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Abstract. We investigate whether it is typical for a sparse graph to be uniquely

characterized by its adjacency spectrum up to isomorphism. Our first result

shows that the giant component of an Erdős–Rényi graph is cospectral when

the average degree is sufficiently small. The proof relies on the existence of a

specific pendant tree, combined with a method by Schwenk that swaps trees

to construct a cospectral mate.

It seems possible that pendant trees are essentially the only obstruction,

meaning that the giant should become characterized by spectrum with high

probability if one prunes these by considering the 2-core. The majority of the

paper is devoted to theoretical and numerical evidence supporting this concept.

Our main theorem in this direction establishes that local switching methods

can not cause the 2-core to be cospectral. We also discuss ℝ-cospectrality and

rational cospectrality at fixed level.
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1. Introduction

A fundamental problem in spectral graph theory is whether the eigenvalues of the adjacency

matrix characterize a given graph up to isomorphism. This is known for some special classes like

cycles or disjoint unions of complete graphs; see e.g., [22]. Conversely, there are also examples

of non-isomorphic graphs with equal spectra, called cospectral mates.
One may wonder if such examples are typical or exceptional. A striking result by Schwenk

from 1973 established that almost all trees admit a cospectral mate [20], thus showing that

cospectrality is typical for trees. This naturally also raised the question what might be true for

generic graphs, which turned out to be a challenging problem. For a long time, even the expected

direction of the answer was unclear. For instance, Godsil wrote in his 1993 book that “It is still

an open question whether almost all graphs are characterized by their characteristic polynomial.

It is not even clear if we should seek to prove this, or disprove this.” [12, p73].

Evidence on the direction of the answer came from an exhaustive search through graphs on

𝑛 ≤ 11 vertices by Haemers and Spence [16] which suggested that a large fraction of cospectral

graphs arose from a specific local construction of cospectral graphs known as Godsil–McKay
switching [14]. That specific construction can be proved to only produce an asymptotically

negligible fraction of graphs, leading to the belief that the opposite of Schwenk’s result may

happen. Haemers’ conjecture asserts that almost all graphs are characterized by their spectrum

[15, 22]. A proof remains elusive, but further evidence has recently been found by Wang and

Wang, who estimated via Monte Carlo sampling that at least 99% of graphs on 50 vertices are

characterized if the spectrum of the complement graph is also given [26].
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In probabilistic language, Haemers’ conjecture means that an Erdős–Rényi graph from the

𝐺 (𝑛, 𝑝) model with edge probability 𝑝 = 1/2 is characterized by its spectrum with probability

tending to one as 𝑛 → ∞. Such a graph is rather dense, as the average degree is linear in 𝑛. Thus,

Haemers’ conjecture can be interpreted as stating that dense graphs are typically characterized

by their spectrum. The present paper aims to determine what should be typical in sparse settings,

which we do by considering the giant component in a regime where 𝑝 = 𝜆/𝑛 for 1 < 𝜆 ≪ 𝑛.

We find in Theorem 1.1 that the giant is cospectral if the average degree 𝜆 is sufficiently small.

This also implies that the full graph is cospectral for small 𝜆, as a disconnected graph is cospectral

whenever any of its components is so. The proof of the giant’s cospectrality relies on specific

pendant trees as an obstruction to spectral characterization. The majority of this paper then

investigates what is typical for sparse graphs without pendant trees, which we do by considering

the 2-core of the giant component. Our main result is Theorem 1.7 and shows that every possible

local switching method fails on the 2-core. In particular, this rules out Godsil–McKay switching

of bounded size but the claim is substantially more general than only that particular method.

We discuss additional theoretical evidence for the resulting conjecture that the 2-core should

be characterized by its spectrum in Section 1.3. (Numerical evidence is given in Section 4.) The

structure of the remainder of the paper is outlined in Section 1.4.

1.1. The giant is cospectral. Recall that two non-isomorphic graphs are cospectral if they have
the same adjacency spectrum. Two cospectral graphs are called ℝ-cospectral if the complement

graphs are also cospectral. This generalization dates back to the 1980 work of Johnson and New-

man [17] which established various equivalent formulations. Aside from its independent interest,

the relevance for the current paper is that this notion will enable numerical investigations.

