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Abstract. We study the mixing properties of a Brownian motion whose movements
are hindered by semipermeable barriers. Our setting assumes that the process takes
values in a smooth planar domain and that the barriers are one-dimensional closed
curves. We establish an upper bound on the mixing time and a lower bound on the
stationary distribution in terms of geometric parameters. These worst-case bounds decay
at an exponential rate as the domain grows large, and we give examples that show that
exponential decay is necessary in our worst-case setting.

1. Introduction

Reflected Brownian motion with semipermeable barriers, or snapping-out Brownian mo-
tion, is a continuous-time stochastic process whose movements are hindered by semipermeable
barriers. The movements of the process are like those of classical Brownian motion when it
is not in contact with a barrier, and in fact, its reflections upon hitting a barrier are also
typically like those of standard reflected Brownian motion. The difference, however, is that
it may pass through the barriers at certain random times. These random times are governed
by how much local time the process has accumulated at a barrier, and an on–off Markov
chain associated with the barrier; see Definition 1.

This process was independently introduced to the literature by various authors starting
from 2012. It arose in work of Nándori and Szász [23] as a scaling limit of a Lorentz process
with a punctured wall, while Lejay [18] as well as Mandrekar and Pilipenko [21] found it as
the limit of processes with a membrane of shrinking thickness, and Bobrowski [3] studied a
variant that lives on the edges of a graph. Since then, the process has been used to study
a range of interface phenomena [4, 5, 6, 7, 9, 10, 13, 14, 28, 30]. The introduction of the
process in [18] was motivated by the fact that it can be used as a probabilistic realization
of a (deterministic) differential equation with interface condition. Their study led to Monte
Carlo estimators for problems arising in applications like diffusion MRI imaging [19, 27].
Another application occurs in a statistical question where the goal is to uncover the location
of barriers that hinder a process based on observations of this process [29]. This may be
relevant for animal movements or subcellular diffusions.

For snapping-out Brownian motion, it is natural to wonder how the barriers affect the
stochastic process’ behavior. In this paper, we investigate specifically how its mixing time
and stationary distribution are affected. Studying these two quantities is not just needed
to fundamentally understand the process. Performance guarantees for, for example, Monte
Carlo methods [25, 26] such as the aforementioned ones from [19, 27] and statistical estimators
that recover barriers from a finite trajectory [29, Theorem 2.3], are a function of the mixing
time and stationary distribution.
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Our results on the mixing time and stationary distribution are qualitative. Specifically,
we establish a generic bound on the mixing time and stationary distribution in terms of
explicit geometric parameters given in Section 2.2. We find that this bound decays at an
exponential rate when the domain grows large and all other parameters are kept fixed. By
constructing concrete examples, we show that such exponential decay can not be avoided in
a worst case; see Section 2.3.

The proof relies on a reduction to the Doeblin minorization condition. We first show that
one can always transport probability mass between nearby regions of the domain, regardless
of whether a semipermeable barrier is in the way. We subsequently use a sequence of such
local steps to globalize the estimates. Visualizations for the local transport steps may be
found in Figures 3 to 5, and the method to globalize the estimates with a sequence of steps
that follow a geodesic in the domain is visualized in Figure 6.

In Section 1.1, we next outline related work in the literature. Focus thus far looks to
have primarily been on the mixing properties of canonical (reflected) Brownian motions.
In Section 1.2, we discuss directions for future work. Finally, our results can be found in
Section 2, and the proofs in Section 3.

1.1. Related work on mixing properties of Brownian motion. Currently, there do not
appear to be other studies of the mixing properties of a snapping-out Brownian motion with
semipermeable barriers. There is, however, such research for classical reflected Brownian
motion (so for when there are only impermeable barriers). To contextualize our work, we
will discuss some of this research.

Regarding the mixing time for reflected Brownian motion, one can distinguish the following
lines of research:

(a) Domains with weak regularity, such as a fractal boundary, were considered by Burdzy,
Chen, and Marshall [11]. Note that in such scenarios it is, for example, not immediately
clear whether the process is uniformly ergodic. [11] studied geometric necessary and
sufficient conditions for trap domains where the process is not uniformly ergodic.

(b) For compact convex domains, the process will certainly be ergodic. One can therefore
always study the rate of mixing in such scenarios [20, 22]. For instance, Loper [20]
established bounds on the mixing time in this setting that only depend on the diameter
of the set and not on the dimensionality.

(c) Mixing rates for the orthant with drift towards the origin were considered by Glynn
and Wang [16] for the total variation distance, and by Blanchet and Chen [2] as well as
Banerjee and Budhiraja [1] for the Wasserstein distance; see also the references therein.

A significant motivation for the study of the stationary distribution of reflected Brownian
motion comes from the heavy-traffic approximation of queuing systems. One is then typically
interested in a polyhedral domain, with a wedge being the most common example. Harrison
and Williams [17] characterized when the stationary distribution admits an exponential form
in smooth or polyhedral domain with drift and oblique reflection. An integral expression for
the Laplace transform in a wedge with oblique reflection was established by Franceschi and
Raschel [15] who also characterized when this expression can be simplified in recent work
with Bousquet–Mélou, Price, and Hardouin [8].

The aforementioned research on the stationary distribution differs in spirit from the
present work: we are not concerned with deriving an exact formula. Rather, we establish
qualitative worst-case bounds on the stationary distribution and the mixing time in terms
of geometric parameters. Closer in spirit is, for example, the work of Dai and Miyazawa [12].
They studied asymptotics for the tails of the stationary distribution in the orthant.
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1.2. Further directions. It looks difficult to derive an all–encompassing, closed-form ex-
pression for the stationary distribution and mixing time for every possible configuration of
the barriers and domain. However, closed-form expressions may be attainable for specific
configurations. For example, in the case of the unit disk with a single circular semipermeable
barrier at radius r ∈ (0, 1), the equilibrium distribution may be susceptible to exact analysis
because of the radial symmetry.

Bobrowski, Kaźmierczak, and Kunze [5] showed that the snapping-out Brownian motion
exhibits state space collapse in the limit of low permeability. Specifically, they showed that
the dynamics of a snapping-out Brownian motion converges to that of a continuous-time
Markov chain with finite state space corresponding to the different components of the domain
separated by the barriers. The jump rates of the limiting chain were shown to only depend on
the geometry of the barriers through their length and compartment sizes. Next, it would be
relevant to quantify how well the mixing time and stationary distribution are approximated
by their analytically tractable limits when permeability is low but nonzero.

Recall that our results include examples where the mixing time and stationary distribution
decay exponentially as the domain grows large and other parameters are kept fixed. Of
course, that such exponential decay occurs in a worst-case example does not mean that
it always materializes. Clarifying general sufficient or necessary conditions to avoid such
instances could be an interesting avenue of research. Our proof methods can be used in
some cases to get better bounds, but not always; see Remark 3.20.

Additionally, our examples with exponential decay in Section 2.3 involve asymmetric
permeabilities. This means that it is easier to go from one side of the barrier to the other
than in the reverse direction. Another interesting open question is thus whether exponential
decay can also occur if the permeabilities are symmetric.

2. Results

2.1. Snapping-out Brownian motion. We adapt the setting of [29] and focus on the case
where the process takes values in a planar domain with one-dimensional smooth curves as
barriers. If desired, however, one can also readily generalize our results and the following
definitions with weaker regularity assumptions or to higher dimensions.

Consider an open planar set D0 ⊆ R2 whose closure D is connected, bounded, and has a
smooth boundary B0 := ∂D. Additionally, consider C∞-smooth curves B1, . . . , Bm ⊆ D0.
In what follows, the Bi with i ≥ 1 will be semipermeable barriers and B0 will be an
impermeable barrier, keeping the process in D.

We adopt some assumptions on the geometry of the barriers. First, assume that Bi∩Bj =
∅ for every i ≠ j so that there are no intersection points. Second, assume that the domain D
is simply connected so that B0 is a single connected curve. Finally, assume that the Bi are
simple closed curves so that there are no self-intersections or endpoints. Then, in particular,
the Jordan curve theorem yields that R2 \ Bi has precisely two connected components of
which only one is bounded.

The process experiences orthogonal reflections upon hitting the barrier. Let n⃗i : Bi → R2

be the unique vector field orthogonal to Bi, pointing towards the bounded component, and
with unit length. We say that x ∈ R2 is on the positive side of Bi if x lies in the closure
of the bounded component of R2 \ Bi. Similarly, the negative side is the closure of the
unbounded component. Thus, x ∈ Bi is both on the positive and negative sides.

Randomness from auxiliary processes is used to drive the movements of the process.
Denote Wt for a planar Wiener process. Further, fix scalars λ+

i , λ
−
i > 0 for every i ≥ 1,
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specifying the permeability of the two sides of each barrier and consider càdlàg continuous-
time Markovian processes si(t) taking values in {+1,−1} with transition rate λ+

i (resp. λ−
i )

from −1 to +1 (resp. from +1 to −1). Finally, let s0(t) := +1 for all t ≥ 0.

