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Abstract. We study the conjugation action of orthogonal matri-
ces on symmetric random matrices. Given a fixed orthogonal
matrix over an algebraic number field and a random matrix with
entries sufficiently uniform in the ring of integers, we wonder
what the probability is that the conjugate is again integral. Our
main result establishes an exact formula for this probability in
terms of the Smith ideals associated to the orthogonal matrix.
As an illustrative application, we establish exact formulas for

the expected number of rational orthogonal matrices that preserve
the integrality of a random matrix for every fixed denominator
in dimensions two and three. Notably, the dependence on the de-
nominator turns out to be non-monotone due to number-theoretic
fluctuations. We also prove bounds on the probability of rational
cospectrality with bounded but arbitrarily large denominator.
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1. Introduction

Kac famously popularized the question “Can one hear the shape of a drum?”
that asks whether eigenvalues of the Laplacian operator characterize a domain
uniquely [15]. While there exist examples where the answer is negative [11, 19],
results by Wolpert imply that the answer is positive in the generic case [34].
A similar question can be posed for discrete matrices. Günthard and Primas

asked in 1956 whether the adjacency spectrum of a graph characterizes it up to
isomorphism [12]. Here too, negative examples can be found [5]. A fundamental
conjecture by Haemers [13, 25] however proposes that the answer should be
positive in the generic case: a random graph is believed to be characterized by
its adjacency spectrum with high probability. A related fingerprint conjecture has
also been proposed more recently by Vu for random ±1 matrices [27, 28].
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The fact that we restrict ourselves to a subset of all matrices is essential for spec-
tral characterization problems. Indeed, given any symmetric matrix 𝑋 ∈ ℝ𝑛×𝑛

that is not a multiple of the identity, there is a manifold of other symmetric
matrices with the same spectrum given by 𝑄⊤𝑋𝑄 with 𝑄 running over all or-
thogonal matrices. The crux in the spectral characterization problem is whether
this manifold has non-trivial intersection with the considered set of valid matri-
ces. This raises the question: if a symmetric random matrix 𝑋 is constrained to
have entries in some given discrete set and 𝑄 is an orthogonal matrix, what is
the probability that 𝑄⊤𝑋𝑄 has entries in this same discrete set?

Significant progress in this direction has recently been made in an asymptotic
setting for restricted classes of orthogonal matrices. For example, Wang and
Zhao [33] considered the probability that 𝑄⊤𝑋𝑄 ∈ ℤ𝑛×𝑛 when 𝑄 is a rational
orthogonal matrix and 𝑋 is the adjacency matrix of a random graph. They gave
an upper bound for fixed 𝑄 and combined this estimate with a union bound
to establish that random graphs are not cospectral through rational matrices
with bounded denominator with high probability; a special case of Haemers’
conjecture. The methods in [33] also apply when 𝑋 is a random matrix with
integer entries. This and other related works are discussed further in Section 1.3.

Our goal in the present paper is to determine exactly how the probability that
𝑄⊤𝑋𝑄 is a valid matrix depends on the orthogonal matrix 𝑄 , which we do in a
non-asymptotic setting and not only for rational orthogonal matrices but also for
cases with algebraic entries. More precisely, we consider the scenario where 𝑄
has entries in an algebraic number field and where 𝑋 is a symmetric matrix with
entries in the field’s ring of integers that are sufficiently uniformly distributed.
Theorem 1.3 provides an exact formula for the probability that the conjugate
is again in the ring of integers. This result is already new when the algebraic
number field is given by the rational numbers, in which case it concerns the
probability that 𝑄⊤𝑋𝑄 ∈ ℤ𝑛×𝑛 for a symmetric random matrix 𝑋 ∈ ℤ𝑛×𝑛 .
We give illustrative applications of the obtained formulas in Section 1.2. In-

stead of considering an 𝑛 × 𝑛 matrix with entries on {0, 1} as 𝑛 tends to infinity
as in [33], we fix 𝑛 and take entries uniform on {0, 1, . . . , 𝑘} with 𝑘 large. The-
orems 1.6 and 1.7 study the expected number of rational orthogonal matrices
with a given denominator whose conjugation preserves integrality for 𝑛 ≤ 3.
Notably, the dependence on the denominator turns out to be non-monotone due
to fluctuations of a number-theoretic nature. This is a new phenomenon for the
low-dimensional setting with integer matrices.
In particular, formulas for the expected value imply upper bounds on the

probability of rational cospectrality. As a consequence of our results with 𝑛 ≤
3, we show in Corollary 1.8 that the probability of rational cospectrality with
arbitrarily fixed denominator is bounded away from one, thus giving variants of
[33] for low-dimensional matrices. Here, probability bounded away from one is
the best that one can hope for when the dimensionality is fixed.

Outline. We next state our main result in Section 1.1, consider applications to
rational cospectrality in Section 1.2, and discuss related literature in Section 1.3.
The proofs are given in Sections 2 and 3.
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1.1. Exact formula. We start by introducing notions that are required to state
the result. Consider an algebraic number field 𝐾 and let 𝒪𝐾 ⊆ 𝐾 denote its ring
of integers. Every algebraic number 𝑘 ∈ 𝐾 can be written as 𝑘 = 𝑎/𝑚 with𝑚 ∈ ℤ

and 𝑎 ∈ 𝒪𝐾 [20, §2]. Thus, the following is well-defined:

Definition 1.1. The level of a matrix𝑄 ∈ 𝐾𝑛×𝑛 is the least positive integer ℓ ≥ 1
with the property that ℓ𝑄 ∈ 𝒪

𝑛×𝑛
𝐾

.

Recall that the ring of integers is always a Dedekind domain [20, §3]. Conse-
quently, for every ideals 𝔞, 𝔟 ⊆ 𝒪𝐾 with 𝔞 ⊆ 𝔟 and 𝔟 ≠ 0 there exists a unique
ideal 𝔠 ⊆ 𝒪𝐾 with 𝔟𝔠 = 𝔞 [18, p.41]. Hence, the following is well-defined:

Definition 1.2. The 𝑖th determinantal ideal 𝔇𝑖 ⊆ 𝒪𝐾 of a matrix𝐺 ∈ 𝒪
𝑛×𝑛
𝐾

is the
ideal generated by all 𝑖 × 𝑖 minors. The Smith ideals 𝔡1, . . . , 𝔡𝑛 ⊆ 𝒪𝐾 are defined
by 𝔡1 = 𝔇1 and 𝔡𝑖𝔇𝑖−1 = 𝔇𝑖 for every 𝑖 > 1 with𝔇𝑖−1 ≠ 0 and 𝔡𝑖 := 0 otherwise.

Finally, let us recall that the norm of an ideal 𝔞 ⊆ 𝒪𝐾 is the cardinality of the
quotient ring N𝒪𝐾

(𝔞) := #(𝒪𝐾/𝔞). We have the following exact formula:

Theorem 1.3. Let 𝑄 ∈ 𝐾𝑛×𝑛 be a matrix with level ℓ that is orthogonal. Consider
a random symmetric 𝑛 × 𝑛 matrix 𝑋 ∈ 𝒪

𝑛×𝑛
𝐾

whose upper-triangular entries {𝑋𝑖, 𝑗 :
𝑖 ≤ 𝑗} have independent and uniformly distributed reductions in 𝒪𝐾/ℓ2𝒪𝐾 . Then,
with 𝔡𝑖 the Smith ideals of ℓ𝑄 ,

ℙ
(
𝑄⊤𝑋𝑄 ∈ 𝒪

𝑛×𝑛
𝐾

)
=

⌊𝑛/2⌋∏
𝑖=1

𝑛−𝑖∏
𝑗=𝑖

N𝒪𝐾
(𝔡𝑖𝔡𝑗 )

N𝒪𝐾
(ℓ2𝒪𝐾 )

. (1.1)