Theorem 1.1. Consider a𝐺 (𝑛, 𝑝) random graph with 𝑝 = 𝜆/𝑛 where 𝜆 = 𝜆𝑛 > 1 remains bounded
away from one as 𝑛 → ∞. Further, consider an arbitrary sequence ℎ(𝑛) with ℎ(𝑛) → ∞. Then,
(1) The largest component 𝐶giant admits a cospectral mate with probability tending to one if

𝜆 ≤ ln(𝑛)/8 + ln(ln(𝑛)) − ℎ(𝑛). (1.1)

(2) The largest component 𝐶giant admits a ℝ-cospectral mate with probability tending to one if

𝜆 ≤ ln(𝑛)/10 + ln(ln(𝑛)) − ℎ(𝑛). (1.2)

The proof is given in Section 2. The idea is visualized in Figure 1 and is as follows. It is known

by Schwenk [20] that there exist rooted trees 𝑇1,𝑇2 on 9 nodes such that for any graph 𝐺 , the

graph found by joining 𝑇1 to 𝐺 at a vertex is cospectral to the graph that is found if one instead

joins with 𝑇2 at that vertex. Hence, any graph with a pendant copy of 𝑇1 has a cospectral mate.

The main content in the proof of Theorem 1.1 is to determine for what range of 𝜆 a pendant copy

of 𝑇1 exists in the giant, which is where the bound in (1.1) arises. The condition (1.2) follows

similarly using trees with 11 nodes that yield ℝ-cospectrality, due to Godsil and McKay [13].

Figure 1. The giant can be decomposed as a skeleton consisting of cycles with pendant trees

attached to some nodes. (See [8] for precise results of this nature.) To show that it is cospectral, it

suffices to find a specific rooted tree𝑇1 among these pendant trees. A non-isomorphic cospectral

graph is then found by replacing 𝑇1 with a different rooted tree 𝑇2.
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Swapping pendant trees can also be used to derive lower bounds on the number of cospectral

mates. The following result illustrates this principle by showing that there are exponentially

many cospectral mates when the average degree is fixed:

Proposition 1.2. For every fixed 𝜆 > 1 there exists 𝑐 > 0 such that 𝐶giant has at least exp(𝑐𝑛)
non-isomorphic ℝ-cospectral mates with probability tending to one.

Here, and in all subsequent results, it should be understood that we use the same notation as

in Theorem 1.1. That is, 𝐶giant refers to the largest component in a 𝐺 (𝑛, 𝑝) graph with 𝑝 = 𝜆/𝑛.
The main point that requires some care in the proof of Proposition 1.2 is that automorphisms

of the graph could result in different swaps of pendant trees giving isomorphic graphs. However,

this is ultimately insubstantial because the number of vertices with a nontrivial orbit can be

controlled using a result by Verbitsky and Zhukovskii [23]. Details can be found in Section 2.

1.2. Are pendant trees the only obstruction? Theorem 1.1 and Proposition 1.2 show that

sparse graphs are typically cospectral because they contain pendant trees. We would like to

propose that this might be the only reason for cospectrality in this setting. One precise way to

phrase this is to consider the 2-core, denoted Core2 (𝐶giant), which is the graph found by removing

all pendant trees. More generally, the 𝑘-core for 𝑘 ≥ 2 is the subgraph that remains when one

iteratively removes all vertices of degree < 𝑘 .

Conjecture 1.3. For every 1 < 𝜆 ≤ 𝑛/2 that remains bounded away from one as 𝑛 → ∞, it holds
that the 2-core of the giant is characterized by its spectrum with probability tending to one.

A closely related philosophy that local structures should be the typical obstruction for spectral

properties has been crucial in the study of the rank of discrete random matrices [3, 4, 5, 21].

Particularly closely related is work of Feber, Glasgow, Kwan, Sah, and Sawhney [10, 11], who

investigated the 𝑘-core of an Erdős–Rényi graph in the regime with constant average degree.

The 2-core is an edge case in that theory as local dependencies for the rank then still occur with

nonzero probability, while the 𝑘-core with 𝑘 ≥ 3 ensures that all local dependencies are removed.