Definition 1. Let Xt and L(i)

t be continuous stochastic processes which take values in D
and R≥0, respectively. Then, Xt is called a reflected Brownian motion with semipermeable
barriers Bi and local times L(i)

t if the following properties hold with probability one:
(i) dXt = dWt +

∑m
i=0 si(L

(i)

t )n⃗i(Xt)1{Xt ∈ Bi}dL(i)

t .
(ii) For i ≤ m, L(i)

t is nondecreasing, satisfies L(i)

0 = 0, and increases at time t if and only
if Xt ∈ Bi. That is,

L(i)

t =

∫ t

0

1{Xr ∈ Bi} dL(i)

r .

(iii) For i ≤ m, if si(L
(i)

t ) = +1 then Xt is on the positive side of Bi. Similarly, if
si(L

(i)

t ) = −1 then Xt is on the negative side of Bi.
The process Xt may also be referred to as a snapping-out Brownian motion.

Processes satisfying Definition 1 are shown to exist pathwise uniquely given an initial
condition in [29]. Note that the law of the process Xt not only depends on the initial
condition X0, but also on si(0) if X0 ∈ Bi. For brevity, however, we will suppress this from
the notation whenever it does not cause ambiguity.

2.2. Environmental parameters. Consider lower and upper bounds on the permeabilities:

λmin := min
{
λ∗
i : i ∈ {1, . . . ,m}, ∗ ∈ {+,−}

}
, (2.1)

λmax := max
{
λ∗
i : i ∈ {1, . . . ,m}, ∗ ∈ {+,−}

}
. (2.2)

The relation between these parameters and the mixing properties is intuitive. If λmin is
small, then one may stay stuck behind a barrier for a long time. Further, if λmax/λmin is
large, then one may briefly transition to the other side but quickly get absorbed again. Thus,
large but asymmetric permeability can also be problematic.

The following two parameters are of a geometric nature, related to the difficulty of the
configuration of barriers; see Figure 1. For every i ≤ m let ki : Bi → R≥0 be the unsigned
curvature of Bi. Denote

κ := max
{
ki(x) : i ∈ {0, 1, . . . ,m}, x ∈ Bi

}
. (2.3)

A bound on κ rules out scenarios where the curves squiggle wildly. It is further useful to
ensure some minimal spacing between the barriers. For x ∈ R2 let B(x, r) denote the open
ball of radius r > 0 and set

ρ := sup
{
r ≥ 0 : B(x, r′) ∩ (∪m

i=0Bi) is connected ∀r′ ≤ r, ∀x ∈ D
}
. (2.4)

This parameter serves to avoid scenarios where distinct barriers lie extremely close to each
other, or scenarios where a single barrier doubles over with a U-bend and thus has a small
separation from itself. Such cases could be problematic for the mixing, as they may result
in the effective permeability of a region of the domain being lowered.

Finally, it is natural that the size of the domain may be relevant for the mixing properties.
To quantify this, we consider the area Area(D) and the diameter in the geodesic distance:

∆ := sup
x,y∈D

inf
γ

∫ 1

0

∥γ′(t)∥ dt. (2.5)

Here, the infimum runs over piecewise smooth curves γ : [0, 1] → D with γ(0) = x and
γ(1) = y and ∥ · ∥ denotes the Euclidean norm on R2.

4



Figure 1. Examples of pathological geometries that could complicate the mixing properties.
A bound on κ allows ruling out the leftmost example, but is not sufficient to rule out the
two examples on the right. This is where a bound on ρ is required.

2.3. Results. Let π denote the stationary distribution of the process Xt. We are concerned
with the mixing time

tmix := inf
{
t ≥ 0 : |P(Xt ∈ E | X0 = x0)− π(E)| ≤ 1/4 for all x0, E

}
. (2.6)

Here, x0 ∈ D runs over all possible initial conditions and E ⊆ D over all measurable subsets
with nonzero area. Further, we consider the quantity

πmin := inf
{
π(E)/Area(E) : measurable E ⊆ D with Area(E) > 0

}
. (2.7)

to quantify if there are infrequent regions in the domain. Theorem 2.1 gives worst-case
bounds on tmix and πmin in terms of the parameters from Section 2.2:

Theorem 2.1. There exists an absolute constant c > 0 so that with R := cmin{1/κ, 1/λmax,
ρ},

tmix ≤ ∆2(Rλmin)
−∆/R and πmin ≥ (Rλmin)

∆/R/Area(D). (2.8)

Observe that an exponential decay occurs in the quality of the bounds if ∆/R → ∞ in
Theorem 2.1. While it is possible that the exact formulation of the estimates could still be
improved, as we make a few rough estimates to simplify notation throughout the proofs, this
qualitative behavior of exponential decay is necessary as a worst-case estimate.

Indeed, suppose that the barriers are a sequence of 2n + 1 nested circles, as displayed

Figure 2

in Figure 2:

Bi := {x ∈ R2 : ∥x∥ = (2n+ 1− i)} for i = 0, 1, . . . , 2n

where n ≥ 1 is an integer. Then, choosing the permeabilities
appropriately so that λ+

i is somewhat smaller than λ−
i for i ≤ n

and greater for i > n, it can be ensured that there is effectively
an inwards (resp. outwards) drift when Xt is in the inner (resp.
outer) half of the domain. This gives rise to metastable behavior
as n → ∞ where Xt stays stuck in the half of the domain where it
starts for an exponential amount of time. This demonstrates the
necessity of exponential behavior in tmix as ∆/R → ∞ since the
diameter ∆ here grows linearly in n while the other parameters remain fixed.

A similar example is applicable for the minimal value of the stationary distribution πmin:
simply take λ+

i smaller than λ−
i for all i ≤ 2n. Then, the resulting effective outwards drift

will ensure that the stationary distribution becomes exponentially small near the center of
the disc as n → ∞.
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3. Proof of Theorem 2.1

The strategy is to reduce to the Doeblin minorization condition; see Lemma 3.19. To
verify the latter, it suffices to determine some T > 0 and c > 0 such that

P(XT ∈ B(y, ε) | X0 = x0) ≥ cε2 (3.1)

for every y ∈ D and small ε > 0.
Section 3.1 estimates (3.1) in the case where x0 and y are sufficiently distant from all

barriers, but not necessarily on the same side, for the special case where x0 and y lie close
together. Section 3.2 next applies this repeatedly to also cover points that are distant from
each other yet still at nontrivial distance from the barriers.

It then remains to consider the scenario where x0 or y could lie close to a barrier. This is
done in Section 3.3 by reducing to the case where they are distant from the barriers. The
reduction for x0 is fairly straightforward, but the reduction for the endpoints y requires
an additional trick exploiting the time-reversibility of classical reflected Brownian motion
without semipermeable barriers; see Lemma 3.16. We conclude in Section 3.4.

The reader may find it helpful to start by glossing over the figures in this section to get a
global idea of the proof approach. In particular, the informal ideas involved with the local
estimates when x0 and y lie close to one another are visualized in Figures 4 and 5. That a
sequence of local steps can be used for a long-range estimate is visualized in Figure 6.

3.1. Points distant from the barriers and close together. Fix some small δ > 0 and
introduce a characteristic scale of distance by

rδ := δmin{1/κ, 1/λmax, ρ}. (3.2)

Denote D(δ) for the set of points in D of distance ≥ rδ/5 from all barriers:

D(δ) :=
{
x ∈ D : ∥x− z∥ ≥ rδ/5, ∀z ∈ ∪m

i=0Bi

}
. (3.3)

Our goal here is to estimate P(Xt ∈ B(y, ε) | X0 = x0) for all x0, y ∈ D(δ) which are
sufficiently close together, say ∥x0 − y∥ ≤ (4/5)rδ.

There are two main challenges. First, if x0 and y lie on different sides of a barrier, then
it has to be shown that the barrier is crossed with nontrivial probability. Second, it has to
be shown that we move from x0 to a small neighborhood of y with nontrivial probability
when they lie on the same side of all barriers. The first challenge is dealt with in Lemma
3.7, the second in Lemma 3.9, and we combine the estimates in Corollary 3.10. The proofs
for both lemmas use the following elementary property of the driving Wiener process; see
Figure 3 for a visualization.

Lemma 3.1. For every γ ∈ (0, 1) there exists a constant c > 0 depending only on γ such that
the following holds. Consider R > 0 and y ∈ R2 with ∥y∥ ≤ R. Then, for every ε ≤ γR/2,

P
(
WR2 ∈ B(y, ε) and ∥Wt − (t/R2)y∥ ≤ γR, ∀t ≤ R2

)
≥ c(ε/R)2. (3.4)

Proof. Let c1 := exp(−2)/2π be the minimum of the density of a 2-dimensional Gaussian
random vector on the ball of radius 2. Then, for every ε ≤ R, by the scaling principle,

P(WR2 ∈ B(y, ε)) = P(W1 ∈ B(y/R, ε/R)) ≥ c1(ε/R)2. (3.5)

Hence, conditioning on WR2 , it suffices to show that there exists c2 > 0 such that

inf
x∈B(y,ε)

P
(
∥Wt − (t/R2)y∥ ≤ γR, ∀t ≤ R2 | W0 = 0,WR2 = x

)
≥ c2. (3.6)

Fix some x ∈ B(y, ε) and let Bt := Wt − (t/R2)x for every t ≤ R2. Then, conditional on
WR2 = x, the process {Bt : 0 ≤ t ≤ R2} is a two-dimensional Brownian bridge pinned to
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0 at times 0 and R2. Further, using that ε ≤ γR/2 with the triangle inequality, we have
∥Wt − (t/R2)y∥ ≤ γR whenever ∥Bt∥ ≤ γR/2. Hence,

P
(
∥Wt − (t/R2)y∥ ≤ γR,∀t ≤ R2 | W0 = 0,WR2 = x

)
(3.7)

≥ P
(
∥Bt∥ ≤ γR/2,∀t ≤ R2 | B0 = 0,BR2 = 0

)
.