The proof is given in Section 2. We establish a formula for general matrices
over a Dedekind domain without orthogonality constraint in Theorem 2.3, and
deduce (1.1) by proving that orthogonality implies restrictions on the Smith
ideals in Lemma 2.6. The method of proof for Theorem 2.3 relies on invariance
properties of the random matrix 𝑋 to replace 𝑄 by a diagonal matrix. This
method can also be applied to other random matrix ensembles. For instance,
it also applies to Hermitian random matrices or to matrices without symmetry
constraint, so long as the entries are uniformly distributed; see Remark 2.4.
It is important to note that (1.1) and the required assumption on 𝑋 not only

depends on the rational matrix 𝑄 , but also on the algebraic number field 𝐾 :

Example 1.4. Consider the 2 × 2 orthogonal matrix 𝑄 defined by

𝑄 :=
1
5

(
3 4
4 −3

)
(1.2)

For𝐾 = ℚwe have that𝒪𝐾 = ℤ and the level of𝑄 is 5. Further, the determinantal
ideals of 5𝑄 are 𝔇1 = ℤ and 𝔇2 = 25ℤ. The Smith ideals then equal the deter-
minantal ideals. Consequently, with SymUnif𝑛×𝑛 (𝑆) the uniform distribution on
symmetric 𝑛 × 𝑛 matrices with entries in a finite set 𝑆 , Theorem 1.3 yields that

ℙ
(
𝑄⊤𝑋𝑄 ∈ ℤ𝑛×𝑛

)
= 1/25 for 𝑋 ∼ SymUnif2×2{0, 1, . . . , 24}. (1.3)

We could also view𝑄 as a matrix over some other algebraic number field, which
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does not have to be real for Theorem 1.3 to apply. For instance, if 𝐾 = ℚ(𝑖) with
𝑖 :=

√
−1 then 𝒪𝐾 = ℤ[𝑖] and it follows from Nℤ[𝑖] (25ℤ[𝑖]) = 252 = 625 that

ℙ
(
𝑄⊤𝑋𝑄 ∈ ℤ[𝑖]𝑛×𝑛

)
= 1/625 for 𝑋 ∼ SymUnif2×2

(
𝑎 +𝑏𝑖 : 𝑎, 𝑏 ∈ {0, 1, . . . , 24}

)
.

Of course, if 𝐾 is not real, then is may be more natural to consider random
Hermitian matrices instead of symmetric matrices. Results that can cover such
cases also follow from our proofs; see Remark 2.4.
1.2. Application to rational cospectrality. Let us now consider𝐾 = ℚ. Then,
the level of a rational orthogonal matrix 𝑄 is the least integer ℓ ≥ 1 with ℓ𝑄 ∈
ℤ𝑛×𝑛 and the Smith ideals are of the form 𝔡𝑖 = 𝑑𝑖ℤ for𝑑𝑖 ∈ ℤ sinceℤ is a principal
ideal domain. These 𝑑𝑖 recover the Smith normal form of the integer matrix ℓ𝑄 .
Corollary 1.5. Suppose that 𝑋 is a random symmetric integer 𝑛 ×𝑛 matrix whose
upper-triangular entries {𝑋𝑖, 𝑗 : 𝑖 ≤ 𝑗} have independent and uniformly distributed
reductions to ℤ/ℓ2ℤ. Then, ℙ(𝑄⊤𝑋𝑄 ∈ ℤ𝑛×𝑛) = ∏⌊𝑛/2⌋

𝑖=1
∏𝑛−𝑖

𝑗=𝑖 (𝑑𝑖𝑑 𝑗/ℓ2).
Corollary 1.5 can be used to investigate how the frequency of rational cospec-

trality depends on the level for fixed dimensionality 𝑛. The additional required
ingredient is an estimate on the number of rational orthogonal matrices with a
given denominator and Smith normal form.
We next illustrate this application for 𝑛 = 2 and 𝑛 = 3. It turns out that exact

results can be attained in these cases, which allows us to showcase some new
phenomena for the low-dimensional setting. The extension to arbitrary 𝑛 is an
interesting open problem that we expect to be challenging. We suspect that exact
results (with simple formulation) may not be possible for large 𝑛 and that upper
bounds may be a more fruitful question.
Denote 𝕆𝑛 (ℓ,ℚ) for the set of all rational orthogonal matrices 𝑄 with level

ℓ ≥ 1. Then, we count the number of conjugacies of level ℓ for 𝑋 ∈ ℤ𝑛×𝑛 as
𝑁𝑛 (ℓ) := #

{
𝑄 ∈ 𝕆𝑛 (ℓ,ℚ) : 𝑄⊤𝑋𝑄 ∈ ℤ𝑛×𝑛

}
. (1.4)

We give exact formulas for the expected value for 𝑛 ≤ 3 and arbitrary ℓ ≥ 2. It
suffices to consider levels greater than one because ℓ = 1 corresponds to signed
permutations of the rows and columns which trivially preserve integrality.
Theorem 1.6. Fix some arbitrary ℓ ≥ 2 and suppose that𝑋 is a random symmetric
2 × 2 matrix as in Corollary 1.5 with 𝑛 = 2. Then, 𝕆2(ℓ,ℚ) ≠ ∅ if and only if the
factorization of ℓ into powers of distinct primes is of the form

ℓ = 𝑝
𝑘1
1 · · · 𝑝𝑘𝑟𝑟 with 𝑝𝑖 ≡ 1 mod 4 for every 𝑖 ≤ 𝑟 . (1.5)

Moreover, if ℓ is as in (1.5) then #𝕆2(ℓ,ℚ) = 2𝑟+3 and consequently

𝔼
[
𝑁2(ℓ)

]
=
2𝑟+3

ℓ2
. (1.6)

Theorem 1.7. Fix some ℓ ≥ 2 and let 𝑋 be a random symmetric 3 × 3 matrix as
in Corollary 1.5 with 𝑛 = 3. Then, 𝕆3(ℓ,ℚ) ≠ ∅ if and only ℓ is odd. In that case,

𝔼[𝑁3(ℓ)] =
48
ℓ2

∏
𝑝 |ℓ

(
1 + 1

𝑝

)
, (1.7)

where the product runs over the distinct prime divisors of ℓ .
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The proofs of Theorems 1.6 and 1.7 rely on reductions to known Diophantine
counting problems. For instance, counting 2×2 orthogonal matrices at level ℓ can
be reduced to counting integers 𝑎, 𝑏 with 𝑎2 +𝑏2 = ℓ2 and gcd(𝑎, 𝑏) = 1, which is
a classical problem [6, Eq.(1.6)]. Using Corollary 1.5 and that a 2 × 2 orthogonal
matrix at level ℓ always has Smith normal form (𝑑1, 𝑑2) = (1, ℓ2) then yields
(1.6). The proof of (1.7) is similar in spirit and relies on the Euler–Rodrigues
parametrization of the special orthogonal group in dimension three. Details are
given in Sections 3.1 and 3.2.
It is interesting to note that (1.6) and (1.7) are not monotone in ℓ , even con-

strained to those values where the expected value is nonzero. Specifically, while
the the factor 1/ℓ2 ensures that the average trend is downwards as ℓ grows large,
the prime factorization can fluctuate from one number to the next. This phenom-
enon is clearly visible in Figure 1 where we see that the factor 2𝑟 gives rise to
parallel streaks on a log-log plot for 𝑛 = 2, while the pattern is less orderly for
𝑛 = 3 because the effect the factor

∏
𝑝 |ℓ (1+1/𝑝) depends not only on the number

of prime factors but also on their size.
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Figure 1. The sequence ℓ ↦→ 𝔼[𝑁𝑛 (ℓ)] is not monotone for 𝑛 = 2, 3.

