 1: Set-up of the inductive argument

Recall that it is ensured that K > 2R + 1. Hence, there exists some k € {1,..., K} such
that V. does not contain any endpoint of e; for j =1,..., R.

For any d € Zso, ¢’ < € and T € {0, ..., ¢’} denote Vx . for the event where X, € V;
for every i = 1,...,d. When d = 0 it is to be understood that Vx ; refers to the universal
event. In particular, P(Vx ;) = 1 in this case. Fix some d, ¢’ and 7 with P(Vx ;) > 0 and let
Y = (Y,)fl:o be a sample path from the block Markov chain conditioned on the event Vy ;. We
will show that there exists a constant c19 € R>, depending on d but not on ¢’ or 7, such that

E[M}’?él .. .Mgf 1<con —[r/21-[r /21 (140)

Taking d = 0 and ¢’ = £ then recovers the proposition.

The proof of the claim proceeds by induction on r. This is why we require (140) to hold
for any d € Z-( and ¢’ < £ even though the proposition only concerns the case with d = 0
and ¢ = £: we will modify d and ¢’ when reducing r in the inductive step. The argument for
the base case r = 0 is provided in Part 4.1. Now let » > 1 and assume that (140) is known to
hold for any smaller value of r.

Recall that m; = 1 and I\A/y,e] = Zf{:l ]15“ —¢, - Therefore,

mpR
Yo "7 MY,eR

IE[MYel - MyR 1 =B[Ny, My? - 1— B[Ny, IE[M}?

Y,ep YeR

- Z JlEYI =€] YEZ e M;I,fR E[]IEYI *el]E[MY e’ MQSR])
=1
l/
=Y P(Ey, =e)(BIM}2, --- My% | Ey, = el —EIMy2, - MyR ]). (141)
t1=1

Note that there are at least a2, n* edges e for which the starting and ending point are in the

same clusters as the starting and ending point of e; respectively. These edges e are equally
likely to be traversed at time #; by Y. It follows that

P(Ey, =e) <a,2n>. (142)

It remains to show that the effect of conditioning on Ey; = e; in (141) has a small
effect on M,'sz---MYeR That is, it has to be shown that E[MYez---M;ffR | Ey, =
e] & IE[M,"fj2 My, R] with approximation error uniform over all #; € {1,...,¢} with

P(Ey,; = e1) > 0. Fix such a value of 7.

Part 2: Construction of chains (Y,Y', Z)

Use the following procedure to construct a triple of chains (Y, Y’, Z) with Y, Z of length
¢ + 1 and Y’ of a random length at most £ + 1. See also Fig. 9 for a visualization of the
construction.

(i) Sample an inﬁnitelx long path (i);’i_oo from the block Markov chain conditioned
on Vg .. Sample (W;)2 as an infinitely long path from the block Markov chain

—00
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>
3o

Fig. 9. Visualization of the construction of the chains Y and Z in the proof of Proposition 6.16. The chain Y’ is
found from Y by cutting out the piece between L~ and LT. Both chains are conditioned to be in cluster V; at
times 7; but Z has the additional condition of using edge e; at time ;. The visualized process of gluing e; onto
Y exploits the cluster structure to ensure that L+ — L~ is small.

conditioned on Ey , = e; and Vy .. Note that it is possible to sample at negative
times by use of a time reversal which exists by the assumption that the Markov chain
associated with p is acyclic and irreducible.

(ii) Define
T =t —sup{t € Zy, : Y, € Vi, W, € Vi) (143)
T =inf(t € Zoy, : Y, € Vi, W, e Vi) — 1y (144)
and note that these values are finite with probability one by the assumption that the
Markov chain associated with p is irreducible and acyclic. Let L™ := max{0,# — T~}
and LT ;== min{¢, 1, + TT).
(iii) Let Y = (Y,)f/=0 and define Z .= (Z, f;o by Z, =W, fort e {L™,...,L*}and Z;, = Y,

otherwise. Define Y’ to be the path of length ¢ — (LT — L7)+ 1 < £ + 1 found by
concatenating (¥,)~ and (Yt)f/= L+41- Thus, ¥ "is equal to Y except for the fact that a
piece was cut out.