The scaling principle allows one to eliminate the R-dependence from the right-hand side of
(3.7), giving a nonzero constant depending only on γ. This proves (3.6), as desired. □

Figure 3. Visualization of the event described in the probability of (3.4) from Lemma 3.1.
This event asks that the Wiener process Wt, represented by the dotted blue line, progresses
in a straight line towards y up to a moderate deviation of distance ≤ γR and that WR2 ends
up in a neighborhood of radius ε of y. Here, ε > 0 could be arbitrarily small.

3.1.1. Crossing a barrier. Consider the case where x0 and y lie on different sides of a barrier.
Let Z(δ, y) be the set of points z ∈ D(δ/2) at distance ≤ (4/5)rδ from y and on the same side
of every barrier as y. Then, Lemma 3.7 shows that Xr2δ

∈ Z(δ, y) with nonzero probability.
The proof idea is described in the caption of Figure 4. We subdivide the execution of

this idea into a sequence of smaller lemmas. The first step is to show that si and Wt have
certain convenient properties with nonzero probability:

Lemma 3.2. For every α, β, γ > 0, there exists a constant c > 0 such that the following
holds for every δ < 1/2. Consider x0, y ∈ D(δ) with ∥x− y∥ ≤ (4/5)rδ such that x0 and y
lie on different sides of some barrier Bi with i ≥ 1. Define

E1 := inf{t ≥ 0 : si(t) ̸= si(0)} and E2 := inf{t ≥ E1 : si(t) ̸= si(E1)} − E1
to be the first two increments between times for which si changes value. Then,

P
(
E1 < αrδ, E2 > βrδ, ∥Wt − (t/r2δ)(y − x0)∥ ≤ γrδ, ∀t ≤ r2δ

)
≥ crδλmin. (3.8)

Proof. Note that E1 and E2 are independent exponential random variables with rate λ+
i or

λ−
i , depending on what side of the barrier x0 lies. In particular, the rate of E1 is at least

λmin and the rate of E2 is at most λmax. Hence,

P(E1 < αrδ and E2 > βrδ) = P(E1 < αrδ)P(E2 > βrδ) (3.9)

≥
(
1− exp(−λminαrδ)

)
exp(−βλmaxrδ).

Note that 1 − exp(−x) ≤ x for x > 0 and note that λmaxrδ < 1 by (3.2). It hence follows
from (3.9) that with c1 := α exp(−β),

P(E1 < αrδ and E2 > βrδ) ≥ c1rδλmin. (3.10)

We next apply Lemma 3.1 with R = rδ. The additional parameter δ in Lemma 3.1 is not
important here, let us take δ = γR/2. Then, we find c2 > 0 depending only on γ such that

P
(
∥Wt − (t/r2δ)(x0 − y)∥ ≤ γrδ, ∀t ≤ r2δ

)
≥ c2. (3.11)

Combine (3.10) with (3.11) and use that Wt is independent of si by assumption to conclude.
□
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Recall from (2.3) that κ is an upper bound on the curvature of the barriers. In particular,
the barriers are well-approximated by straight lines at the scale of rδ. The following lemma
makes this precise and will be used repeatedly:

Lemma 3.3 (Lemma 3.5 in [29]). Suppose that δ < 1/2. Then, for every x0 ∈ R2, there is
at most one barrier Bi which intersects B(x0, rδ). Moreover, if such a Bi exists, then there
exists a unit vector n̂ ∈ R2 depending on x0 and Bi with the following properties:
(1) There exists some c ∈ R such that |⟨y, n̂⟩ − c| < 4δrδ for every y ∈ Bi ∩ B(x0, rδ).
(2) One has ∥n⃗i(y)− n̂∥ < 2δ for every y ∈ Bi ∩ B(x0, rδ).
(3) Every point z ∈ B(x0, rδ) on the positive side of Bi satisfies ⟨z, n̂⟩ > c−4δrδ. Similarly,

it holds for every z ∈ B(x0, rδ) on the negative side of Bi that ⟨z, n̂⟩ < c+ 4δrδ.

From here on, we adopt the assumptions and notation of Lemma 3.2 and assume that
the event described in the probability on the left-hand side of (3.8) occurs. In particular, we
fix x0, y ∈ D(δ) with ∥x0 − y∥ ≤ (4/5)rδ and let i ≥ 1 be the index of the barrier Bi which
separates x0 and y. Let it be understood that we take X0 = x0. Our goal in the subsequent
Lemmas 3.4 to 3.6 is to deduce properties that follow from the event in (3.8).

Lemma 3.4 (Stay in ball if local time is controlled). Adopt the setting of Lemma 3.2 and
assume that the event from (3.8) occurs. Then, for every t ≤ r2δ it holds that Xt ∈ B(x0, rδ)
if L(i)

t < (1/5− γ)rδ.

Proof. If the claim was false, then we could find some minimal t∗ ≤ r2δ with L(i)

t∗ < (1/5−γ)rδ
but Xt∗ ̸∈ B(x0, rδ). Then, for every t < t∗ we have Xt ∈ B(x0, rδ) and Lemma 3.3 yields
that Bi is the only barrier which intersects B(x0, rδ). Hence, the stochastic differential
equation from Definition 1 implies that

∥Xt − x0∥ ≤ ∥Wt∥+ L(i)

t for every t < t∗. (3.12)

Here, using (3.8) and the assumption that ∥x0 − y∥ ≤ (4/5)rδ,

∥Wt∥ ≤ ∥Wt − (t/r2δ)(x0 − y)∥+ ∥(t/r2δ)(x0 − y)∥ ≤ γrδ + (4/5)rδ. (3.13)

The combination of (3.12) and (3.13) with continuity of the processes involved implies
that ∥Xt∗ − x0∥ ≤ γrδ + (4/5)rδ + L(i)

t∗ . Using that L(i)

t∗ < (1/5 − γ)rδ now yields that
Xt∗ ∈ B(x0, rδ), a contradiction. This concludes the proof. □

Lemma 3.5 (Barrier is crossed at least once). Adopt the setting of Lemma 3.2 and assume
that the event from (3.8) occurs. Additionally, assume that α < 1/5− γ. Then, there exists
some t ≤ r2δ such that si(L(i)

t ) ̸= si(0).

Proof. Suppose not, meaning that si(L
(i)

t ) = si(0) for every t ≤ r2δ . Then, since E1 ≤ α1rδ,
it follows that L(i)

r2δ
≤ αrδ < (1/5 − γ)rδ. Lemma 3.4 now implies that Xt ∈ B(x0, rδ) for

every t ≤ r2δ and consequently Bi is the only barrier which intersects B(x0, rδ) by Lemma
3.3. The stochastic differential equation in Definition 1 hence yields

∥Xr2δ
− x0 −Wr2δ

∥ ≤ L(i)

r2δ
≤ αrδ < (1/5− γ)rδ. (3.14)

On the other hand, using the triangle inequality as well as (3.8),

∥Xr2δ
− x0 −Wr2δ

∥ ≥ ∥Xr2δ
− y∥ − ∥Wr2δ

− (y − x0)∥ ≥ ∥Xr2δ
− y∥ − γrδ. (3.15)

The assumption that si(L
(i)

t ) = si(0) implies that X2
rδ

lies on a different side of Bi than y.
(Recall that Lemma 3.2 assumed that x0 and y lie on different sides.) Consequently, since
y ∈ D(δ) implies that y is at distance ≥ rδ/5 from Bi, we have ∥Xr2δ

− y∥ ≥ rδ/5. Combine
this with (3.15) to find that ∥Xr2δ

− x0 −Wr2δ
∥ ≥ (1/5− γ)rδ, contradicting (3.14). □
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Lemma 3.6 (Barrier is not crossed a second time). Adopt the notion and assumptions of
Lemma 3.2 and assume that the event from (3.8) occurs. Additionally, assume that

α+ β < 1/5− γ and (1− 2δ)β − 2γ − 12δ ≥ 4δ. (3.16)

Then, it holds with T := inf{t ≥ 0 : si(L
(i)

t ) ̸= si(0)} that L(i)

r2δ
≤ L(i)

T + βrδ. In particular,

si(L
(i)

t ) = si(L
(i)

T ) for every t ∈ [T, r2δ ]. (3.17)

Proof. The bound on E2 in (3.8) implies that si(L
(i)

t ) = si(L
(i)

T ) for every t ∈ [T, r2δ ] with
L(i)

t ≤ L(i)

T + βrδ. It hence suffices to prove this bound on the local time.
Suppose to the contrary that t∗ := inf{t ≥ T : L(i)

t > L(i)

T +βrδ} is less than or equal to r2δ .
We will derive a contradiction. Since L(i)

t∗ −L(i)

T = βrδ by definition of t∗ and since L(i)