The expected value 𝔼[𝑁𝑛 (ℓ)] can, in particular, be used to give upper bounds
on the probability that 𝑁𝑛 (ℓ) ≠ 0. This enables estimates on the probability of
cospectrality at bounded but arbitrarily large level. The proof of the following
result and explicit constants are given in Section 3.3.

Corollary 1.8. For any 𝑘, 𝑛 ≥ 1 let 𝑋𝑘 be a random symmetric 𝑛×𝑛 matrix whose
upper-triangle has independent and uniform entries on {1, . . . , 𝑘}. Then, for 𝑛 ≤ 3,

lim
𝐿→∞

lim
𝑘→∞

ℙ
(
∃𝑄 ∈ ∪𝐿ℓ=2𝕆𝑛 (ℓ,ℚ) : 𝑄⊤𝑋𝑘𝑄 ∈ ℤ𝑛×𝑛

)
< 1. (1.8)
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It would be interesting future work if one could show that the order of the
limits in (1.8) may be exchanged, as this would imply the strictly stronger claim
that there is a non-vanishing probability that 𝑄⊤𝑋𝑘𝑄 ∉ ℤ2×2 for all rational
orthogonal matrices 𝑄 that are not signed permutations. The latter does not
follow from the methods in the current paper since it also requires controlling
levels ℓ ≫ 𝑘 . Here, note that non-vanishing probability is the best that one can
hope for when the dimensionality 𝑛 is fixed. We propose the following:

Conjecture 1.9. Fix some 𝑛 ≥ 1. Let 𝑋𝑘 be a random symmetric 𝑛 × 𝑛 matrix
whose upper-triangular entries are independent and uniform on {1, . . . , 𝑘}. Then,

lim sup
𝑘→∞

ℙ
(
∃𝑄 ∈ ∪∞

ℓ=2𝕆𝑛 (ℓ,ℚ) : 𝑄⊤𝑋𝑘𝑄 ∈ ℤ𝑛×𝑛
)
< 1. (1.9)

The natural variants of this conjecture for algebraic number fields would also
be of considerable interest.

1.3. Related work. The new finding in Corollary 1.5 that the Smith normal
form determines the probability yields a natural connection to recent work on
deterministic theory. In particular, Qiu, Wang, and Zhang [23] emphasized the
Smith normal form of a graph’s walk matrix in deterministic sufficient condi-
tions for characterization by generalized spectrum that improve upon earlier
conditions by Wang [29].1 The inverse of the walk matrix there relates to the
orthogonal matrix realizing the cospectrality, which has to be rational in their
setting [23, Lemma 2.1]. In particular, the Smith normal forms are related. This
shared feature seems to hint at deeper connections. For instance, it is natural
to wonder if Smith ideals can be used in conditions for notions of cospectrality
over algebraic number fields.

Deterministic sufficient conditions for an integer symmetric matrix 𝑋 ∈ ℤ𝑛×𝑛

that imply that𝑄⊤𝑋𝑄 ∉ ℤ𝑛×𝑛 for all rational orthogonal matrices𝑄 that are not
signed permutations have been developed by Wang and Yu [32] as well as by
Wang, Yang, and Zhang [31]. Those conditions allow ruling out arbitrary level.
Numerical evidence suggest that they apply with non-vanishing frequency, but
no rigorous bounds are presently known. Specific conjectures will appear in
forthcoming work of Lvov and the present author [17]. One of the ingredients
in our proofs is inspired by a related argument from that forthcoming work; see
the discussion preceding Lemma 2.1.
Recall from the introduction that [33] proved that 𝑄⊤𝑋𝑄 ∉ ℤ𝑛×𝑛 for all 𝑄 ∈

𝕆𝑛 (ℓ,ℚ) for fixed ℓ with high probability as 𝑛 tends to infinity. Their results
improved upon earlier work of Wang and Xu [30] that concerned a special case
with level two with the additional constraint that 𝑄𝑒 = 𝑒 for 𝑒 = (1, . . . , 1)⊤.
The proof methods in [30, 33] exploit that 𝑄 has to be sparse when its level is
small relative to the dimensionality. Note that such sparsity is not needed in
the present paper. It is would be interesting future work if one could also use
the Smith normal form in bounds for matrices with non-uniform entries, as this
could enable extending [33] to larger levels or fixed 𝑛 when sparsity is not valid.

1The generalized setting is equivalent to imposing that the cospectrality arises through an
orthogonal matrix 𝑄 with 𝑄𝑒 = 𝑒 with 𝑒 the all-ones vector; see also Johnson and Newman [14]
for the origins of this notion as well as equivalent formulations.
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A setting without rationality constraint but instead assuming that the orthog-
onal matrix only has a small nontrivial block has recently been studied by Abiad,
Van de Berg, and Simoens [3]. More precisely, they considered the switching
method associated to a fixed orthogonal matrix 𝑄𝑚×𝑚 ∈ ℝ𝑚×𝑚 , which amounts
to conjugation by𝑄 = 𝑃 diag(𝑄𝑚×𝑚, 1𝑛−𝑚) with 𝑃 a permutation matrix and 1𝑛−𝑚
the identity. The results in [3] determine the asymptotic probability that a given
switching method produces another graph that is moreover non-isomorphic to
the original graph. Our main results could potentially be a starting point for
generalizations of those results in the direction of random integral matrices.
Let us finally stress that the Smith and determinantal ideals in Theorem 1.3

come from the orthogonal matrix 𝑄 , not from the matrix 𝑋 . The different ques-
tion of what can be deduced from ideals associated to 𝑋 has however also been
considered by various authors. We refer the interested reader to [8, 21, 24] for
works that relate properties of the Smith ideals to the eigenvalues of a determin-
istic integer matrix 𝑋 , and to [1, 2] for investigations concerning graphs that
share the same determinantal ideals.

2. Proof of Theorem 1.3

Let 𝑅 be a Dedekind domain and fix an ideal 𝐼 ⊆ 𝑅 with 𝑅/𝐼 finite. It suffices to
study the probability that 𝐺⊤𝑋𝐺 ≡ 0 mod 𝐼 for a fixed matrix 𝐺 ∈ 𝑅𝑛×𝑛 . Indeed,
Theorem 1.3 then follows by taking 𝑅 = 𝒪𝐾 , 𝐼 = ℓ2𝒪𝐾 and 𝐺 = ℓ𝑄 .

Every nontrivial quotient of a Dedekind domain is a principal ideal ring, al-
though not necessarily a domain (see e.g., [35, p.278]). This implies the exis-
tence of a unique Smith normal form [4, Theorem 15.24]. That is, there exist
𝑈 ,𝑉 ∈ GL𝑛 (𝑅/𝐼 ) and 𝑑1, . . . , 𝑑𝑛 ∈ 𝑅 with 𝑑𝑖+1𝑅 + 𝐼 ⊆ 𝑑𝑖𝑅 + 𝐼 for every 𝑖 such that

𝐺 ≡ 𝑈𝐷𝑉 mod 𝐼 with 𝐷 := diag(𝑑1, . . . , 𝑑𝑛), (2.1)

and the reductions of the 𝑑𝑖 to 𝑅/𝐼 are unique up to multiplication by units.
The main idea in the proof of the following Lemma 2.1 is to argue that we may

replace𝐺 by the diagonalmatrix𝐷 . To this end, we rely on an invariance property
of uniform symmetric matrices that also plays a key role in a forthcomingwork of
Lvov and the present author on the satisfaction frequency of sufficient conditions
[17]. Recall that the norm of the ideal 𝐼 ⊆ 𝑅 is given by N𝑅 (𝐼 ) = #𝑅/𝐼 .