Correspondingly, it was shown in [10] that the adjacency matrix of the 𝑘-core is nonsingular for

𝑘 ≥ 3, while [11] showed that the 2-core is singular with probability strictly between 0 and 1.

Given that the 2-core still allows local obstructions causing singularity with nonvanishing

probability, one may wonder whether a similar issue applies for cospectrality. Aside from swap-

ping pending trees, other methods to produce cospectral graphs that rely on switching connec-

tions on a small subset of nodes are indeed known. As mentioned in the introduction, Godsil–

McKay switching [14] is believed to account for a large fraction of cospectral graphs in the dense

setting of Haemers’ conjecture. Further, other examples such as Abiad–Haemers switching [1]

or Wang–Qiu–Hu switching [25] are also known. The number of cospectral graphs that can be

produced using such methods was recently analysed by Abiad, Van de Berg, and Simoens [2].

Based on their unifying framework we consider the following notion of local switching:

Definition 1.4. Fix an integer𝑚 ≥ 1 and a graph 𝐺 with 𝑛 ≥ 𝑚 vertices. Then, a graph 𝐻 is

said to be obtained by a switching of size ≤ 𝑚 if there exists an ordering of the vertices of 𝐺 and

𝐻 such that their adjacency matrices satisfy 𝐴𝐻 = (𝑄 ⊕ 𝐼𝑛−𝑚)𝑇𝐴𝐺 (𝑄 ⊕ 𝐼𝑛−𝑚) for some𝑚 ×𝑚
orthogonal matrix 𝑄 that is not a permutation. Here, 𝐼𝑛−𝑚 is the identity matrix.

Example 1.5 (Godsil–McKay switching [14]). Suppose that𝑚 = 2𝑘 is an even integer. Assume

that 𝐺 admits a set of vertices 𝑋 = {𝑥1, . . . , 𝑥𝑚} such that the induced subgraph 𝐺 [𝑋 ] is regular
and such that every 𝑣 ∉ 𝑋 has either 0, 𝑘 or 2𝑘 neighbors in 𝑋 . Then, a graph cospectral to𝐺 can

be found by swapping the adjacency to 𝑋 for every 𝑣 ∉ 𝑋 with exactly 𝑘 neighbors in 𝑋 , thus

making it adjacent to only the other 𝑘 vertices in 𝑋 . The associated orthogonal matrix is

𝑄 =
1

𝑘

(
𝐽𝑘 − 𝑘𝐼𝑘 𝐽𝑘
𝐽𝑘 𝐽𝑘 − 𝑘𝐼𝑘

)
, (1.3)

where 𝐽𝑘 is the 𝑘 × 𝑘 all-ones matrix. Let us note that it can sometimes occur that the graph

constructed by the switching is isomorphic to 𝐺 .
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Example 1.6 (Swapping pending graphs). Consider cospectral graphs 𝐻1, 𝐻2 on𝑚 + 1 vertices

for which there exist 𝑥1 ∈ 𝐻1 and 𝑥2 ∈ 𝐻2 such that 𝐻1 \ {𝑥1} is also cospectral to 𝐻2 \ {𝑥2}.
Then, for any graph 𝐺 , the graph 𝐺 · 𝐻1 found adding an 𝑥1-rooted copy of 𝐻1 at some vertex

is cospectral to the graph 𝐺 · 𝐻2 found by instead adding 𝐻2 at that vertex; see e.g., [12, p.59 &

p.65]. In fact, a result by Farrugia [9, Theorem 10] yields an𝑚×𝑚 orthogonal matrix𝑄 such that

𝑄𝑇𝐴1𝑄 = 𝐴2 and 𝑄𝑇 𝑣1 = 𝑣2, (1.4)

where 𝐴𝑖 is the adjacency matrix of 𝐻𝑖 \ {𝑥𝑖 } and 𝑣𝑖 ∈ {0, 1}𝐻𝑖\{𝑥𝑖 }
is the indicator vector of the

neighbors of 𝑥𝑖 in 𝐻𝑖 . It follows that the cospectrality of 𝐺 · 𝐻1 and 𝐺 · 𝐻2 can be realized by a

switching method of size ≤ 𝑚 applied to 𝐺 · 𝐻1. In particular, this allows interpreting the swaps

of specific pendant trees from [13, 20] used in Section 1.1 as a switching method.