T ≤ αrδ
by the bound on E1 in (3.8),

L(i)

t∗ = L(i)

T + (L(i)

t∗ − L(i)

T ) = (α+ β)rδ < (1/5− γ)rδ. (3.18)

Lemma 3.4 then implies that Xt ∈ B(x0, rδ) for every t ≤ t∗ so that Lemma 3.3 implies
that Bi is the only barrier with which the process may interact. Hence, also using that
si(L

(i)

t ) = si(L
(i)

T ) for every t ∈ [T, t∗) by definition of t∗ and the bound on E2 in (3.8), the
stochastic differential equation in Definition 1 yields that

Xt∗ = XT + (Wt∗ −WT ) + si(L
(i)

T )

∫ t∗

T

1{Xt ∈ Bi}n⃗i(Xt) dL
(i)

t . (3.19)

We next study the right-hand side of (3.19) with as main goal to prove that Xt∗ ̸∈ Bi.
Note that T being the time when si(L

(i)

T ) changes sign necessitates that XT ∈ Bi. Hence,
by item (1) from Lemma 3.3, with c and n̂ as in that lemma,

⟨XT , si(L
(i)

T )n̂⟩ ≥ si(L
(i)

T )c− 4δrδ. (3.20)

Further, recall that Xt ∈ B(x0, rδ) for t ≤ t∗ so that item (2) in Lemma 3.3 implies that
⟨n⃗i(Xt), n̂⟩ ≥ 1− 2δ for every t ≤ t∗ with Xt ∈ Bi. Consequently,〈∫ t∗

T

1{Xt ∈ Bi}n⃗i(Xt) dL
(i)

t , n̂
〉
≥ (1− 2δ)

(
L(i)

t∗ − L(i)

T

)
≥ (1− 2δ)βrδ. (3.21)

Recall from the setup of Lemma 3.2 that y lies on a different side of Bi than x0 and
that ∥x − y∥ ≤ (4/5)rδ so that y ∈ B(x0, rδ). item (3) in Lemma 3.3 hence yields that
⟨x0, si(0)n̂⟩ > si(0)c − 4δrδ and ⟨y, si(0)n̂⟩ < si(0)c + 4δrδ. Consequently, recalling from
(3.8) that ∥Wt − (t/r2δ)(y − x0)∥ ≤ γrδ for every t ≤ r2δ and using that si(L

(i)

T ) = −si(0),

⟨Wt∗ −WT , si(L
(i)

T )n̂⟩ ≥ −2γrδ −
( t∗
r2δ

− T

r2δ

)
⟨y − x0, si(0)n̂⟩ ≥ −(2γ + 8δ)rδ. (3.22)

The second inequality here also used that T < t∗ ≤ r2δ .
Combine (3.19)–(3.22) and use the assumption in (3.16) to find that

⟨Xt∗ , si(L
(i)

T )⟩ ≥ si(L
(i)

T )c+
(
(1− 2δ)β − 2γ − 12δ

)
rδ ≥ si(L

(i)

T )c+ 4δrδ. (3.23)

Then, item (1) in Lemma 3.3 implies that Xt∗ ̸∈ Bi. However, the definition that t∗ =
inf{t ≥ T : L(i)

t > L(i)

T + βrδ} implies that L(i)

t∗ = L(i)

T + βrδ and that for every small ε > 0 it
holds that L(i)

t∗+ε > L(i)

T + βrδ. This yields a contradiction since Definition 1 states that the
local time can only increase when process is on the barrier. This concludes the proof. □

Recall that Z(δ, y) denotes the set of points z ∈ D(δ/2) at distance ≤ (4/5)rδ from y
and on the same side of every barrier as y. We are now prepared to show that Xt lands in
Z(δ, y) with nontrivial probability:
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Lemma 3.7. There exist absolute constants δ0, c > 0 such that the following holds for every
δ ≤ δ0. Consider x0, y ∈ D(δ) with ∥x − y∥ ≤ (4/5)rδ such that x0 and y lie on different
sides of some barrier Bi with i ∈ {1, . . . , k}. Then,

P(Xr2δ
∈ Z(δ, y) | X0 = x0) ≥ crδλmin. (3.24)

Proof. Let α, β, γ, δ0 > 0 be such that the constraints in (3.16) are satisfied for every δ ≤ δ0
and α+ β < 1/10− γ. Such values exist since one can first fix β at some value < 1/15 and
subsequently take all other parameters sufficiently small. Then, by Lemma 3.2, it suffices to
show that Xt ∈ Z(δ, y) whenever the event from (3.8) occurs.

Combining Lemmas 3.5 and 3.6 yields that Xt crossed Bi exactly once. Hence, Xr2δ
is

on the same side of Bi as y. Further, since L(i)

T ≤ αrδ by the bound on E2 in (3.8) and
L(i)

r2δ
− L(i)

T ≤ βrδ by Lemma 3.6,

L(i)

r2δ
≤ (α+ β)rδ < (1/10− γ)rδ < (1/5− γ)rδ. (3.25)

Lemma 3.4 then yields that Xt is in B(x0, rδ) for every t ≤ r2δ . Hence, since Bi is the only
barrier which intersects B(x0, rδ) by Lemma 3.3, it follows that Xr2δ

is on the same side of
every barrier as y, also for barriers Bj with j ̸= i. Further, by the triangle inequality,

∥Xr2δ
− y∥ ≤ ∥Xr2δ

− (x0 +Wr2δ
)∥+ ∥(x0 +Wr2δ

)− y∥. (3.26)

Here, using the stochastic differential equation from Definition 1 together with the second-
to-last inequality in (3.25), we have ∥Xr2δ

− (x0+Wr2δ
)∥ ≤ L(i)

r2δ
≤ (1/10−γ)rδ. Further, (3.8)

yields ∥(x0 +Wr2δ
)− y∥ ≤ γrδ. Hence, we have that

∥Xr2δ
− y∥ ≤ (1/10)rδ ≤ (4/5)rδ. (3.27)

Finally, recall from (3.3) that y ∈ D(δ) means that y is at distance ≥ rδ/5 from all barriers.
It hence follows from the first inequality in (3.27) that Xr2δ

is at distance ≥ rδ/10 from all
barriers. This means that Xr2δ

∈ D(δ/2).
We have shown that the event in (3.8) implies that Xr2δ

is a point in D(δ/2) at distance
≤ (4/5)rδ from y and on the same side of every barrier. Thus, Xr2δ

∈ Z(δ, y) as desired. □

Figure 4. Visualization of Lemma 3.7 and its proof idea. Using Lemma 3.1, we can ensure
that Xt runs into the barrier with nontrivial probability. Then, also using that λmin and λmax

control how quickly si changes, we can estimate the probability that Xt crosses the barrier
exactly once. This allows proving that Xr2δ

lands in Z(δ, y) with nontrivial probability.
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3.1.2. Landing in a small neighborhood of y starting from same side of barrier. We here
study the probability that Xt ∈ B(y, ε) when x0, y ∈ D(δ/2) are on the same side of every
barrier. The proof idea is outlined in the caption of Figure 5. We start with a preliminary
geometric lemma:

Lemma 3.8 (Tube does not intersect barrier). There exist absolute constants γ0, δ0 > 0
such that the following holds for every γ ≤ γ0 and δ ≤ δ0. Consider x0, y ∈ D(δ/2) with
∥x0 − y∥ ≤ (4/5)rδ and assume that x0 and y are on the same side of every barrier. Then,
for every i ≥ 0,

Bi ∩ {z ∈ R2 : ∃α ∈ [0, 1], ∥αx0 + (1− α)y − z∥ ≤ γrδ} = ∅. (3.28)

Proof. Suppose that, on the contrary, there exists some z ∈ Bi with ∥αx0+(1−α)y−z∥ ≤ γrδ
for some α ∈ [0, 1]. Then, in particular, ∥z − x0∥ ≤ (4/5)rδ + γrδ so we may assume that
Bi intersects B(x0, rδ) by taking γ0 < 1/5.

Take δ0 < 1/2 and let c and n̂ be as in Lemma 3.3. Recall that x0 and y are assumed to
lie on the same side of Bi. Let us assume that they are on the positive side. The case where
they are on the negative side proceeds similarly. Using item (1) in Lemma 3.3,

⟨αx0 + (1− α)y, n̂⟩ ≤ ⟨z, n̂⟩+ γrδ ≤ c+ γrδ + 4δrδ. (3.29)

This is only possible if the same inequality is satisfied by at least one of x0 or y:

⟨x0, n̂⟩ ≤ c+ γrδ + 4δrδ and/or ⟨y, n̂⟩ ≤ c+ γrδ + 4δrδ. (3.30)

Let us assume that the inequality with y holds. The case with x0 is similar.
Taking γ0 and δ0 sufficiently small such that γ − 8δ < 1/10, we may assume that the

point ỹ := y − (γrδ − 8δrδ)n̂ satisfies ∥y − ỹ∥ < rδ/10. In particular, it then holds that
ỹ ∈ B(x0, rδ) and further ⟨ỹ, n̂⟩ ≤ c− 4δrδ. Item (3) from Lemma 3.3 now yields that ỹ is
not on the positive side of Bi.