Lemma 2.1. Consider a random symmetric 𝑛 × 𝑛 matrix 𝑋 ∈ 𝑅𝑛×𝑛 whose upper-
triangular entries {𝑋𝑖, 𝑗 : 𝑖 ≤ 𝑗} have independent and uniformly distributed reduc-
tions in 𝑅/𝐼 . Then, with 𝑑1, . . . , 𝑑𝑛 as in (2.1),

ℙ
(
𝐺⊤𝑋𝐺 ≡ 0 mod 𝐼

)
=

𝑛∏
𝑖=1

𝑛∏
𝑗=𝑖

#{𝑘 ∈ 𝑅/𝐼 : 𝑘𝑑𝑖𝑑 𝑗 ≡ 0 mod 𝐼 }
N𝑅 (𝐼 )

. (2.2)

Proof. Note that the uniform law over 𝑅/𝐼 is characterized by its translation
invariance. Consequently, the law of 𝑋 mod 𝐼 is characterized the fact that 𝑋 is
symmetric and that 𝑋 + 𝑆 mod 𝐼 has the same law as 𝑋 for every deterministic
symmetric 𝑆 . Further, for every deterministic symmetric 𝑆 ∈ (𝑅/𝐼 )𝑛×𝑛 , it holds
with𝑈 ∈ Gl𝑛 (𝑅/𝐼 ) the invertible matrix from (2.1) that

𝑈 ⊤𝑋𝑈 + 𝑆 ≡ 𝑈 ⊤(𝑋 + 𝑆)𝑈 mod 𝐼 with 𝑆 := (𝑈 −1)⊤𝑆 (𝑈 −1). (2.3)
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Consequently, the translation invariance of the law of 𝑋 mod 𝐼 implies that the
law of 𝑈 ⊤𝑋𝑈 mod 𝐼 is also translation invariant. Hence, 𝑈 ⊤𝑋𝑈 mod 𝐼 has the
same law as 𝑋 mod 𝐼 ; the uniform law. Now, using (2.1),

ℙ
(
𝐺⊤𝑋𝐺 ≡ 0 mod 𝐼

)
= ℙ(𝑉⊤𝐷𝑋𝐷𝑉 ≡ 0 mod 𝐼 ). (2.4)

The invertibility of 𝑉 ∈ GL𝑛 (𝑅/𝐼 ) further implies that 𝑉⊤𝐷𝑋𝐷𝑉 ≡ 0 mod 𝐼 if
and only if 𝐷𝑋𝐷 ≡ 0 mod 𝐼 . Using the independence and uniformity of the
upper-triangular entries now yields (2.2). □

Lemma 2.2. It holds for every 𝑑 ∈ 𝑅 that

#{𝑘 ∈ 𝑅/𝐼 : 𝑘𝑑 ≡ 0 mod 𝐼 } = N𝑅 (𝑑𝑅 + 𝐼 ). (2.5)

Proof. Consider the group morphism 𝜙 : 𝑅/𝐼 → 𝑅/𝐼 defined by 𝜙 (𝑥) = 𝑥𝑑 . Then,
# Ker(𝜙) is the left-hand side of (2.5). Hence, using that Im(𝜙) � (𝑅/𝐼 )/Ker(𝜙)
by the first isomorphism theorem,

#{𝑘 ∈ 𝑅/𝐼 : 𝑘𝑑 ≡ 0 mod 𝐼 } = #(𝑅/𝐼 )/# Im(𝜙) = #(𝑅/𝐼 )/#((𝑑𝑅 + 𝐼 )/𝐼 ) . (2.6)
Note that #(𝑅/𝐼 ) = #(𝑅/(𝑑𝑅+ 𝐼 ))#((𝑑𝑅+ 𝐼 )/𝐼 ) by the third isomorphism theorem
for rings and recall that N𝑅 (𝑑𝑅 + 𝐼 ) = #𝑅/(𝑑𝑅 + 𝐼 ) to conclude. □

Theorem 2.3. With the assumptions and notation of Lemma 2.1,

ℙ
(
𝐺⊤𝑋𝐺 ≡ 0 mod 𝐼

)
=
∏𝑛
𝑖=1

∏𝑛
𝑗=𝑖 N𝑅 (𝑑𝑖𝑑 𝑗𝑅 + 𝐼 )/N𝑅 (𝐼 ). (2.7)

Proof. Combine Lemmas 2.1 and 2.2. □

Remark 2.4. The invariance-based method also applies to other ensembles. For
example, suppose that 𝑌 is a random matrix whose entries are independent
without symmetry constraint and uniform modulo 𝐼 . Then, for every 𝐺1,𝐺2 ∈
𝑅𝑛×𝑛 with Smith normal forms 𝑑 (1)1 , . . . , 𝑑

(1)
𝑛 and 𝑑 (2)1 , . . . , 𝑑

(2)
𝑛 over 𝑅/𝐼 ,

ℙ(𝐺⊤
1 𝑌𝐺2 ≡ 0 mod 𝐼 ) =

𝑛∏
𝑖=1

𝑛∏
𝑗=1

N𝑅 (𝑑 (1)𝑖
𝑑
(2)
𝑗
𝑅 + 𝐼 )

N𝑅 (𝐼 )
. (2.8)

For another, consider a ring automorphism 𝜏 : 𝑅 → 𝑅 with 𝜏 ◦ 𝜏 = Id𝑅 . Let
𝑅𝜏 := {𝑟 ∈ 𝑅 : 𝜏 (𝑟 ) = 𝑟 } be the subring of elements that are fixed by 𝜏 , and
suppose that the ideal 𝐼 ⊆ 𝑅 satisfies {𝜏 (𝑖) : 𝑖 ∈ 𝐼 } = 𝐼 . Denote the matrix
found from 𝐺 ∈ 𝑅𝑛×𝑛 by taking the transpose and applying 𝜏 entry-wise by
𝐺𝜏 := (𝜏 (𝐺 𝑗,𝑖))𝑛𝑖, 𝑗=1. Further, let 𝐻 be a random matrix with 𝐻𝜏 = 𝐻 such that
the upper triangular entries are independent with 𝐻𝑖, 𝑗 mod 𝐼 uniform on 𝑅/𝐼 for
𝑖 < 𝑗 and 𝐻𝑖,𝑖 mod 𝐼 ∩ 𝑅𝜏 uniform on 𝑅𝜏/(𝐼 ∩ 𝑅𝜏 ). Then, with 𝑑1, . . . , 𝑑𝑛 ∈ 𝑅 the
Smith normal form of 𝐺 over 𝑅/𝐼 ,

ℙ
(
𝐺𝜏𝐻𝐺 ≡ 0 mod 𝐼

)
=

( 𝑛∏
𝑖=1

N𝑅𝜏 (𝜏 (𝑑𝑖)𝑑𝑖𝑅𝜏 + 𝐼 ∩ 𝑅𝜏 )
N𝑅𝜏 (𝐼 ∩ 𝑅𝜏 )

) (𝑛−1∏
𝑖=1

𝑛∏
𝑗=𝑖+1

N𝑅 (𝜏 (𝑑𝑖)𝑑 𝑗𝑅 + 𝐼 )
N𝑅 (𝐼 )

)
.

(2.9)
The proofs of (2.8) and (2.9) are minor variations on that of (2.7). (Details can be
found in the supplementary material [26].) A concrete example for (2.9) would
be to take 𝑅 = ℤ[𝑖] with 𝑖 =

√
−1 and let 𝜏 (𝑧) = 𝑧 be complex conjugation. Then,

the assumption on 𝐻 means that it is a random Hermitian matrix.
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Thus far, the assumption that 𝑅 is a Dedekind domain was only used to ensure
existence of the Smith normal form over 𝑅/𝐼 , and the orthogonality assumption
on 𝑄 in Theorem 1.3 has played no role whatsoever. The relevance of these
assumptions is in the following proofs which establish restrictions on the factors
in (2.7). Recall that the 𝑖th determinantal ideal𝔇𝑖 ⊆ 𝑅 of 𝐺 ∈ 𝑅𝑛×𝑛 is generated
by all 𝑖 × 𝑖 minors.