Note that two symmetric matrices share the same spectrum if and only if they can be trans-

formed into each other by an orthogonal matrix. It follows that two graphs are cospectral if and

only if there exists a switching that relates them, but the size of the switching can potentially be

arbitrarily large. A switching of size𝑚 will however only modify𝐺 on a subgraph of size𝑚 and

on the edges connecting that subgraph to its complement. The size of the switching hence gives

a way to quantify whether cospectrality occurs for a local reason or if it necessitates a global

conspiracy in the large-scale graph structure. The following Theorem 1.7 shows that such local

obstructions do not produce cospectrality in the 2-core, thus giving evidence for Conjecture 1.3.

Theorem 1.7. Suppose that 𝜆 > 1 remains bounded away from one as 𝑛 → ∞. Fix some integer
𝑚 ≥ 1 and assume that 𝜆 = 𝑜 (𝑛1/(2𝑚+2) ). Then, with probability tending to one, every graph 𝐻
obtainable from the giant’s 2-core by a switching of size at most𝑚 is isomorphic to it. That is,

lim

𝑛→∞
ℙ
(
Core2 (𝐶giant) admits a switching of size ≤ 𝑚 that yields a non-isomorphic graph

)
= 0.

The proof of Theorem 1.7 is given in Section 3. We exploit that a switching can only be applied

in a connected graph of minimum degree 2 if there are some small cycles. The 2-core does not

have many of such small cycles, but a few can still occur. It is therefore possible that a switching

is applicable. We show that the result of the switching will be isomorphic to the original graph

as long as there are no cycles near each other; see Figure 2. The assumption that 𝜆 = 𝑜 (𝑛1/(2𝑚+2) )
is here used to rule out the collision of two cycles.

To prove that switchings result in isomorphic graphs if they do not act on connected cycles,

we exploit that switching methods also induce cospectral pairs on certain subgraphs. We use

that cycles are determined by their spectrum and that the cospectrality of their subgraphs are un-

derstood to show that the induced cospectral subgraphs must be isomorphic. The main difficulty

appears in showing that these isomorphisms of induced subgraphs also extend to isomorphisms

of the whole 2-core; see the proof of Lemma 3.10.

Figure 2. The 2-core of the giant includes a few small cycles with nonzero probability. It is

possible for a switching method to act on such a cycle, but we show in the proof of Theorem 1.1

that it is impossible to obtain a non-isomorphic graph in this fashion.
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This new proof strategy also has potential for other graph classes than sparse connected

graphs with minimum degree 2. Specifically, the benefit of the strategy is that it suffices to

understand the cospectrality properties of only the special class of graphs that can occur as

small subgraphs, as we do in Section 3.2.1. One can then leverage this understanding to build

a global isomorphism for switching methods. A potential bottleneck is that understanding the

cospectrality properties for even special classes of graphs can be nontrivial. Some classes where

such properties are relatively well-understood are complete graphs, complete bipartite graphs

and graphs with spectral radius at most 2, see e.g., [22, Section 5] and [6].

1.3. Further theoretical evidence and open questions. A proof of Conjecture 1.3 appears

out of reach at the moment, considering that Haemers’ conjecture is a special case. More insight

on the sparse setting could however be found by studying other relaxations.

For example, can one prove that any modification of the 2-core that alters only a bounded

number of edges does not yield a non-isomorphic cospectral graph? This is not implied by

Theorem 1.7. (For instance, because switchingmust replace themodified subgraph by a cospectral

graph.) The conceptual difference is more or less that switching only allowsmodifications that are

guaranteed to be cospectral, meaning that the reason for cospectrality must also be local, while

arbitrary edge modifications could potentially also be cospectral through a global coincidence.