Considering that y was on the positive side of Bi and ỹ is not, there is at least one point
on the line segment connecting y to ỹ that lies in Bi. In particular, there is at least one
point in Bi at distance < rδ/10 from y. However, the assumption y ∈ D(δ/2) means that y
is at distance ≥ rδ/10 from all barriers; recall (3.3). This yields a contradiction. □

Lemma 3.9. There exist absolute constants δ0, γ, c > 0 such that the following holds for
δ ≤ δ0. Consider x0, y ∈ D(δ/2) with ∥x− y∥ ≤ (4/5)rδ such that x0 and y lie on the same
side of every barrier. Then, for ε ≤ γrδ,

P
(
Xr2δ

∈ B(y, ε) | X0 = x0

)
≥ c(ε/rδ)

2. (3.31)

Proof. Let γ and δ0 be sufficiently small so that Lemma 3.8 is applicable. Then, by Lemma
3.1 with R = rδ there exists an absolute constant c with

P
(
x0 +Wr2δ

∈ B(y, ε) and ∥Wt − (t/r2δ)(y − x0)∥ ≤ γrδ, ∀t ≤ r2δ
)
≥ c(ε/rδ)

2. (3.32)

The second condition in (3.32) ensures that x0 + Wt is always at distance ≤ γrδ from a
convex combination of x0 and y. Hence, Lemma 3.8 implies that x0 + Wt does not hit
∪m
i=0Bi for t ≤ r2δ . The stochastic differential equation in Definition 1 then implies that

Xt = x0 +Wt since the local time only increases at times when a barrier is hit. The first
condition in (3.32) can then be equivalently stated as Xr2δ

∈ B(y, ε) given X0 = x0. This
implies (3.31). □
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Figure 5. Visualization of the proof idea for Lemma 3.9. By using Lemma 3.1 on a
sufficiently narrow neighborhood of the line connecting x0 to y, we can ensure that the
manufactured process x0 +Wt never hits any barrier. Then, Xr2δ

= x0 +Wr2δ
lands in the

ball of radius ε around y.

3.1.3. Combining the estimates. The combination of Lemma 3.7 and Lemma 3.9 yields an
estimate for general x0, y ∈ D(δ) at distance ≤ (4/5)rδ.

Corollary 3.10. There exist absolute constants δ0, γ, c > 0 such that the following holds
for every δ ≤ δ0. Consider x0, y ∈ D(δ) with ∥x0 − y∥ ≤ (4/5)rδ. Then, for every ε ≤ γrδ,

P
(
Xtδ ∈ B(y, ε) | X0 = x0

)
≥ crδλmin(ε/rδ)

2 with tδ := 2r2δ . (3.33)

Proof. If x0 and y are on different sides of the barrier, then one can first apply Lemma 3.7
to ensure that Xr2δ

is on the same side as y with probability ≥ c1rδλmin and subsequently
apply Lemma 3.9 to ensure that X2r2δ

∈ B(y, ε) with (conditional) probability ≥ c2(ε/rδ)
2.

The combination then yields (3.33) with absolute constant c1c2.
If x0 and y are on the same side of the barrier, then one can first burn a bit of time to

keep the timing consistent with the other case. Specifically, using Lemma 3.9 with ε replaced
by γrδ and γ sufficiently small, it may be ensured that Xr2δ

remains on the same side and
satisfies the same conditions as x0 does in the assumption of Corollary 3.10 with probability
≥ c3. Hereafter, Lemma 3.9 yields (3.33) with absolute constant c3c2 provided that one also
uses that rδλmin ≤ δ ≤ 1. Take c := min{c1c2, c3c2} to conclude. □

3.2. Points distant from the barriers and from each other. We next consider the case
where x0, y ∈ D(δ) are not necessarily near to each other. The idea is then to iteratively use
Corollary 3.10 to replace x0 by some point with reduced distance to y. In this context, the
suitable notion of distance is not the Euclidean distance but rather the geodesic distance:

dgeo(x0, y) := inf
γ

∫ 1

0

∥γ′(t)∥dt. (3.34)

The infimum here runs over piecewise smooth curves γ : [0, 1] → D with γ(0) = x0 and
γ(1) = y. A visualization of the approach may be found in Figure 6.

Figure 6. Visualization of the approach in Section 3.2. A geodesic γ connecting x0 to
y is visualized by the red dotted line. The main idea is that Corollary 3.10 allows one to
iteratively transport some probability mass along this curve.
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We start with some preparatory lemmas. We need these because Corollary 3.10 only
applies when both endpoints are at nontrivial distance from the barriers, while a geodesic
may get arbitrarily close to the barriers.

Lemma 3.11. For µ, ν > 0 with 1− µ− ν ≥ 1/5 and µ− ν > 1/5 there exists some δ0 ≥ 0
such that the following holds for δ ≤ δ0. For every x ∈ D there exists some z ∈ D(δ) with
∥x− z∥ ≤ µrδ such that B(z, νrδ) ⊆ D(δ) and {αz + (1− α)x : α ∈ [0, 1]} ⊆ D.

Proof. If the intersection of B(x0, rδ) with ∪m
i=0Bi is empty, then we can take z = x. Assume

that there is some i ≥ 0 with Bi ∩ B(x, rδ) ̸= ∅. Then, we show that the following works:

z :=

{
x+ µrδn̂ if x is on the positive side of Bi,

x− µrδn̂ otherwise.
(3.35)

Here, recall that x is on the positive side of Bi when x ∈ Bi. This is important if i = 0 as
x− µrδn̂ may not even be an element of D when x ∈ B0.

It makes no substantial difference for the subsequent arguments whether x is on the
positive or negative side if i ̸= 0. Further, x ∈ D is always on the positive side of B0. To
simplify notation, let us hence focus on the case where x is on the positive side of Bi.

The proposed z certainly satisfies ∥x− z∥ ≤ µrδ. We next verify that B(z, νrδ) ⊆ D(δ).
Lemma 3.3 yields that Bi is the only barrier which intersects B(x, rδ). In particular, every
point in B(z, νrδ) has distance > (1 − µ − ν)rδ ≥ rδ/5 from all Bj with j ̸= i. Similarly,
the distance from Bi \ B(x, rδ) is ≥ rδ/5. Recalling the definition of D(δ) from (3.3), we
hence have to show that every point in B(z, νrδ) lies in D and has distance ≥ rδ/5 from
Bi ∩ B(x, rδ).

Recall that we are focusing on the case where x is on the positive side of B. Consequently,
by (3) in Lemma 3.3, we have ⟨x, n̂⟩ ≥ c− 4δrδ. Hence, for ζ ∈ B(z, νrδ),

⟨ζ, n̂⟩ ≥ ⟨x, n̂⟩+ (µ− ν)rδ ≥ c+ (µ− ν − 4δ)rδ. (3.36)

On the other hand, recall from item (1) that for y ∈ Bi ∩B(x0, rδ), ⟨y, n̂⟩ ≤ c+4δrδ. Then,
by the Cauchy–Schwarz inequality,

∥ζ − y∥ ≥ ⟨ζ − y, n̂⟩ ≥ (µ− ν − 8δrδ) for every y ∈ Bi ∩ B(x0, rδ). (3.37)

Recall that µ − ν > 1/5. Hence, taking δ0 sufficiently small, it may be ensured that
µ− ν − 8δ > 1/5. This proves that B(z, νrδ) ⊆ D(δ) as desired.

Let us finally verify that all convex combinations of x and z are in D. Suppose to the
contrary that Z(α) := αz + (1− α)x is not in D for some α ∈ [0, 1] and set

α∗ := inf{α ∈ [0, 1] : Z(α) ̸∈ D}. (3.38)

Then, Z(α∗) ∈ B0 and Z(α∗ + δ) is strictly on the negative side of B0 for δ > 0 sufficiently
small. Then, recalling that n⃗0 points towards the positive side, the derivative of Z satisfies〈
Z ′(α∗), n⃗0(Z(α∗))

〉
≤ 0. But, by definition of Z(α) and by (3.35), we have Z ′(α∗) = µrδn̂,

and it follows from item (2) in Lemma 3.3 that ⟨n̂, n⃗0(Z(α∗))⟩ ≥ 1− 2δ > 0. This yields a
contradiction. □

Lemma 3.12. There exist absolute constants δ0, ν > 0 such that the following holds for
every δ ≤ δ0. Consider x0, y ∈ D with dgeo(x0, y) ≥ (4/5)rδ. Then, there exists z ∈ D(δ)
with ∥z − x0∥ ≤ (4/5)rδ satisfying that B(z, νrδ) ⊆ D(δ) and

dgeo(ζ, y) ≤ dgeo(x0, y)− rδ/10 for every ζ ∈ B(z, µrδ). (3.39)
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Proof. By definition of the geodesic distance, there exists a piecewise smooth curve γ :
[0, 1] → D with length ≤ dgeo(x0, y) + rδ/100 satisfying γ(0) = x0 and γ(1) = y. Moreover,
γ then necessarily has length ≥ dgeo(x0, y) ≥ (4/5)rδ. Denote τ for the least time such that
the piece of γ connecting x0 to γ(τ) has length ≥ rδ/2:

τ := inf
{
t ∈ [0, 1] :

∫ t

0

∥γ′(s)∥ ds ≥ rδ/2
}
. (3.40)

We next apply Lemma 3.11 with suitable parameters such as, say, µ = 3/10 and ν = 1/100.
This yields some z ∈ D(δ) with ∥z − γ(τ)∥ ≤ (3/10)rδ satisfying that B(z, νrδ) ⊆ D(δ) and
{αz + (1− α)γ(τ) : α ∈ [0, 1]} ⊆ D.