Observe that Y and Z are paths of length ¢’ 4+ 1 from the block Markov chain conditioned
on Vy. and the block Markov chain conditioned on Vz. and Ez; = e, respectively.
Correspondingly, N Ze, has the same distribution as Ny,e/. conditioned on the event Ey,, = ej.

Part 3: Bounding E[M;'fﬁz - MY® | Ey, =e] —E[My2 - M)F

’ Y,L’R Y,ez Y,eR

We continue with the notation of the previous part, in particular #; and t are still considered
to be fixed.

The distribution of ¥’ is obscure unless one conditions on L~ and L*: even the length of
Y’ is random without this conditioning. In particular, the usual notation My = N X — IE[N x] is
not so useful for Y’ because E[Ny/] averages out the critical dependence on L™ and L~. For
this reason it is convenient to define a variant of My which takes L~ and L™ into account:

My = Ny —E[Ny | L*, L']. (145)
For j =2,..., R define Ay ; == Ny,ej - ]\A/y/,ej, Az = Nzﬁe‘, — ](]y/’ei and set

Evj = Ay — B[Ny, ] —E[Ny., | L7, LT, (146)
£z = Azj— B[Ny, 1 = E[Ny, | L™, L*]). (147)
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Observe that My,e/, = ]\;Iy/,ej + &y, j. Moreover, My.e/. conditioned on Ey; = e; has the same
distribution as ]\Alzqe. — E[]\A/y,ef] = My/’g. + &z, j. Correspondingly,

E[My?, - Myt |Evy = el —EIMy?, - My, (148)
R R
- E[H(MY"% +&2.,)" — H(Myf,ej + gY,j)mji|.
Jj=2 j=2

The key observation is that the leading-order terms in the expansion of the right-hand side
of (148) cancel out. This is to say that

E[MYez o ;:1§R | EY n - 81] - [ )’:22 T M;:?SR (149)
- Y (E[H ey | - [H e )
0<m’<m j=2

where the summation runs over vectors of positive integers m’ € Z., and the ¢, are absolute
constants with ¢, = 0 if mj =0forall j €{2,..., R}

Fix some m’ € Z" with m’j # 0 for some j € {2, ..., R}. We will consider the terms with
&z, in (149); those with £y ; may be treated identically. By the law of total expectation,

[l_[g v m]]= 3 P(L‘ -> [1_[5 rn - L__E } (150

=¢t
Lt>e—

The compressed notation for conditional expectation employed in (150) was formally intro-
duced in Section 3.5. Recall that V}, was chosen not to contain any endpoint of ey, ..., e R In
particular Az ; is a function of the values of Z for te{L™+1,...,LT -1} whereas My/

is a function of the values of 17, with ¢ € {0, . - —1,LT+ 1, , £'}. Further, cond1t10nal
on L~ = ¢~ and LT = £7 it holds that E[ Ny/ | L=,LT]isa determlmstlc scalar. Recall

the deﬁmtlon for £z ; in (147) and conclude that ]_[ =2 é’an’] is conditionally independent of

]_[ A M / given L~ = ¢~ and Lt = £*. Hence,
, oﬂlj m L7 —E
]_[5 o | pt_p (151)
LT =0 [ L~ =¢
. omj—m =
- E[ngzjj L+ e }E[l—[ MY € L+ — e+}
j=2

We will use the induction hypothesis (140) to deal with ]_[ A M , & . Let Y” denote a random
€j

path which is distributed as Y’ conditioned on L~ = £~ and LJr = ¢*. Recall the notation for

]\;I Yiej in (145) and conclude that Hfzz A;I)’:’/{;'rzj conditioned on L= = ¢~ and L+ = ¢+ has