Lemma 2.5. Suppose that 𝐺𝐺⊤ = ℓ21 for some non-zero ℓ ∈ 𝑅 and with 1 the
identity matrix. Then, it holds that𝔇𝑛−𝑖 = ℓ𝑛−2𝑖𝔇𝑖 for every 𝑖 ≤ 𝑛/2.

Proof. We start by working over the fraction field of 𝑅. Then, the assumption
yields that 𝐺⊤ = ℓ2𝐺−1 over the fraction field. The minors of𝐺−1 relate to those
of the original matrix [10, Eq.(33)]. Specifically, if I,J ⊆ {1, . . . , 𝑛} are sets of
indices with cardinality 𝑖 and I𝐶,J𝐶 are the complementary sets of indices, then
with 𝐺I,J the submatrix having row indices I and column indices J ,

det
(
𝐺I,J

)
=
(
−1

)∑
𝑖∈I 𝑖+

∑
𝑗∈J 𝑗 det

(
𝐺
)
det

(
𝐺−1
I𝐶 ,J𝐶

)
. (2.10)

In particular, since 𝐺⊤ = ℓ2𝐺−1 implies that ℓ2#I𝐶 det(𝐺−1
I𝐶 ,J𝐶 ) = det(𝐺J𝐶 ,I𝐶 ),

ℓ2(𝑛−𝑖) det(𝐺I,J ) = ± det
(
𝐺
)
det(𝐺J𝐶 ,I𝐶 ). (2.11)

Both sides of (2.11) are elements of 𝑅. It now follows that

ℓ2(𝑛−𝑖)𝔇𝑖 = det(𝐺)𝔇𝑛−𝑖 . (2.12)

The assumption yields that det(𝐺)2 = ℓ2𝑛 . Hence, since Dedekind domains
enjoy a unique factorization property for ideals [35, Chapter 5, Theorem 11], we
find that det(𝐺)𝔇𝑛−𝑖 = ℓ𝑛𝔇𝑛−𝑖 . Using this in (2.12) and again using the unique
factorization property to cancel powers of ℓ𝑛 yields the claim. □

Recall that the Smith ideals 𝔡𝑖 in a Dedekind domain 𝑅 are defined by 𝔡1 = 𝔇1
and 𝔡𝑖𝔇𝑖−1 = 𝔇𝑖 for every 𝑖 > 1 with𝔇𝑖−1 ≠ 0. Note that 𝐺𝐺⊤ = ℓ21 with ℓ ≠ 0
implies that det(𝐺) ≠ 0 and hence𝔇𝑛 ≠ 0. The latter implies that𝔇𝑖 ≠ 0 for all
𝑖 ≤ 𝑛 since𝔇𝑖+1 ⊆ 𝔇𝑖 for every 𝑖 by cofactor expansion.

Lemma 2.6. Adopt the assumptions of Lemma 2.5. Then, it holds that 𝔡𝑖𝔡𝑛−𝑖+1 =
ℓ2𝑅 for every 𝑖 ≤ 𝑛/2.

Proof. Using Lemma 2.5 and the calculation rules for fractional ideals in aDedekind
domain that follow from its unique factorization property (i.e., the Abelian group
structure of the fractional ideals [35, Chapter 5, Theorem 11]),

𝔡𝑛−𝑖+1 = 𝔇−1
𝑛−𝑖𝔇𝑛−𝑖+1 =

( (
ℓ𝑛−2𝑖𝔇𝑖

)−1 (
ℓ𝑛−2(𝑖−1)𝔇𝑖−1

) )
= ℓ2𝔇−1

𝑖 𝔇𝑖−1. (2.13)

Using that 𝔡𝑖 = 𝔇−1
𝑖−1𝔇𝑖 now yields the desired result. □

Lemma 2.7. Consider a nonzero ideal 𝐼 ⊆ 𝑅 as well as an arbitrary matrix 𝐺 ∈
𝑅𝑛×𝑛 with det(𝐺) ≠ 0. Let𝔡1, . . . , 𝔡𝑛 be the Smith ideals over𝑅 and let𝑑1, . . . , 𝑑𝑛 ∈ 𝑅
be elements associated to the Smith normal form over 𝑅/𝐼 . Then, for every 𝑖 ≤ 𝑛,

𝑑𝑖𝑅 + 𝐼 = 𝔡𝑖 + 𝐼 . (2.14)
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Proof. The cokernel of𝐺 is the quotient module coker(𝐺) := 𝑅𝑛/𝐺𝑅𝑛 . We rely on
the fact that Smith ideals are equivalent to the structure of the cokernel when
det(𝐺) ≠ 0.2 That is, the Smith ideals satisfy 𝔡𝑖+1 ⊆ 𝔡𝑖 for every 𝑖 and they are
the unique sequence of length 𝑛 with this inclusion property such that

coker(𝐺) � ⊕𝑛𝑖=1𝑅/𝔡𝑖 . (2.15)

This relation is classical for principal ideal rings and is often used as the definition
of the Smith ideals. The case when 𝑅 is a Dedekind domain and the 𝔡𝑖 are defined
through determinantal ideals can be deduced from the statement over principal
ideal rings; see Appendix A for the argument.
Denote𝐺𝐼 ∈ (𝑅/𝐼 )𝑛×𝑛 for the reduction𝐺 mod 𝐼 . Then, a direct computation

using (2.1) shows that coker(𝐺𝐼 ) := (𝑅/𝐼 )𝑛/𝐺𝐼 (𝑅/𝐼 )𝑛 satisfies

coker(𝐺𝐼 ) � ⊕𝑛𝑖=1𝑅/(𝑑𝑖𝑅 + 𝐼 ), (2.16)

where we recall from the discussion preceding (2.1) that 𝑑𝑖+1𝑅 + 𝐼 ⊆ 𝑑𝑖𝑅 + 𝐼 for
every 𝑖 . On the other hand, coker(𝐺𝐼 ) � coker(𝐺) ⊗𝑅 (𝑅/𝐼 ) so (2.15) implies that

coker(𝐺𝐼 ) � ⊕𝑛𝑖=1𝑅/(𝔡𝑖 + 𝐼 ), (2.17)

where it follows from the inclusion 𝔡𝑖+1 ⊆ 𝔡𝑖 discussed preceding (2.15) (proved
in Appendix A) that 𝔡𝑖+1 + 𝐼 ⊆ 𝔡𝑖 + 𝐼 for every 𝑖 . Combining (2.16) and (2.17) with
the uniqueness of Smith decompositions of finitely generated modules over the
principal ideal ring 𝑅/𝐼 [4, Lemma 15.13] now yields (2.14). □

Corollary 2.8. Suppose that 𝐺𝐺⊤ = ℓ21 for some non-zero ℓ ∈ 𝑅 and consider a
random symmetric 𝑛 × 𝑛 matrix 𝑋 ∈ 𝑅𝑛×𝑛 whose upper-triangular entries {𝑋𝑖, 𝑗 :
𝑖 ≤ 𝑗} have independent and uniformly distributed reductions in 𝑅/ℓ2𝑅. Then,

ℙ
(
𝐺⊤𝑋𝐺 ≡ 0 mod ℓ2𝑅𝑛×𝑛

)
=
∏⌊𝑛/2⌋
𝑖=1

∏𝑛−𝑖
𝑗=𝑖 N𝑅 (𝔡𝑖𝔡𝑗 )/N𝑅 (ℓ2𝑅). (2.18)

Proof. Recall that 𝔡𝑖+1 ⊆ 𝔡𝑖 for every 𝑖 . (This was remarked preceding (2.15) and
is proved in Appendix A.) In particular, Lemma 2.6 hence yields that ℓ2𝑅 ⊆ 𝔡𝑖𝔡𝑗
for every 𝑗 ≤ 𝑛− 𝑖 + 1 and 𝔡𝑖𝔡𝑗 ⊆ ℓ2𝑅 for every 𝑗 ≥ 𝑛− 𝑖 + 1. Consequently, using
(2.14) with 𝐼 = ℓ2𝑅, it holds with 𝑑1, . . . , 𝑑𝑛 as in (2.1) that

N𝑅 (𝑑𝑖𝑑 𝑗 + ℓ2𝑅) = N𝑅 (𝔡𝑖𝔡𝑗 + ℓ2𝑅) =
{
N𝑅 (ℓ2𝑅) if 𝑗 ≥ 𝑛 − 𝑖 + 1,
N𝑅 (𝔡𝑖𝔡𝑗 ) if 𝑗 ≤ 𝑛 − 𝑖 .