By definition of τ , the piece of γ connecting x0 to γ(τ) has length rδ/2. Hence, since the
shortest curve connecting two points in R2 is a straight line, ∥x0 − γ(τ)∥ ≤ rδ/2. By the
triangle inequality, it then follows that ∥z − x0∥ ≤ (3/10 + 1/2)rδ = (4/5)rδ. What remains
to be shown is that (3.39) holds.

Fix some ζ ∈ B(z, νrδ) and define a piecewise smooth γ̃ : [0, 1] → R2 satisfying γ̃(0) = ζ
and γ̃(1) = y by first going in a straight line from ζ to z, then going in a straight line from
z to γ(τ), and finally following γ towards y:

γ̃(t) =


ζ + (2t/τ)

(
z − ζ) if t ≤ τ/2,

z + ((2t− τ)/τ)
(
γ(τ)− z

)
, if τ/2 < t ≤ τ,

γ(t), if t > τ.

(3.41)

Observe that {γ̃(t) : t ≤ τ/2} ⊆ D because B(z, νrδ) ⊆ D(δ) and {γ̃(t) : τ/2 ≤ t ≤ τ} ⊆ D
since {αz + (1 − α)γ(τ) : α ∈ [0, 1]} ⊆ D by definition of z. Hence, also using that
{γ̃(t) : τ < t ≤ 1} ⊆ D since γ has codomain D, we can view γ̃ as a map from [0, 1] to D.
Consequently, the length of γ̃ provides an upper bound on dgeo(ζ, y).

Considering the contributions to the length for t ≤ τ/2, τ/2 < t ≤ τ , and t > τ separately,
we have ∫ 1

0

∥γ̃′(t)∥ dt = ∥ζ − z∥+ ∥z − γ(τ)∥+
∫ 1

τ

∥γ′(t)∥ dt. (3.42)

Recall that, by definition of τ , the piece of γ connecting x0 to γ(τ) has length rδ/2. Further,
recall that γ was chosen to have total length ≤ dgeo(x0, y) + rδ/100. Consequently,∫ 1

τ

∥γ′(t)∥ dt =
∫ 1

0

∥γ′(t)∥ dt−
∫ τ

0

∥γ′(t)∥ dt ≤ dgeo(x0, y) + rδ/100− rδ/2. (3.43)

Combine (3.42) and (3.43) with the facts that ∥ζ − z∥ ≤ νrδ = rδ/100 and ∥z − γ(τ)∥ ≤
(3/10)rδ to conclude that∫ 1

0

∥γ̃′(t)∥ dt ≤ dgeo(x0, y) + (3/10 + 2/100− 1/2)rδ ≤ dgeo(x0, y)− rδ/10. (3.44)

This proves (3.39). □

It is convenient to also have a result for the case with dgeo(x0, y) ≤ (4/5)rδ. In this case
we do not try to decrease the geodesic distance, but simply avoid enlarging it:

Lemma 3.13. There exist absolute constants δ0, ν > 0 such that the following holds for
every δ ≤ δ0. Consider x0, y ∈ D with dgeo(x0, y) ≤ (4/5)rδ. Then, there exists z ∈ D(δ)
with ∥z − x0∥ ≤ (4/5)rδ satisfying B(z, νrδ) ⊆ D(δ) and

dgeo(ζ, y) ≤ (4/5)rδ for ζ ∈ B(z, νrδ). (3.45)
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Proof. This proof proceeds similar to that of Lemma 3.12, except that we modify the
definition of τ . Take γ : [0, 1] → D to be a piecewise smooth curve with γ(0) = x0 and
γ(1) = y whose length is at most dgeo(x0, y) + rδ/100. Let

T := inf
{
t ∈ [0, 1] :

∫ t

0

∥γ′(s)∥ ds =
∫ 1

t

∥γ′(s)∥ds
}
. (3.46)

Then, proceeding identically to (3.40)–(3.42) one can find some z ∈ D(δ) with ∥z− γ(T )∥ ≤
(3/10)rδ and B(z, νrδ) ⊆ D(δ) such that every ζ ∈ B(z, νrδ) admits a curve γ̃ : [0, 1] → D

with γ̃(0) = ζ and γ̃(1) = z satisfying
∫ 1

0
∥γ̃′(t)∥dt = ∥ζ − z∥+ ∥z − γ(T )∥+

∫ 1

T ∥γ′(t)∥dt.
Here, recalling (3.46) and the assumed upper bounds on the length of γ,∫ 1

T
∥γ′(t)∥ dt = 1

2

∫ 1

0

∥γ′(t)∥ dt ≤ 1

2

(
dgeo(x0, y) + rδ/100

)
. (3.47)

Using the assumptions regarding dgeo(x0, y) and a direct numerical computation now yields
that

∫ 1

0
∥γ̃′(t)∥ dt ≤ (4/5)rδ. This implies that (3.45) is satisfied.

The desired bound on ∥z−x0∥ can be deduced similarly. Note that ∥z−x0∥ ≤ ∥z−γ(T )∥+
∥γ(T ) − x0∥. The first term was bounded by (3/10)rδ in the discussion after (3.46), and
the second term is bounded by

∫ T
0

∥γ′(t)∥dt ≤ (dgeo(x0, y) + rδ/100)/2 ≤ (2/5 + 1/200)rδ.
Hence, using that 3/10 + 2/5 + 1/200 ≤ 4/5 yields that ∥z − x0∥ ≤ (4/5)rδ, as desired. □

Recall from (2.5) that the parameter ∆ provides an upper bound on the geodesic distance
between any two points x0, y ∈ D. We can now iteratively decrease the geodesic distance to
get the desired estimate:

Corollary 3.14. There exist absolute constants δ0, γ, c, C > 0 such that the following holds
for δ ≤ δ0 and ε ≤ γrδ. Let T := (2⌈10∆/rδ⌉+ 2)r2δ . Then, for x0, y ∈ D(δ),

P(XT ∈ B(y, ε) | X0 = x0) ≥ (crδλmin)
C∆/rδ(ε/rδ)

2. (3.48)

Proof. For d ≥ 0 and t > 0, set

P (t, d) := inf
{
P
(
Xt ∈ B(y, ε) | X0 = x0

)
: x0, y ∈ D(δ), dgeo(x0, y) ≤ d

}
. (3.49)

If dgeo(x0, y) ≥ (4/5)rδ, then combining Lemma 3.12 and Corollary 3.10 implies that X2r2δ
will reduce the geodesic distance to y by at least rδ/10 with probability ≥ crδλmin for some
absolute constant c > 0. Similarly, if dgeo(x0, y) ≤ (4/5)rδ, then combining Lemma 3.13
and Corollary 3.10 yields that X2r2δ

is again at geodesic distance ≤ (4/5)rδ from y with
probability ≥ crδλmin. Hence, by the law of total probability, it holds for d ≥ 0 and t ≥ 2r2δ
that

P (t, d) ≥ c1rδλminP
(
t− 2r2δ ,max{d− rδ/10, (4/5)rδ}

)
. (3.50)

Recall the definition of T and iteratively apply (3.50) to find that

P (T,∆) ≥ (crδλmin)
⌈10∆/rδ⌉P

(
2r2δ , (4/5)rδ

)
. (3.51)

Further, using Corollary 3.10 and the fact that ∥x0 − y∥ ≤ (4/5)rδ whenever dgeo(x0, y) ≤
(4/5)rδ, it holds that P

(
2r2δ , (4/5)rδ

)
≥ crδλmin(ε/rδ)

2.
It can be shown using Lemma 3.3 that the diameter of D is at least rδ if δ is taken

sufficiently small. Consequently, ⌈10∆/rδ⌉+ 1 ≤ C∆/rδ for some sufficiently large constant
C > 0. Then, also using that rδλmin ≤ δλmin/λmax ≤ 1,

P (T,∆) ≥ (crδλmin)
⌈10∆/rδ⌉+1(ε/rδ)

2 ≥ (crδλmin)
C∆/rδ(ε/rδ)

2. (3.52)

The fact that dgeo(x0, y) ≤ ∆ for all x0, y ∈ D now yields (3.48). □
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3.3. Points which could be close to the barriers. Finally, we consider the case where
x0 or y is potentially close to a barrier. We start by a reduction argument showing that the
case where x0 is close to a barrier follows from the previously established estimates with x0

distant from the barrier. This reduction exploits [29, Lemma 4.8] which states that Xt is
typically at distance of order ≥

√
t from the barriers for small t:

Lemma 3.15. There exist absolute constants δ0, c > 0 such that the following holds for
δ ≤ δ0. For every x0 ∈ D, measurable E ⊆ D, and t ≥ cmin{1/κ2, 1/λ2

max, ρ
2},

P
(
Xt ∈ E | X0 = x0

)
≥ 1

2
sup
u

inf
x′
0∈D(δ)

P
(
Xu ∈ E | X0 = x′

0

)
. (3.53)

Here, the supremum runs over u ≤ t− cmin{1/κ2, 1/λ2
max, ρ

2}.