’
m.

the same distribution as ]_[ j=2 M, ¥, jl . Observe that Y” is a path of length £ — (£t —£7)+1
from the block Markov chain conditioned on Vy» .+ where t’ is the vector of length d + 1
such that 7, = €~ and for i = 1,...,d it holds that 7/ = 7; if 7; € {0,...,¢7} and
1/ = max{¢{~ + 7; — £, £~} otherwise. The induction hypothesis (140) is applicable and, by
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inspection of the exponents m; — m; with i € {1,...,r’}, we may conclude that
R m '7"‘1, L7 - 67
j=2

with fi(r,m’) = [(r —#{j € {2,...,7}: m =1} —1)/2] and fo(r,r',m’") = [(r' —#{j €
2,...,r'}: m; =1} - 1)/2].

In Part 4.3 we will show that there exists some constant ¢y € R. ¢, which does not depend
on t; or 7, such that

LT =47
|:l_[(€zj] L+ i| -

< Czon—g1(m’)—gz(m',r')([*- _ Z—)3||m’||1 (153)
where gi(m’) =#{j € {2,..., R} : m’] # 0} and

0 if ggm)=0o0rr =0,
gm',ry={gm',r)+1 if0<gym',r') <g(m)andr >0, (154)
g3(m’',r’) if 0 < gs(m’,r") = gi(m’) and r’ > 0,

where gs(m’,r") = #{j € {2,...,r'} : m; # 0}. It will then follow from (150)—(153) that
there exists a constant ¢»; € R.( such that

R ! ’
m o mj 7m..
'E[H &My, ’” (155)
j=2
< C21n—(f1(r»m/)+g1(m/))—(.fé(r,r’,m')‘f'gz(m’J’))E[(L+ _ L—)3Hm/H1].
Observe that for any positive integers g1, g2 € Zxo it holds that [(g; —g2—1)/2]+max{l, g2} >
[g1/2]. The condition below (149) stating that ¢,y = 0 when m/] =O0forall j € {2,...,R}

ensures that gy(m’) > max{1,#{j € {2,...,r}: m’j = 1}} for all terms with ¢, # 0. Therefore,
using the definition of f,

filr,m") + gi1(m") > [r/2] (156)
for all terms with ¢,y # 0 in (149). Note that f2(r r',m ) 4+ g(m’,r') = 0 when r' = 0. If
r’ > 0, note that go(m’, r’) > max{1,#{j € {2,...,r'}: m = 1}} for all terms in (149) with
¢ 7 0. Hence, using the definition of f,,

Ll r',m') + ga(m', r') = [r'/2] (157)

for all terms with ¢, # 0 in (149).

It will be shown in Part 4.2 that E[(T1)!] = 0,,4(1) for any q € Zso and a similar
conclusion holds for 7. Note that it is here also claimed that the bound is uniform in #
and T provided that d is fixed. Now observe that (LT — L~)3Im' I < (7+ 4 7-)3I""li | Expand
(T++ Tyt and apply the Cauchy—Schwarz inequality to the resulting monomial terms to
derive that E[(L* — L™y 1) = 0, 4(1).

It now follows by (149) and (155)—(157) that there exists a constant ¢y, € R.( such that

E[My2 - My® | Ey, = el —E[My2 - MyF ] < cyon™I7/21717/21, (158)
Given that there are ¢/ < £ = O(n?) terms in (141) and that P(Ey., =e1) = O(n=?) by (142)

it follows that there exists a constant ¢,3 € R. such that
[E[My'L, -+ My R | < cozn™ /21717721 (159)
493
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which is the desired result.