Another relaxation of classical cospectrality arises by imposing that the orthogonal matrix

has rational entries. Two graphs 𝐺,𝐻 are cospectral through a rational matrix if there exists

orthogonal 𝑄 with rational entries such that 𝐴𝐻 = 𝑄𝑇𝐴𝐺𝑄 . The least integer ℓ ≥ 1 with

ℓ𝑄 ∈ ℤ𝑛×𝑛
is the level of𝑄 . The rational notion is related to that ofℝ-cospectrality in Section 1.1.

Indeed, it is known for controllable graphs that ℝ-cospectrality is equivalent to the existence of a

rational orthogonal matrix𝑄 with𝐴𝐺 = 𝑄𝑇𝐴𝐺𝑄 and𝑄𝑒 = 𝑒 where 𝑒 = (1, . . . , 1)𝑇 is the all-ones

vector due to Wang and Xu [27, Lemma 2.4], and dense Erdős–Rényi graphs from the 𝐺 (𝑛, 𝑝)
model with 𝑝 = 1/2 are known to be controllable due to O’Rourke and Touri [19, Theorem 1.4].

Wang and Zhao [28] recently proved that cospectrality at a fixed level ℓ does not occur with

high probability in the dense regime with fixed edge probability 𝑝 ∈ (0, 1). In fact, inspecting the

proofs in [28] shows that they also extend to a sparser regime with logarithmic average degree:

Theorem 1.8 (Wang and Zhao [28]). For every fixed ℓ ≥ 2 there exists a constant𝐶 > 0 such that
the following holds for an Erdős–Rényi random graph with 𝑝 = 𝜆/𝑛 if 𝐶 ln(𝑛) ≤ 𝜆 ≤ 𝑛/2:

lim

𝑛→∞
ℙ
(
𝐺 (𝑛, 𝑝) is cospectral through a rational matrix at level ℓ

)
= 0. (1.5)

Proof. It is shown in [28, eq.28] that the probability that a𝐺 (𝑛, 𝑝) graph has a cospectral mate of

level ℓ ′ with ℓ ′ | ℓ is at most 𝜖2𝑛/(1 − 𝜖𝑛) for all large 𝑛 where 𝜖𝑛 ≤ 𝑛𝑐1𝑝𝑐2𝑛 for certain constants

𝑐1, 𝑐2 > 0 depending on ℓ and with 𝑝 := max{𝑝, 1 − 𝑝}. Using that 𝑝 = 1 − 𝜆/𝑛 now ensures that

𝜖𝑛 → 0 by taking the constant 𝐶 in the lower bound 𝐶 ln(𝑛) ≤ 𝜆 sufficiently large. □

The condition ℓ ≥ 2 is necessary to rule out the trivial case where 𝑄 is a permutation matrix

that occurs if ℓ = 1. Theorem 1.8 hence states that it is impossible to have a nontrivial rational

cospectrality with a small denominator if the average degree is sufficiently large, thus giving

evidence in favor of Conjecture 1.3. Indeed, if the average degree is logarithmic with a large

constant, then the giant and its 2-core both coincide with the full graph. This complements the

regime with 𝜆 sufficiently small that was considered in Theorem 1.7.

Further recall that Theorem 1.1 yields cospectrality for the giant component if the average

degree is logarithmic with an explicit constant. Taken together with Theorem 1.8 this suggests

that logarithmic average degree is a critical scale of sparsity where the graph transitions from

almost always being cospectral to almost never cospectral. One is led to wonder whether a sharp

phase transition occurs for the cospectrality orℝ-cospectrality of the giant as soon as the average

degree exceeds that in (1.1) or (1.2), respectively. It would be interesting future work if one could

find evidence to clarify if the constants appearing there should be sharp.

1.4. Outline. The proofs of Theorem 1.1 and Proposition 1.2 are given in Section 2. The proof

of Theorem 1.7 is given in Section 3. We finally consider numerical evidence for a variant of
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Conjecture 1.3 with ℝ-cospectrality in Section 4 using an algorithm by Wang and Wang [26]

with some additional optimizations to enable larger graphs.