(2.19)

Hence, (2.18) follows from (2.7) since all factors 𝑗 > 𝑛 − 𝑖 equal one. □

Proof of Theorem 2.3. This is immediate from Corollary 2.8 since it holds that
𝑄⊤𝑋𝑄 ∈ 𝒪

𝑛×𝑛
𝐾

for an orthogonal matrix 𝑄 of level ℓ if and only if𝐺⊤𝑋𝐺 ∈ ℓ2𝒪𝐾
for 𝐺 := ℓ𝑄 . Note that the latter matrix satisfies 𝐺⊤𝐺 = ℓ21. □

2While it can be deduced directly from (2.1) that 𝔇𝑖 + 𝐼 = (∏𝑗≤𝑖 𝑑 𝑗 )𝑅 + 𝐼 for all 𝑖 , this does
not directly imply that 𝔡𝑖 + 𝐼 = 𝑑𝑖𝑅 + 𝐼 because 𝑅/𝐼 may no longer have the unique factorization
property for ideals. This is why it is helpful to adopt the canonical perspective of cokernels
instead of arguing directly with determinantal ideals.
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3. Proofs for the applications to rational cospectrality

3.1. Proof of Theorem 1.6.

Proposition 3.1. It holds that 𝕆2(ℓ,ℚ) ≠ ∅ if and only if the factorization of ℓ
into powers of distinct primes is of the form (1.5). In that case, #𝕆2(ℓ,ℚ) = 2𝑟+3
with 𝑟 the number of distinct prime factors of ℓ .

Proof. Consider the primitive decompositions of ℓ2 as a sum of two squares:

ℛ
𝑝

2 (ℓ
2) :=

{
(𝑎, 𝑏) ∈ ℤ2 : 𝑎2 + 𝑏2 = ℓ2, gcd(𝑎, 𝑏) = 1

}
. (3.1)

Then, 2#ℛ𝑝

2 (ℓ2) = #𝕆2(ℓ,ℚ) since there is a one-to-two correspondence. Indeed,
for every (𝑎, 𝑏) ∈ ℛ

𝑝

2 (ℓ2) there are two associated matrices in 𝕆2(ℓ,ℚ) given by

1
ℓ

(
𝑎 𝑏

−𝑏 𝑎

)
and

1
ℓ

(
𝑎 𝑏

𝑏 −𝑎

)
. (3.2)

Specifically, these parametrize the matrices with determinant 1 and −1, respec-
tively. The claim now follows from the classical formula for #ℛ𝑝

2 (ℓ2) with ℓ ≥ 2
which yields that this number is zero if ℓ has prime factors that are not congruent
to 1 modulo 4, and equal to 4 × 2𝑟 otherwise; see e.g., [6, Eq.(1.6)]. □

Proof of Theorem 1.6. It holds for any 𝑄 ∈ 𝕆2(ℓ,ℚ) that the Smith normal form
of ℓ𝑄 is (𝑑1, 𝑑2) = (1, ℓ2) as is readily checked by considering the determinant
and the ideal generated by the entries. Hence, decomposing 𝑁2(ℓ) as a sum of
indicator variables and using the linearity of expectation with Corollary 1.5,

𝔼[𝑁2(ℓ)] =
∑︁

𝑄∈𝕆2 (ℓ,ℚ)
ℙ(𝑄⊤𝑋𝑄 ∈ ℤ2×2) = ℓ−2#𝕆2(ℓ,ℚ). (3.3)

The desired result is now immediate from Proposition 3.1. □

3.2. Proof of Theorem 1.7. We rely on the Euler–Rodrigues parametrization
of the special orthogonal group:

Theorem 3.2 (Pall [22]; Cremona [7]). For every 3× 3 rational orthogonal matrix
𝑄 ∈ ℚ3×3 with det(𝑄) = 1 there exist 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℤ such that

𝑄 =
1

𝑎2 + 𝑏2 + 𝑐2 + 𝑑2
©­«
𝑎2 + 𝑏2 − 𝑐2 − 𝑑2 2(𝑏𝑐 − 𝑎𝑑) 2(𝑏𝑑 + 𝑎𝑐)

2(𝑎𝑑 + 𝑏𝑐) 𝑎2 − 𝑏2 + 𝑐2 − 𝑑2 2(𝑐𝑑 − 𝑎𝑏)
2(𝑏𝑑 − 𝑎𝑐) 2(𝑎𝑏 + 𝑐𝑑) 𝑎2 − 𝑏2 − 𝑐2 + 𝑑2

ª®¬
Moreover, the vector 𝑣 = (𝑎, 𝑏, 𝑐, 𝑑) is uniquely determined up to scalar multipli-
cation. In particular, if gcd(𝑎, 𝑏, 𝑐, 𝑑) = 1 then the only other vector 𝑣′ ∈ ℤ4 with
coprime coordinates that gives the same orthogonal matrix is 𝑣′ = −𝑣 .

The proof of Theorem 3.2 relies on the correspondence between special or-
thogonal matrices in dimension 3 and quaternions; see [22, p.755].

The denominator 𝑎2 + 𝑏2 + 𝑐2 + 𝑑2 is not necessarily the level of the matrix 𝑄
in Theorem 3.2 since it can occur that there are shared divisors with the other
entries. The following two lemmas serve to overcome this difficulty:

Lemma 3.3 (Pall [22]). It holds that 𝕆3(ℓ,ℚ) = ∅ if ℓ is even.
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Proof. Suppose to the contrary that there exists 𝑄 ∈ 𝕆3(ℓ,ℚ). The columns of
𝐺 := ℓ𝑄 are then vectors in ℤ3 of norm ℓ . However, the equation 𝑥2 + 𝑦2 + 𝑧2 ≡
0 mod 4 only admits the trivial solution (𝑥,𝑦, 𝑧) ≡ (0, 0, 0) mod 4. (This can be
checked using that the only squares in ℤ/4ℤ are 0 and 1.) Thus, if ℓ is even,
then the entries of 𝐺 would be divisible by 4, and hence not coprime to ℓ which
contradicts the definition of the level. □

Lemma 3.4 (Pall [22]). Suppose that gcd(𝑎, 𝑏, 𝑐, 𝑑) = 1. Then, there exists 𝑔 ∈
{1, 2, 4} such that the level ℓ of thematrix𝑄 in Theorem 3.2 is ℓ = (𝑎2+𝑏2+𝑐2+𝑑2)/𝑔.
Proof. If 𝑔 is the greatest common divisor of the denominator and the entries of
the matrix in Theorem 3.2 then considering the sum of the the diagonal entries
and the denominator implies that 𝑔 | 4𝑎2. Similarly, taking signed combinations
yields that 𝑔 | 4 gcd(𝑏2, 𝑐2, 𝑑2). The assumption that gcd(𝑎2, 𝑏2, 𝑐2, 𝑑2) = 1 now
implies that 𝑔 | 4, concluding the proof. □

Proposition 3.5. It holds that 𝕆3(ℓ,ℚ) ≠ ∅ if and only if ℓ is odd. Moreover, in
this case #𝕆3(ℓ,ℚ) = 48ℓ

∏
𝑝 |ℓ (1 + 1/𝑝).