Part 4: Remaining Bounds

Part 4.1: Base case: r =0

Recall that we still have to prove that (140) holds for the base case r = 0. By repeated
application of the Cauchy—Schwarz inequality the claim is reduced to the statement that
E[Mlq,’ej] = 044(1) forany j € {2,..., R} and g € Zx¢. By definition My’ej = I\A/y,ej —
E[Ny,ej] so it suffices to show that E[I\Alg/ej] = 0, 4(1) for any ¢’ € 7. Further, since Ny’ej
can only increase when one extends Y to a longer path it may be assumed that ¢/ = £. In this
case Y follows the same distribution as X conditioned on the event Vy ;.

We claim that for any fixed d there exists a constant ¢4 € R.( independent of n such that
for any 7 € {0, ..., Z’}d with P(Vx ) > 0 it holds that

P(Vx,.) > ca. (160)

Indeed, assume without loss of generality that the 7; are nondecreasing in i. Since X starts in
equilibrium it then holds that

d—1
P(Vx.o) = P(Xe € VO [ [P(Xeyy € Vi Xqew) (161)
i=1
d—1
=z [T P17 k. k). (162)

i=1
This implies (160) since, by the Markov chain associated with p being irreducible and acyclic,
it holds that p’(k, k) tends to 7 (k) as ¢ tends to infinity and it holds that 7 (k) > 0.
By the law of total expectation it follows that

E[N?,/e_,] = JE[N?(} | Vx. 1 (163)
< /BN, ] (164)

which establishes the desired result since E[]\A/?(iej] = Oy (1) by Corollary 6.13.
Part 4.2: E[(T1)1] = Oy ,4(1)

Let g € Zs and recall the definition of T% in (144). Consider the product chain rt 7 =
(G(Y,] +1)s G(W,H_,))t 2o on the space of clusters {1, ..., K} x {1, ,K}. Then T™ is the first
strlctly positive time E 7 W) is in (k, k). Sample 1nﬁn1tely long sample paths V = (V)22 and

= (V))2,, from the block Markov chain with V’ conditioned on V;| being the endmg point
of e;. Consider the product chain E(T, yy = = (@(Vi41), 0 (V] ) bt on the space of clusters
{1,..., K} x{l,..., K}. Denote T, V v for the first strictly positive time E(V v isin (k, k). By
the Markov chain associated with p being irreducible and acyclic it holds that IP’(TV*, v >0
shows exponential decay in ¢. In particular, E[(T, V,)q] is finite and independent of n.

Now observe that 27 W has the same distribution as Z(v V) conditioned on the events
Vy. and Vy/ . By (160) there exists a constant cy; € R.g 1ndependent of n and #; such that
P(Vy..) > a4 for all T € {0, ..., £}¢ with P(Vy ;) > 0. It can similarly be deduced that there
exists a constant cs € R.¢ such that P(Vy: ;) > ¢5 for all T € {0, ..., £'}¢ with P(Vy/ ;) > 0.
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Now, by the law of total expectation and the fact that Vy/ , is independent of Vy
E(T )] = EU(T, ) | Vve, Vv o] (165)
< (caac2s) BT, )] (166)
which establishes the desired result.

Part 4.3: |E[Hf=2 ggfj | L™ =0, L* = £F]| < capn=81@=82@ g+ — g=)3lall

Consider some fixed ¢ € ZR Lo and €7, 0% € Zso with P(L™ = €7, L* = £7) > 0. Let us
remark that the following arguments also apply when Z is replaced by Y. In fact, the process
Y is easier to deal with since Z is conditioned to be at e; at time f;.

Recall the definition for £z ; in (147). Note that conditional on L* = £* and L~ =
£~, it holds that IE[]\A/yﬁej] — E[NY/’(;J. | L=, L"] is a deterministic scalar. Therefore, after
substituting the definition of £z ; in l—[f:2 5;{ ; and by then expanding in terms of Az ; and
E[Ny.,1 — E[Ny., | L™, L*] it follows that

R
E[HSZ'T,-
=2
- ¥ w[[147 |7
j=2

0=q'<q

L =¢
L (167)

T=0 . . L™ =¢\%9
L+ — ot l_[ E{Nve; | —E[ Ny Lt — ¢t

for certain absolute constants c¢,. The sum runs here over vectors of integers of length R.
Fix some 0 < ¢’ < ¢ and let us establish a bound on IE[]—He ) Aq' | L~ =¢",LT =¢£7].