Proof. The idea is to condition on some intermediate time and to exploit that the process
will then be at a reasonable distance from every barrier, even if x0 lies close to some barrier.
More precisely, [29, Lemma 4.8] yields absolute constants c1, c2 > 0 such that for every
t′ ≤ c1 min{1/κ2, 1/λ2

max, ρ
2},

P
(
∀y ∈ ∪m

i=0Bi : ∥Xt′ − y∥ ≥ c2
√
t′ | X0 = x0

)
≥ 1/2 for every x0 ∈ D. (3.54)

Recall the definitions of rδ and D(δ) from (3.2) and (3.3). Hence, taking δ0 := 5c2
√
c1, the

event described in (3.54) means that Xt′ ∈ D(δ0). Then also Xt′ ∈ D(δ) for every δ ≤ δ0.
From here on, let c := c1 and t′ := cmin{1/κ2, 1/λ2

max, ρ
2}.

For every u ≤ t− t′, the law of total probability yields that

P
(
Xt ∈ E | X0 = x0

)
= E

[
E
[
P
(
Xt ∈ E | Xt−u

)
| Xt−t′−u

]
| X0 = x0

]
. (3.55)

The desired result in (3.53) now follows by Markovianity since (3.54) and the subsequent
discussion give that Xt−u ∈ D(δ) with probability ≥ 1/2. □

The reduction for y is more delicate. In particular, unlike most of the previous arguments,
a direct approach based on local approximations is not suitable here. This problem stems
from the fact that we desire an estimate on the probability to land in an arbitrarily small
target set. This makes it easy for error terms in local approximations to exceed the size of
the target, leading to trivial estimates.

Fortunately, a trick can be used circumvent this difficulty. The following result allows us
to effectively reverse the arrow of time, after which we can proceed similarly to Lemma 3.15:

Lemma 3.16. Suppose that X0 ∼ Unif(D). Then, for every t > 0 and every measurable
E1, E2 ⊆ D with nonzero measure,

P
(
Xt ∈ E2 | X0 ∈ E1

)
(3.56)

≥ Area(E2)

Area(E1)
P
(
Xt ∈ E1, si(L

(i)

r ) = si(0), ∀r ≤ t, i ≤ m | X0 ∈ E2

)
.

Proof. Denote C0 for the closure of the component of D\(∪m
i=0Bi) associated with the initial

conditions X0 and si(0). Let Yt be a classical reflected Brownian motion in C0 with local
time Lt which has initial condition X0 and is driven by the same Wiener process Wt. That
is, the processes satisfying

dYt = dWt +

m∑
i=0

si(0)n⃗i(Yt)1{Yt ∈ Bi}dLt (3.57)
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subject to the usual characterizing conditions1. Note that, different from Definition 1, the
coefficients si(0) in (3.57) are kept fixed and will not ever change sign.

Observe that Xt = Yt and L(i)

t =
∫ t

0
1{Yr ∈ Bi}dLr for all t that satisfy si(L

(i)
r ) = si(0)

for every r ≤ t. In particular,

P
(
Xt ∈ E2, X0 ∈ E1, si(L

(i)

r ) = si(0), ∀r ≤ t, i ≤ m
)

(3.58)

= P
(
Yt ∈ E2, Y0 ∈ E1, si(

∫ r

0
1{Yz ∈ Bi}dLz) = si(0), ∀r ≤ t, i ≤ m

)
.

The key idea, which we next explain in detail, is to exploit the time reversibility of classical
reflected Brownian motion to rewrite the right-hand side of (3.58).

Define Ỹr := Yt−r and L̃r := Lt − Lt−r for r ≤ t. Then, by definition,

P
(
Yt ∈ E2, Y0 ∈ E1, si(

∫ r

0
1{Yz ∈ Bi}dLz) = si(0), ∀r ≤ t, i ≤ m

)
(3.59)

= P
(
Ỹ0 ∈ E2, Ỹt ∈ E1, si(

∫ r

0
1{Ỹz ∈ Bi}dL̃z) = si(0), ∀r ≤ t, i ≤ m

)
.

Remark that the process defined by W̃r := Wt −Wt−r is again a Wiener process and note
that (3.57) and the associated conditions imply that Ỹr satisfies

dỸr = dW̃r +

m∑
i=0

si(0)n⃗i(Ỹr)1{Ỹr ∈ Bi}dL̃r (3.60)

subject to the usual conditions.
In other words, Ỹr is a classical reflected Brownian motion with initial condition Ỹ0 = Yt

and local time L̃r in the random component C0. Since the uniform distribution is the
stationary distribution for classical reflected Brownian motion, the random variable Ỹ0 = Yt

conditional on the component C0 is again uniform on that component. Hence, averaging
out the dependence on the random component, the random variable Ỹ0 is uniform on D.

So, the processes Y and Ỹ are both classical reflected Brownian motions in a random
component, started from the uniform distribution on D. It follows that the processes and
their local times have the same law. In particular,

P
(
Ỹ0 ∈ E2, Ỹt ∈ E1, si(

∫ r

0
1{Ỹz ∈ Bi}dL̃z) = si(0), ∀r ≤ t, i ≤ m

)
(3.61)

= P
(
Y0 ∈ E2, Yt ∈ E1, si(

∫ r

0
1{Yz ∈ Bi}dLz) = si(0), ∀r ≤ t, i ≤ m

)
.

Now, by (3.58)–(3.61) and the definition of conditional probability,

P
(
Xt ∈ E2, si(L

(i)

r ) = si(0), ∀r ≤ t, i ≤ k | X0 ∈ E1

)
P
(
X0 ∈ E1

)
(3.62)

= P
(
Xt ∈ E1, si(L

(i)

r ) = si(0), ∀r ≤ t, i ≤ k | X0 ∈ E2

)
P
(
X0 ∈ E2

)
.

Here, by the monotonicity of probability,

P
(
Xt ∈ E2 | X0 ∈ E1

)
≥ P

(
Xt ∈ E2, si(L

(i)

r ) = si(0), ∀r ≤ t, ∀i ≤ k | X0 ∈ E1

)
. (3.63)

Combine (3.62) with (3.63) and use that P(X0 ∈ E) = Area(E)/Area(D) by X0 being
uniform on D to conclude the proof. □

1That is, Yt is continuous with values in C0, and Lt is a continuous nondecreasing process with L0 = 0
with values in R which only increases when Yt ∈ ∂C0.
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Corollary 3.17. For every δ0 > 0 there exist δ ≤ δ0 and c > 0 such that the following holds
for every x0 ∈ D. Suppose that one is given T,C, γ > 0 such that for every ε ≤ γrδ,

P(XT ∈ B(y, ε) | X0 = x0) ≥ C Area(B(y, ε)) for every y ∈ D(δ). (3.64)

Then, for T ′ := T + cmin{1/κ2, 1/λ2
max, ρ

2} and every measurable E ⊆ D,

P(XT ′ ∈ E | X0 = x0) ≥ (C/2)Area(E). (3.65)

Proof. Let Q(·) := Unif(D(δ)) be the uniform probability measure on D(δ). Standard
measure-theoretic arguments2 imply that (3.64) being valid for open balls implies that a
similar inequality holds for general measurable sets:

P(XT ∈ A | X0 = x0) ≥ C Area(D(δ))Q(A), ∀measurable A ⊆ D(δ). (3.66)

It was here used that Q(A) = Area(A)/Area(D(δ)), by definition. It follows from (3.66)
that for every measurable function f : D(δ) → R≥0,

E
[
f(XT ) | X0 = x0

]
≥ C Area(D(δ))E

[
f(Y ) | Y ∼ Unif(D(δ))

]
. (3.67)

Let f(x) := P(XT ′−T ∈ E | X0 = x) and note that we can alternatively write f(x) =
P(XT ′ ∈ E | XT = x). Substituting the definition of f on the right-hand side of (3.67) and
the alternative expression on the left-hand side, and using the law of total probability to
simplify the left-hand side, we find

P(XT ′ ∈ E | X0 = x0) ≥ C Area(D(δ))P
(
XT ′−T ∈ E | X0 ∼ Unif(D(δ))

)
.

Consequently, using Lemma 3.16 with E1 := D(δ) and E2 := E,

P(XT ′ ∈ E | X0 = x0) (3.68)
≥ C Area(E)P(XT ′−T ∈ D(δ), si(L

(i)

r ) = si(0), ∀r ≤ t, i ≤ m | X0 ∼ Unif(E)).

It remains to show that the probability occurring on the right-hand side of (3.68) can be
made ≥ 1/2 by choosing δ and c appropriately.