Proof. That𝕆3(ℓ,ℚ) is empty if ℓ is even is immediate from Lemma 3.3. Suppose
that ℓ is odd. Then, considering that exactly half of the matrices in𝕆3(ℓ,ℚ) have
positive determinant as may be seen by exchanging 𝑄 and −𝑄 ,

#𝕆3(ℓ,ℚ) = 2#{𝑄 ∈ 𝕆3(ℓ,ℚ) : det(𝑄) = 1}. (3.4)
Here, using Theorem 3.2 with Lemmas 3.4 and 3.3,

#{𝑄 ∈ 𝕆3(ℓ,ℚ) : det(𝑄) = 1} = 1
2

(
#ℛ𝑝

4 (ℓ) + #ℛ𝑝

4 (2ℓ) + #ℛ𝑝

4 (4ℓ)
)
, (3.5)

where the factor 1/2 accounts for the sign ambiguity in Theorem 3.2 and ℛ4(𝐿)
is the set of primitive decompositions of 𝐿 ≥ 2 as a sum of four squares:

ℛ
𝑝

4 (𝐿) :=
{
(𝑎, 𝑏, 𝑐, 𝑑) ∈ ℤ2 : 𝑎2 + 𝑏2 + 𝑐2 + 𝑑2 = 𝐿, gcd(𝑎, 𝑏, 𝑐, 𝑑) = 1

}
. (3.6)

The cardinality of this set is classical (e.g., [6, Eq.(1.7)]). In particular,

#ℛ𝑝

4 (𝐿) = 𝑐4(𝐿)𝐿
∏

odd 𝑝 |𝐿
(1 + 1/𝑝) (3.7)

where 𝑐4(𝐿) = 8 if 𝐿 is odd, 𝑐4(𝐿) = 12 if 𝐿 is divisible by 2 but not by 4, and
𝑐4(𝐿) = 4 if 𝐿 is divisible by 4 but not by 8. Combine (3.4)–(3.7) and use that
8 + 2 × 12 + 4 × 4 = 48 to conclude. □

Proof of Theorem 1.7. The definition of the level implies that for𝑄 ∈ 𝕆3(ℓ,ℚ) the
entries of ℓ𝑄 do not have a common divisor. Consequently, 𝔇1 = ℤ and hence
𝑑1 = 1. Using that the 𝑑𝑖 satisfy the division condition 𝑑1 | 𝑑2 | 𝑑3 combined with
the constraint𝑑𝑖𝑑𝑛−𝑖+1 = ℓ2 from Lemma 2.6 now yields that (𝑑1, 𝑑2, 𝑑3) = (1, ℓ, ℓ2).
Consequently,

∏⌊𝑛/2⌋
𝑖=1

∏𝑛−𝑖
𝑗=𝑖 (𝑑𝑖𝑑 𝑗/ℓ2) = 1/ℓ3 for 𝑛 = 3. Using Proposition 3.5 and

the linearity of expectation now concludes the proof. □

Remark 3.6. It is interesting to note that primitive decompositions as sums of
squares occur in both counting problems for 𝑛 = 2 and 𝑛 = 3, but in different
ways. In (3.1) we counted decompositions of ℓ2 in sums of two squares for 𝑛 = 2,
while the problem with 𝑛 = 3 in (3.5) concerned decompositions of 𝑔ℓ with
𝑔 ∈ {1, 2, 4} in four squares. Note that ℓ is not squared in the latter case.

12



3.3. Proof of Corollary 1.8.

Lemma 3.7. For any 𝑛, 𝐿 ≥ 1 and any 𝑛 ×𝑛 random matrix 𝑋 with entries in ℤ it
holds with 𝑁𝑛 (ℓ) as in (1.4) that

ℙ
(
∃𝑄 ∈ ∪𝐿ℓ=2𝕆𝑛 (ℓ,ℚ) : 𝑄⊤𝑋𝑄 ∈ ℤ𝑛×𝑛

)
≤ 1

2𝑛𝑛!

𝐿∑︁
ℓ=2

𝔼[𝑁𝑛 (ℓ)] . (3.8)

Proof. A signed permutation is a matrix of the form 𝑆 = 𝑃𝐷 with 𝑃 a permutation
matrix and 𝐷 a diagonal matrix with diagonal entries ±1. Given some 𝑄 ∈
𝕆𝑛 (ℓ,ℚ) all the 2𝑛𝑛! matrices in 𝕆𝑛 (ℓ,ℚ) of the form 𝑄̃𝑆 = 𝑄𝑆 are distinct due
to the orthogonality of the columns. Moreover, 𝑄⊤𝑋𝑄 ∈ ℤ𝑛×𝑛 if and only if
𝑄̃⊤
𝑆
𝑋𝑄̃𝑆 ∈ ℤ𝑛×𝑛 for all 𝑆 . Hence, 𝑁𝑛 (ℓ) takes values in 2𝑛𝑛!ℤ≥0 and consequently

2𝑛𝑛!ℙ(𝑁𝑛 (ℓ) ≠ 0) ≤ ∑∞
𝑚=0𝑚ℙ(𝑁𝑛 (ℓ) =𝑚) = 𝔼[𝑁𝑛 (ℓ)] . (3.9)

The claim (3.8) now follows from the union bound. □

Proposition 3.8. Suppose that 𝑛 = 2 and let 𝑋𝑘 be as in Corollary 1.8. Then,

lim
𝐿→∞

lim
𝑘→∞

ℙ
(
∃𝑄 ∈ ∪𝐿ℓ=2𝕆𝑛 (ℓ,ℚ) : 𝑄⊤𝑋𝑄 ∈ ℤ𝑛×𝑛

)
≤ 12𝐺

𝜋2 − 1, (3.10)

where 𝜋 ≈ 3.14... and 𝐺 is Catalan’s constant, given by

𝐺 =

∞∑︁
𝑛=0

(−1)𝑛
(2𝑛 + 1)2 = 0.9159655941 . . . (3.11)

Proof. Note that 𝑋𝑘 mod ℓ converges in distribution to the uniform law when
𝑘 → ∞ and ℓ is fixed. In particular, the limit over 𝑘 on the left-hand side of
(3.10) exists, and the limit over 𝐿 then also exists since the probability is a non-
increasing function of 𝐿. Further, by (1.6) and the fact that that 8 = 23,

lim
𝑘→∞

𝐿∑︁
ℓ=2

1
8
𝔼[𝑁𝑛 (ℓ)] =

𝐿∑︁
ℓ=2

ℓ−2
∏
𝑝 |ℓ

(
21

{
𝑝 ≡ 1 mod 4

})
(3.12)

≤ −1 +
∏

𝑝≡1 mod 4

(
1 + 2

∞∑︁
𝑗=1

𝑝−2 𝑗
)
= −1 +

∏
𝑝≡1 mod 4

1 + 𝑝−2
1 − 𝑝−2 .