Observe that the product ]_[ . A Z’ j can only be nonzero if Az ; # 0 for every j with q # 0.
Recall from (154) that gl(q ) is the number of nonzero q with j € {2,. R} and g3(q r)
is the number of nonzero ¢’ Gowith je{2,..., r'}. Hence the product H =2 Azj, ; can only be

nonzero if Zf:z la, ;=0 = g1(g") and Z;/zz 1a, ;=0 = g3(q’, r"). Therefore, by the law of
total expectation

_ _ R / _ _
. £ WL =0 Tinlazozai@) | L=t s
l_[ Zjl L=t r’ 1o | Lt =gt ( )
j=2 = Y icalag =0 = 83(q", 1) =
y E[H A9 ¢ | L” =40 Zfzz]lAZ,Po > gl(q/)j|
E+ Z::Z]]‘AZ,/>O Z gS(q/’ r/)
It follows from ]_[;_":2 Agj < (LT — L)'t that
R , - - R /
Z,j L+ _ £+’ r ;o = ( ) . ( )
j=2 - Zj=2]]-AZ_j>0 > 83(6] s l")

The goal thus becomes to establish a bound on the probability on the right-hand side of (168).
This bound will be established in two steps. First, we show that the event described by the
probability implies that (Z;),c(e-, . ¢+p\(1,,—1} has to visit the endpoints of e, ..., eg often.
This step is achieved in (182). Second, we show that visiting many endpoints is a rare event.
This step is achieved in (190).
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Fig. 10. Visualization of some ‘worst case’ realizations of Z for which Zfﬁ ]17;/, 2¢ > g1(gq") and Z_'/-=2 ]17;/, 240 >
g3(q’,r") when g1(¢’) = R—1 =73 and g3(q¢’,r’) = r’ varies. The points contributing to #(Uj:27:j \{t1,11 —1})
are circled. Note that the number of circled points increases as r’ does so. Indeed, r’ > 0 avoids losing points
due to the exclusion of {r, 7y — 1} whereas ' > j with j > 2 avoids losses due to the possibility that e; shares
endpoints with the other e;.

For every j € {1, ..., R} consider the following collections of times which measure when
we are in e; or its endpoints

T, =l el +1... 0" Ezi=e), T,

;= YieT,, {t,t —1}. (170)
Observe that in this notation it holds that Az ; = #7,,. Hence, the probability on the right-hand

side of (168) may be rewritten as

R / - -
P( Yialag =0 = gi(g) ‘ L™=t > (171)
2

ioalag -0 > g3(q’, 1) LT =¢"
Zfzzﬂnjﬂi > ¢1(q)

( )
Z;‘:zﬂﬁj#w >gy(g ) I LT =0)

We claim that whenever the event described in the probability on the right-hand side of (171)
holds, it follows that #(UfzzTe’j \ {t1, 11 — 1}) = g1(¢") + g2(¢’, r’). The key difficulty is that
the sets 7;/1, e 7—@/R may not be disjoint due to the fact that the e; can share endpoints; see
Fig. 10.

Recall the definition of E ﬁr, from the paragraph preceding Proposition 6.16. It follows that
for every (i, j) e {1,..., R} x {1,...,r'} with i # j it holds that 72 N 72/_ = (J. Hence,

R
#(UJ70 Ve = 1)) (172)
j=2
r’ R
=Y #{(T - n)+#( | T\ (00 - 1) (173)
j=2 j=r'+1
r’ R
=Z#7Z, +#( U 7o\t n - 1}) (174)
= j=r'+1

where in (174) we used that {t;,; — 1} C 7;’1
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Note that for every j € {2,..., R} with 7;/, # ) it holds that #7;’/_ > 2. Thus, it follows
that ' '