2. The giant is cospectral — Proofs of Theorem 1.1 and Proposition 1.2

Recall from Example 1.6 that for rooted graphs 𝐻,𝐾 , we denote 𝐻 · 𝐾 for the graph found by

uniting the graphs and identifying the roots. A graph of the form 𝐺 � 𝐻 · 𝑇 for some rooted

tree 𝑇 is said to have a pendant copy of 𝑇 . (Recall also Figure 1.) The main content in the present

section is to determine for what range of 𝜆 there exists a pendant copy of a tree 𝑇 on 𝑡 vertices

in the giant. The desired cospectrality results then follow by using trees from [13, 20].

We use a second moment calculation. Identify the vertices of𝑇 with {1, . . . , 𝑡} such that vertex
𝑡 refers to the root. Further, given vertices 𝑣1, . . . , 𝑣𝑡 ∈ {1, . . . , 𝑛}, let T(𝑣1, . . . , 𝑣𝑡 ) denote the

event where the original graph can be decomposed as 𝐺 (𝑛, 𝑝) = 𝐻 ·𝑇 with vertices 1, . . . , 𝑡 of 𝑇

being mapped to 𝑣1, . . . , 𝑣𝑡 , respectively. We count pendant copies of 𝑇 in the giant component:

𝑁 :=
∑︁

𝑣1∈{1,...,𝑛}

∑︁
𝑣2≠𝑣1

· · ·
∑︁

𝑣𝑡∉{𝑣1,...,𝑣𝑡−1 }
1
{
T(𝑣1, . . . , 𝑣𝑡 ) and 𝑣𝑡 ∈ 𝐶giant

}
. (2.1)

We determine 𝔼[𝑁 ] and 𝔼[𝑁 2] in the following Lemmas 2.1 and 2.4, respectively.

Lemma 2.1. Fix a rooted tree 𝑇 on 𝑡 ≥ 2 vertices. Assume that 𝜆 > 1 remains bounded away from
one and that 𝑝 = 𝜆/𝑛 tends to zero as 𝑛 → ∞. Then, with 𝑐𝜆 := 𝔼[#𝐶giant/𝑛] and 𝑁 as in (2.1),

𝔼[𝑁 ] =
(
1 − 𝑜 (1)

)
𝑛𝑡𝑐𝜆𝑝

𝑡−1 (1 − 𝑝) (𝑡−1)𝑛 . (2.2)

In particular, 𝔼[𝑁 ] → ∞ if and only if there exists a sequence ℎ(𝑛) with ℎ(𝑛) → ∞ such that

1 < 𝜆 ≤ ln(𝑛)/(𝑡 − 1) + ln(ln(𝑛)) − ℎ(𝑛). (2.3)

Proof. The event T(𝑣1, . . . , 𝑣𝑡 ) means that 𝑣𝑖 ∼ 𝑣 𝑗 if and only if {𝑖, 𝑗} ∈ 𝑇 , and that there are

no edges from the 𝑣𝑖 with 𝑖 ≤ 𝑡 − 1 to external vertices 𝑣 ∉ {𝑣1, . . . , 𝑣𝑡 }. Here, the tree 𝑇 has

exactly 𝑡 − 1 edges and

(
𝑡
2

)
− (𝑡 − 1) non-edges. Further, there are exactly (𝑛 − 𝑡) (𝑡 − 1) potential

edges from the 𝑣𝑖 with 𝑖 ≤ 𝑡 − 1 to the complement of {𝑣1, . . . , 𝑣𝑡 }. Hence, using that edges in the

𝐺 (𝑛, 𝑝) model are independent,

ℙ
(
T(𝑣1, . . . , 𝑣𝑡 )

)
= 𝑝𝑡−1 (1 − 𝑝) (𝑡−1) (𝑛−𝑡 )+(

𝑡
2
)−(𝑡−1) =

(
1 − 𝑜 (1)

)
𝑝𝑡−1 (1 − 𝑝) (𝑡−1)𝑛, (2.4)

where the second step used that 1−𝑝 = 1−𝑜 (1). Conditional on T(𝑣1, . . . , 𝑣𝑡 ), the graph induced

by {1, . . . , 𝑛} \ {𝑣1, . . . , 𝑣𝑡−1} is again an Erdős–Rényi graph with parameter 𝑝 . Hence, since 𝜆 > 1

remains bounded away from one, it holds with high probability that the latter graph again has a

unique giant component containing (1 − 𝑜 (1))𝑐𝜆𝑛 nodes with 𝑐𝜆 = 𝔼[#𝐶giant/𝑛] bounded away

from zero. In particular, the probability that 𝑣𝑡 belongs to this component is

ℙ
(
𝑣𝑡 ∈ 𝐶giant | T (𝑣1, . . . , 𝑣𝑡 )