Here, the inequality may be verified by expanding the product into a sum, and
the final equality is simply the geometric series.
The product in (3.12) can be computed exactly. Indeed, by [9, §2.3.1] there

exists a constant 𝐾 > 0 with
∏
𝑝≡1 mod 4(1 − 𝑝−2) = 16𝐾2𝜋−2 and

∏
𝑝≡1 mod 4(1 +

𝑝−2) = 192𝐾2𝐺𝜋−4, where𝐺 is Catalan’s constant (3.11). Substitute this in (3.12)
and use Lemma 3.7 to conclude. □

Proposition 3.9. Suppose that 𝑛 = 3 and let 𝑋𝑘 be as in Corollary 1.8. Then,

lim
𝐿→∞

lim
𝑘→∞

ℙ
(
∃𝑄 ∈ ∪𝐿ℓ=2𝕆𝑛 (ℓ,ℚ) : 𝑄⊤𝑋𝑄 ∈ ℤ𝑛×𝑛

)
≤ 105𝜁 (3)

𝜋4 − 1, (3.13)

where 𝜁 (3) is Apéry’s constant:

𝜁 (3) =
∞∑︁
𝑛=1

1
𝑛3

= 1.2020569031 . . . (3.14)
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Proof. As in the proof of Proposition 3.8 the limit exists and (1.7) yields that

lim
𝑘→∞

𝐿∑︁
ℓ=2

1
48

𝔼[𝑁𝑛 (ℓ)] =
48
48

𝐿∑︁
ℓ=2

ℓ−21{2 ∤ ℓ}
∏
𝑝 |ℓ

(
1 + 𝑝−1

)
(3.15)

≤ −1 +
∏
odd 𝑝

(
1 + (1 + 𝑝−1)

∞∑︁
𝑗=1

𝑝−2 𝑗
)
= −1 +

∏
odd 𝑝

( 1 + 𝑝−3
1 − 𝑝−2

)
,

where the final step used the geometric series. Further, by the Euler product for
the Riemann zeta function,∏
odd 𝑝

( 1 + 𝑝−3
1 − 𝑝−2

)
=
1 − 2−2

1 + 2−3
∏

primes 𝑝

( 1 − 𝑝−6
(1 − 𝑝−2) (1 − 𝑝−3)

)
=
2
3

𝜁 (6)−1
𝜁 (2)−1𝜁 (3)−1 . (3.16)

Here, recall the classical values 𝜁 (2) = 𝜋2/6 and 𝜁 (6) = 𝜋6/945. Using Lemma
3.7 and that (2 × 945)/(3 × 6) = 105 now concludes the proof. □

Proof of Corollary 1.8. The claim is vacuous if 𝑛 = 1 as there are then no rational
orthogonal matrices (scalars) with level ℓ ≥ 2. If 𝑛 = 2, then Proposition 3.8
yields the claim since 12𝐺/𝜋2 − 1 = 0.11368 . . . < 1. Finally, if 𝑛 = 3 then the
claim follows from Proposition 3.8 since 105𝜁 (3)/𝜋4 − 1 = 0.29573 . . . < 1. □

Remark 3.10. That the bound for 𝑛 = 2 is smaller than the bound for 𝑛 = 3 is
due to the restrictive constraints that determine when ℙ(𝑁2(ℓ) ≠ 0) ≠ 0. Indeed,
the terms in (3.12) are greater than the terms in (3.15) for those ℓ of the form (1.5)
where both are nonzero. The restrictions on the prime factorization are likely
to be an exceptional phenomenon that is specific to low dimensionality, so we
would expect a decreasing trend in the probabilities as 𝑛 tends to infinity.
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Appendix A. Details for (2.15) in the proof of Lemma 2.7

Lemma A.1. Let 𝑅 be a Dedekind domain and consider a square matrix𝐺 ∈ 𝑅𝑛×𝑛
with det(𝐺) ≠ 0. Then,
(1) There exists a sequence of ideals 𝔞1, . . . , 𝔞𝑛 ⊆ 𝑅 with the property that 𝔞𝑖+1 ⊆ 𝔞𝑖

for every 𝑖 and coker(𝐺) � ⊕𝑛𝑖=1𝑅/𝔞𝑖 .
(2) It necessarily holds that 𝔞𝑖 = 𝔡𝑖 with 𝔡𝑖 the 𝑖th Smith ideal.

Proof. It holds for every 𝑣 ∈ 𝑅𝑛 that det(𝐺)𝑣 = 𝐺 (𝐺−1 det(𝐺))𝑣 ≡ 0 mod 𝐺𝑅𝑛 .
Thus, det(𝐺) coker(𝐺) = 0 meaning that coker(𝐺) is not only a 𝑅-module but
also a 𝑅/det(𝐺)𝑅-module. Recall that every nontrivial quotient of a Dedekind
domain is a principal ideal ring [35, p.278]. The structure theorem for mod-
ules over principal ideal rings [4, Theorem 15.33] hence yields a sequence of
ideals 𝔞̃1, . . . , 𝔞̃𝑛 ⊆ 𝑅/det(𝐺)𝑅 with 𝔞̃𝑖+1 ⊆ 𝔞̃𝑖 for every 𝑖 such that coker(𝐺) �
⊕𝑛𝑖=1(𝑅/det(𝐺)𝑅)/𝔞̃𝑖 as an (𝑅/det(𝐺)𝑅)-module and hence as a 𝑅-module.
Note that the number of ideals 𝔞̃𝑖 here equals the matrix dimension 𝑛. This

is possible by the proof of [4, Theorem 15.33] which constructs the ideals using
the Smith normal form of 𝐺 ; the latter has exactly 𝑛 diagonal entries, although
some may be units in which case (𝑅/det(𝐺)𝑅)/𝔞̃𝑖 = 0. Taking 𝔞𝑖 ⊆ 𝑅 to be the
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unique ideal with det(𝐺) ∈ 𝔞𝑖 that reduces to 𝔞̃𝑖 modulo det(𝐺) now proves the
first property.
We next prove that

∏
𝑘≤𝑖 𝔞𝑘 = 𝔇𝑖 by computing an invariant of the module

coker(𝐺) in two ways. The 𝑖th Fitting ideal 𝐹𝑖 (·) of a module is defined as the (𝑛−
𝑖)th determinantal ideal of the matrix associated to an arbitrary finite free presen-
tation [16, Chapter XIX, §2]. Using the presentation 𝑅𝑛 →𝐺 𝑅

𝑛 → coker(𝐺) → 0
hence yields that 𝐹𝑛−𝑖

(
coker(𝐺)

)
� 𝔇𝑖 . On the other hand, Fitting ideals are an

invariant [16, Chapter XIX, Lemma 2.3], so 𝐹𝑛−𝑖
(
coker(𝐺)

)
= 𝐹𝑛−𝑖 (⊕𝑛𝑘=1𝑅/𝔞𝑘). It

here holds by [16, Chapter XIX, Proposition 2.8] that

𝐹𝑛−𝑖
(
⊕𝑛𝑖=1

𝑅

𝔞𝑖

)
=

∑︁
𝑗1,..., 𝑗𝑛≥0∑𝑛
𝑘=1 𝑗𝑘=𝑛−𝑖

𝑛∏
𝑘=1

𝐹 𝑗𝑘

( 𝑅
𝔞𝑘

)
. (A.1)

Further, it holds that 𝐹0(𝑅/𝔞𝑘) = 𝔞𝑘 by [16, Chapter XIX, Corollary 2.6] and
𝐹 𝑗 (𝑅/𝔞𝑘) = 𝑅 for 𝑗 ≥ 1 by [16, Chapter XIX, Proposition 2.4.(ii)]. Considering
the set of indices 𝑘 with 𝑗𝑘 = 0 in the preceding now yields that

𝔇𝑖 =
∑︁

K⊆{1,...,𝑛}
#K≥𝑖

∏
𝑘∈K

𝐹0

( 𝑅
𝔞𝑘

)
=

∑︁
K⊆{1,...,𝑛}

#K≥𝑖

∏
𝑘∈K

𝔞𝑘 =
∏
𝑘≤𝑖

𝔞𝑘 . (A.2)

Here, the final equality used that 𝔞𝑘+1 ⊆ 𝔞𝑘 for all 𝑘 .
In particular, (A.2) yields that 𝔞1 = 𝔇1 and that 𝔞𝑖𝔇𝑖−1 = 𝔇𝑖 for 𝑖 ≥ 1. Recall

from Definition 1.2 that these properties uniquely define the Smith ideals since
𝔇𝑛 ≠ 0 by the assumption that det(𝐺) ≠ 0 and hence 𝔇𝑖 ≠ 0 for all 𝑖 . Hence,
𝔞𝑖 = 𝔡𝑖 for all 𝑖 , as desired. □
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