B B "
j=2 j=2

When " > 0 it holds that 7, is disjoint from 7" for every j € {2,..., R}. In particular
{t;, t; — 1} is disjoint from T/ for every j € {2,..., R}. Hence,

R
U A\ — 1) U 7., ifr'>0. (176)
j=r'+1 Jj=r'+1
Whenever URfr, +17e; # ¥ we can construct a subset of U] _ +1T’ as
R
{mln{t—l t e U }}u U 7 < U (177)
j=r'+1 j=r'+1 j=r'+1
Observe that the left-hand side of (177) is a union of disjoint sets due to the fact that e, ..., eg
are distinct edges. It now follows from (176) that if r’ > 0,
R R
f(U T =0) 210 5ot Y #T (178)
j=r'+1 j=r'+1
R
> 1, 7wt Y Ly (179)
Jj=r'+1

When r’ = 0 we still have an injection from U , +17;, into Uf vt e
by t = t1,5; + (t — D1,,. Hence,

#( LRJ T\ {n.n —1}) z#( LRJ 72,) > XR: 17, 20- (180)

Jj=r'+1 Jj=r'+1 Jj=r'+1

\{tl, t; — 1} defined

Combine (174)—(180) to deduce that

R
#(J7 \ = 1)) (181)
=2

Z, 2 17, 7&64‘2—2172 #n + Lr L

R .
ijz ]172_1 £ if ¥ =0.

Recall the condition described in the probability on the right-hand side of (171). Note that
whenever this condition holds it follows that ZR 117; 20 > gi(g") and Z; - 1177_, <0 +
]l(U;g:r/HTe V£d = > g3(q', ") + Lg,(g">es(¢’.r)- Further, recall from (154) that the deﬁmtlon of

g»> 1n terms of g3 has three cases. Now, using (181) in (171) and checking each case from the

if ¥ > 0,
Te; )79
=
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definition of g, individually we find that

R /
‘=]1A >02g(q) L™ =¢
IP’( St =8 \ . ) (182)
Zj:21A2,j>0 > g3(q’, 1) L™=t
R _ _
d ’ / ! L = E
< IP’(#<U27Z, \{n,n— 1}) > gi1(g") + &g, 1) ‘ r :ﬁ)-
=
Let us denote V(ey, ..., eg) for the set of cardinality < 2(R — 1) consisting of the endpoints
of the edges e, ..., eg. Observe that #(Uf:ﬂ;’/_ \ {t1, 1 — 1}) > g1(q") + g2(¢’, r’) implies
that there exists some T/ C {€~, ..., £T}\ {t;,t; — 1} with #T" = g((q’) + g2(q’, r’) such that
Zy € Ve, ...,eg) for all ' € T'. Consequently, by the union bound
8 ! ! I I L_ = Z_
P(#(UT Vet — 1) za1@) + o' | L (183)
j=2 -
/ ’ L_ = E_
< > P({Z, :t €Ty V(e ..., er) Lt (184)
#T'=g1(q")+g2(q".1")
where the sum runs over all subsets 7" € {£7, ..., LT\ {t;, t;—1} with #T’" = g,(q¢")+g2(q’, ).

Fix such a subset 7’ and denote Y7 = (U(Z,))f/:() for chain of clusters associated to Z. Then,
the law of total probability yields that

, , L =4¢
(1201 €TV S Vier.en) | o (185)
L_zg_ 7 /
:Z]P Xy =57 L+=£+]P){Z,’ItET}QV(@Q,...,ER) Xy =57
sz
where the sum runs over all s; C {1,..., K}t with P(¥; = sz | L~ =€, LT = £+) £ 0.