Indeed, exactly as in (3.54), it follows from [29, Lemma 4.8] that there exist absolute
constants c1, c2 > 0 such that for every t ≤ c1 min{1/κ2, 1/λ2

max, ρ
2},

P
(
∀y ∈ ∪m

i=0Bi : ∥Xt − y∥ ≥ c2
√
t | X0 = x0

)
≥ 1− 1/4, ∀x0 ∈ D. (3.69)

In particular, recalling the definition of D(δ) from (3.3), it holds on the event in (3.69)
that Xt ∈ D(δ) if δ is such that rδ/5 ≤ c2

√
t. Further, [29, Lemma 4.7] yields an absolute

constant c3 > 0 such that for every t ≤ c3 min{1/κ2, 1/λ2
max, ρ

2},
P
(
si(L

(i)

t ) = si(0), ∀i ≤ m | X0 = x0

)
≥ 1− 1/4, ∀x0 ∈ D. (3.70)

Let c := min{c1, c3} and let δ := 5c2
√
c. Then, recalling that T ′ = T+cmin{1/κ2, 1/λ2

max, ρ
2}

and combining (3.69)–(3.70),

P(XT ′−T ∈ D(δ), si(L
(i)

r ) = si(0), ∀r ≤ t, i ≤ m | X0 ∼ Unif(E)) ≥ 1/2. (3.71)

Combine (3.68) and (3.71) to conclude that (3.65) holds, as desired. □

It remains to combine the foregoing estimates and to simplify the results into a more
readable form. This amounts to straightforward but notationally cumbersome computations.

2Using twice that Borel probability measures are outer-regular, it suffices to prove that (3.66) holds for
open sets. Further, if A ⊆ D(ε) is an open set, then the Vitali covering theorem implies that there exists
a countable disjoint collection of balls Bi ⊆ A with Area(A \ ∪∞

i=1Bi) = 0. Applying (3.64) to the Bi then
yields (3.66) for the open set A.
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Corollary 3.18. There exist absolute constants c1, c2 > 0 such that the following holds.
Denote R := c1 min{1/κ, 1/λmax, ρ} and C := (Rλmin)

∆/R/Area(D). Then, for every
T ≥ c2∆

2, initial condition x0 ∈ D, and measurable E ⊆ D,

P(XT ∈ E | X0 = x0) ≥ C Area(E). (3.72)

Proof. Recall that Corollary 3.14 yields absolute constants δ0, γ, c3, c4 > 0 such that for
every δ ≤ δ0, ε ≤ γrδ, and y, x′

0 ∈ D(δ),

P(XT1 ∈ B(y, ε) | X0 = x′
0) ≥ (c3rδλmin)

c4∆/rδ(ε/rδ)
2 if T1 := (2⌈10∆/rδ⌉+ 2)r2δ . (3.73)

Hence, possibly reducing δ0 further, the reduction from Lemma 3.15 yields a constant c5 > 0
such that for every T2 ≥ T1 + c5 min{1/κ2, 1/λ2

max, ρ
2}, also if x0 ̸∈ D(δ),

P(XT2
∈ B(y, ε) | X0 = x0) ≥

1

2
inf

x′
0∈D(δ)

P(XT1
∈ B(y, ε) | X0 = x′

0)

≥ 1

2
(c3rδλmin)

c4∆/rδ(ε/rδ)
2. (3.74)

Since Area(B(y, ε)) = πε2, this ensures that the condition (3.64) of Corollary 3.17 is satisfied.
Hence, there exists δ ≤ δ0 and a constant c6 > 0 such that for every measurable E ⊆ D,

P(XT3 ∈ E | X0 = x0) ≥
1

4π

1

r2δ
(c3rδλmin)

c4∆/rδ Area(E) (3.75)

for T3 = T2 + c6 min{1/κ2, 1/λ2
max, ρ

2}. Recalling the definition of T1, T2, this shows that
(3.72) holds if the following constraints are satisfied by T and C:

T ≥ (2⌈10∆/rδ⌉+ 2)r2δ + (c5 + c6)min{1/κ2, 1/λ2
max, ρ

2}, (3.76)

C ≤ 1

4π

1

r2δ
(c3rδλmin)

c4∆/rδ . (3.77)

It remains to show that these constraints are satisfied if we choose c1 and c2 appropriately in
Corollary 3.18. To this end, we next consider some preparatory estimates on the quantities
occurring in (3.76) and (3.77).

Recall the definition of rδ from (3.2) and that δ was fixed preceding (3.75). Hence, for a
suitable absolute constant c7 > 0, we here have,

rδ = c7 min{1/κ, 1/λmax, ρ}. (3.78)

Recall that B0 = ∂D and that the curvature of B0 is bounded by κ. This implies that
Area(D) ≥ π/κ2; see e.g., [24]. In particular, there exists an absolute constant c8 > 0 such
that Area(D) ≥ c8r

2
δ . Finally, recall from (2.5) that ∆ is the diameter of D with respect to

the geodesic distance. In particular, ∆ is greater than or equal to the diameter with respect
to the Euclidean distance, so Area(D) ≤ π∆2. Hence, for some absolute c9 > 0,

∆ ≥ c9rδ. (3.79)

We can now simplify (3.76) and (3.77). Specifically, by (3.79)

(2⌈10∆/rδ⌉+ 2)r2δ ≤ c10∆rδ ≤ c11∆
2 (3.80)

for some sufficiently large constants c10, c11 > 0. Further, by (3.78) and (3.79),

(c5 + c6)min{1/κ2, 1/λ2
max, ρ

2} = (c5 + c6)c
−1
9 r2δ ≤ c12∆

2 (3.81)
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for some c12 > 0. Thus, the constraint in (3.76) is satisfied by T = c2∆
2 if we take c2

sufficiently large. Similarly, using that Area(D) ≤ π∆2, we have (4π)−1r−2
δ ≥ c13/Area(D).

Taking c1 sufficiently small in the definition of R, we may assume that

Rλmin < c3rδλmin and ∆/rδ < ∆/R. (3.82)

Then, the constraint in (3.77) is satisfied by C = c13(Rλmin)
∆/R/Area(D). Taking c1

smaller, we can absorb the absolute constant factor c13 in the factor (Rλmin)
∆/R, so that

(3.77) is satisfied by C = (Rλmin)
∆/R/Area(D), as desired. □

3.4. Proof of Theorem 2.1. Recall that we will rely on a Doeblin minorization; see e.g.,
[26, Theorem 8]. Specifically, the following formulation is applicable:

Lemma 3.19 (Doeblin minorization). Suppose that one is given some C, T > 0 such that
for every x0 ∈ D and measurable E ⊆ D,

P(XT ∈ E | X0 = x0) ≥ C Area(E). (3.83)

Then, πmin ≥ C and the mixing time satisfies tmix ≤ T ⌈ln(1/4)/ ln(1− C Area(D))⌉.
Proof. Assumption (3.83) means that the transition kernel satisfies the Doeblin minorization
condition with respect to the probability measure Q(·) := Area(·)/Area(D). It is classical,
see e.g., [26, Theorem 8], that then

sup
E⊆D

|P(XnT ∈ E | X0 = x0)− π(E)| ≤ (1− C Area(D))n (3.84)

for all n ≥ 1 and x0 ∈ D. Take n := ⌈ln(1/4)/ ln(1 − C Area(D))⌉ and recall (2.6) to find
the desired upper bound on tmix. Note that π(E) = Eπ[P(XT ∈ E | X0)] ≥ C Area(E) for
every measurable E ⊆ D by (3.83) and recall (2.7) to also find that πmin ≥ C. □

The desired result is now immediate by Corollary 3.18 and Lemma 3.19:

Proof of Theorem 2.1. The bound on πmin claimed in (2.8) is exactly what follows from
using the constant C from Corollary 3.18 in Lemma 3.19. Regarding the mixing time, note
that a first order Taylor expansion of ln(1 − x) near x = 0 and the fact that ⌈x⌉ ≤ 2x for
x ≥ 1 imply that there exist c1, c2 > 0 such that⌈ ln(1/4)

ln
(
1− (Rλmin)∆/R

)⌉ ≤ c1(Rλmin)
−∆/R if (Rλmin)

∆/R < c2. (3.85)

By taking the constant occurring in the assumed bound on R in Theorem 2.1 small, it can
be ensured that the factor (Rλmin)

−∆/R is greater than a given absolute constant. Thus,
the bound on tmix claimed in (2.8) also follows. □

Remark 3.20. The global approach underlying the proof can be used in some instances to
derive better estimates whenever every two points in the domain can be connected through
an efficient sequence of steps which locally transport some probability mass as in Figures 4
and 5. Each step which has to be taken along the route gives a constant factor reduction in
the quality of the bounds, and the number of permeability-based factors which one picks up
depends on the number of times that the route crosses barriers.

We here took steps of constant size, but one could also do this adaptively by taking bigger
steps in well-behaved regions of the domain where the barriers are well-spaced or have low
curvature, and taking small steps only where necessary. There are instances where this
would significantly reduce the number of steps taken and thus improve the estimate. On the
other hand, there are also instances where approaches using local transport to establish a
Doeblin minorization will fail to get efficient estimates, even if one chooses the route and
step sizes smartly. Examples of both instance types are visualized in Figure 7.
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Figure 7. The proof approach underlying Theorem 2.1 can be extended for efficient esti-
mates avoiding worst-case behavior in some instances, but not always. (Left) Here, choosing
a non-geodesic route and using location-dependent step sizes could reduce the number of
local transportation steps. (Right) In a cluttered rectangular domain, a proof based on local
transportation will give exponentially decaying estimates as the size of the domain increases,
as one has to use many small steps. The true mixing time is however expected to behave
similarly to a random walk on a square, which has order ∆2.
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