..........

that X', = sz. Hence, by using that #V (e, ..., eg) < 2(R — 1) and #V; > o0 for every
kell,...,K}

P({Zy:t' €T} S V(ey, ..., er) | Xz =s7) (186)
#(V(Ez, ey eR) N VJZ’[,)

- 187
[l #V,,, (187)
t'eT’ Zt

<(2(R - 1)()5;”1”;1_1)gl(q/)"rgz(lf,r’) (188)

< Cogn 8182 1) (189)

where we defined ¢y := maxo<,/<,(2(R — D} )$1@)+8@"™) Now, by (183)~(189) with the

+_p—_ ’ o .
bound ( -l ,) < (T — g7)81@)T820@ ) for the number of terms in the sum of (183)
81(q")+g2(q",r")

R

7 , , L =40
P #<UTe,\{h,t1—1})Zgl(q)+gz(q,r) i (190)
j=2 =
< c26n’(81(‘1/”32(4/”/))(5* _ E*)gl(q/)Jrgz(q/,r/).
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Combine (168), (169) and (182) with the bound (190) to conclude that

!

R
q.
E[H A7
j=2

where it was used that g;(¢") < ||¢’|l1 and g2(q") = llg’ll1. This establishes the desired upper

L™ =¢"
Lt =¢"

:| < et — Z—)3Hq’llln—(g1(q’)+g2(q’,r’)) (191)

bound for the conditional expectation of ]_[f:2 A?_ j
Let us remark that the only property about the chain Z which was used in the foregoing
.......... i.n-1) Vsz When
conditioned on Y; = sz. Hence, the conclusion (191) also applies to other chains with this
property such as Y. This is to say that by repeating the argument for (191) word-for-word one
finds a constant ¢57 € R.( such that

R !
q.
B[[147,
=2
forany 0 < ¢’ <gq.

Next, we consider the factors (E[Ny.,] — E[Ny., | L~ = ¢~,L* = £*]) in (167). Fix
some j € {2,..., R} and observe that
L™ =¢
Lt =¢7

L~ =10
Lt =1¢"

] < C27(E+ _ E*)3||q/”1n*(g](q/)+g2(q/,r/)) (192)

N N L =/ N ~
E[NY,ej]_E[NY’,Ej L+ - £+:| = (E[NY,ej] _E|:NY,e/-

N L™ =4 \ L™ =10
+ ENy’ej L+ — ot —E Ny/,ej - |) (193)
Here, since ]\Aly,gj — Ny/,e,. = Ay, ;, the bound (192) yields a constant ¢ € R. such that
. L™ =10 N L™ =¢ L™=t

ENy’ej L+ — o+ —E NY/,ej L+ — gt =E| Ay 5ot (194)
et — )3 if ' =0,

_ Jeasn 2( )3 1 r (195)
g (T —£7) if ' > 0.

It remains to consider the term E[Ny’ej] — ]E[](’y,ej | L= =¢-,L* = ¢£%]in (193). This term
may be studied by means of a coupling argument. Construct a path G of length ¢’ + 1 by using
the following procedure:

(i) Let ¥ := (¥)®°__ be the path used in the construction of Y in Part 2. Independently

1=500 ~
sample G = (G,)2_, from the same distribution as Y conditioned on L~ = £~ and
Lt =1¢".
(i) Define
T =t —sup{t €Z_p-: Y, € Vi, G € V) (196)
Tt=inf{t € Z_y+: Y, € Vi, G, € V) — £+ (197)
and note that these values are finite with probability one by the assumption that the
Markov chain associatedNWith p is irreducible and acyclic. Let L~ = max{0, £~ — T~}
and LT = min{¢’, ¢t + T}
(>iii) Define G = (G,)f;o by G, .= G, fort € {L™,...,L"} and G, = Y, otherwise.
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Note that G is here implicitly dependent on £~ and ¢ but this is suppressed in the notation.
Indeed, G has the same distribution as Y conditioned on L™ = ¢~ and Lt = ¢*. For any
je{2,...,R} let ZG, j and Zy’j denote the number of times (GZ)IL:Z_ and (Yf)fL:Z— traversed
edge e;. Then,

o] =i |-

As in (192) it may be established that for any 2* £~ € Zso with }P’(L+ £, L™ = Z‘) >0
it holds that

’ [Nye, Nc,e_,ﬂ (198)
<|E

~ |L =1 1@ =Ty it =0,
0 P [ R S A (200)
Lt=2¢" Cogn~ (£+ —{7) if ¥ > 0.
By the law of total expectation it now follows that
~ csn E[(LY — L)} ifr' =0,
B[y )< o 2 (201)
cogn “E[(LT —L7)’] ifr' >0,

and a similar conclusion applies to ZG,_,'.

We claim that E[(T+)"] = 0,,(1) and similarly E[(T7)"] = O, (1) for any m € Zxo.
Indeed, this may be deduced as in (166) by consideration of E(Y 5" (cr(YﬁJr,) cr(GﬁJr,))r o>
V= (V, 2o and V' (‘4 2o Where Vis sample path from the block Markov chain and v’
is sample path from the block Markov chain conditioned on the event V@+ € V. Next, use a
binomial expansion on Lt — L™ = ¢+ — ¢~ + (T+ + T7) to write

3

BT =I1=)] <3>E[(7+ + Tyt — ey (202)
m
m=0
3 3 3 n Ty (p—ym—m’ + —\3—m
:Z( >Z( ,>E[(T YT Tt =) (203)
m=0 m m'=0 m

The coefficients E[(T*)”’/(f’)m’m/] in (203) are O, (1) by the Cauchy—Schwarz in-
equality. Therefore, since ({* — £7) > 1, there exists some constant ¢y € R.g such
that

E(LT — L)1 < eao(€™ — £7)>. (204)

By (199)—(204) it follows that there exists some constant c3yp € R. such that

q o | L= caon” '€t =€) ifr' =0,
E| Ny, | — E| Ny, < . 205
' |: " -’i| |: Pl Lt = €+i| {C3On_2(ﬁ+ —¢)} ifr>o. (205)
By (193), (195) and (205) we may conclude that
.\ N L™ =€ cyn et —e7)Y ifr =0,
E[Ny,..] — E| Ny’. < 206
) [Nre;) [ el bt = £+] = {(;31;1—2(15+ — )P ifr > 0. (200
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for some constant ¢3; € R.y. Combine (191) and (206) to find a constant c3; € R.( such that
forany 0 < ¢’ <gq

R - B _ _ g
q, L =¢ N N L =¢ 4j=4;
E[]‘[ A7 L ﬁ} ]‘[(E[Ny,ej} - E[Ny/,ej L E*D (207)
=2 j=2
c%zn—gl(q’)—gz(q’,r’)—Z_’,‘;z(qj—q})(fr — ¢—)3lal £ =0
’ / /o ) ’ 208
- C3zn—g1(q )—g2(q"r )—22f=2(q]-—qj)(£+ _ E—)3||q||1 if ' > 0, ( )

where it was used that ||¢’|l; + lg — ¢’lli = lig|l1. Recall the definition of g; and g, in (154)
and observe that each additional nonzero coordinate in ¢’ increases g1(q") + g2(q’, ") by at
most 1 + 1,..¢. Hence, the worst bound in (208) is attained at ¢’ = g and we may conclude

that
R _ _- R _ _ g
q’ L™ =¢ ~ ~ L™ =¢ 9i74j
E|:l_[ AZJJ L+ — £+j| H(E[NY'EJ} - IE:|:1\7Y/*ej L+ — E+i|> (209)
j=2 j=2
< C32n_81(‘1)_g2(‘1’r,)(€+ _ g—)3IIqII1' (210)

Plug (210) into (167) to find a constant c33 € R.( such that
R _ _
| LT =4
q
']E|:l_[ 52{] L+ — €+i|
j=2

which is the desired result. [

< c33n*gl(Q)*gz(qJ/)(£+ _ g*)3llq||1 (211)
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