)
= (1 − 𝑜 (1))𝑐𝜆 . (2.5)

Using that there are 𝑛(𝑛 − 1) · · · (𝑛 − 𝑡 + 1) = (1 − 𝑜 (1))𝑛𝑡 summands in (2.1) now yields (2.2).

That (2.3) is necessary and sufficient to ensure that 𝔼[𝑁 ] → ∞ now follows by direct cal-

culation. Note that (1 − 𝜆2/𝑛) exp(−𝜆) ≤ (1 − 𝜆/𝑛)𝑛 ≤ exp(−𝜆) for 𝜆 ≤ 𝑛 [18, p.266]. The

upper bound implies that the right-hand side of (2.3) tends to zero if 𝜆 = 𝜔 (ln(𝑛)). It further
follows that (1 − 𝜆/𝑛) (𝑡−1)𝑛 = (1 − 𝑜 (1)) exp(−𝜆(𝑡 − 1)) if 𝜆 = 𝑜 (

√
𝑛). Hence, using that that

𝑛𝑡𝑝𝑡−1 = 𝑛𝜆𝑡−1 shows that (2.2) tends to infinity at rate 𝑛1−𝑜 (1) if 𝜆 = 𝑜 (ln(𝑛)), and has order

exp((𝑡 − 1)ℎ(𝑛)) if 𝜆 = Θ(ln(𝑛)) with 𝜆 = ln(𝑛)/(𝑡 − 1) + ln(ln(𝑛)) − ℎ(𝑛). □

Remark 2.2. If ℎ(𝑛) is replaced by a constant in (2.3), then Lemma 2.1 shows that 𝔼[𝑁 ] is of a
constant order and a more complicated proof would show that 𝑁 has Poissonian statistics. In

particular, 𝑁 is then zero with nonzero probability. The bound on 𝜆 in Corollary 2.5 is therefore

necessary to ensure that lim𝑛→∞ ℙ(𝑁 > 0) = 1. The rest of the second moment calculation will

show that it is also sufficient.

Lemma 2.3. Fix a rooted tree 𝑇 on 𝑡 ≥ 2 vertices. Consider a connected graph 𝐺 with at least 2𝑡
vertices. Then, every pair of pendant copies of 𝑇 in 𝐺 with shared vertices must share roots.
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Proof. Assume that we are given sets of vertices with {𝑣1, . . . , 𝑣𝑡 } ∩ {𝑤1, . . . ,𝑤𝑡 } ≠ ∅ such that

{𝑣1, . . . , 𝑣𝑡 } and {𝑤1, . . . ,𝑤𝑡 } both yield pendant copies of𝑇 in𝐺 with roots 𝑣𝑡 and𝑤𝑡 , respectively.

The claim is that it must hold that 𝑣𝑡 = 𝑤𝑡 . Suppose to the contrary that 𝑣𝑡 ≠ 𝑤𝑡 .

That𝐺 is connected with at least 2𝑡 > 𝑡 vertices implies that {𝑣1, . . . , 𝑣𝑡 } ∩ {𝑤1, . . . ,𝑤𝑡 } has at
least one edge leading to its complement. Assume that there is such an edge to the complement

of {𝑣1, . . . , 𝑣𝑡 }, the other case proceeds identically. Then, since the definition of pendant trees

yields that 𝑣𝑡 is the only vertex in {𝑣1, . . . , 𝑣𝑡 } that may connect to external vertices, we have

𝑣𝑡 ∈ {𝑤1, . . . ,𝑤𝑡 } and even 𝑣𝑡 ∈ {𝑤1, . . . ,𝑤𝑡−1} since 𝑣𝑡 ≠ 𝑤𝑡 . Now consider the neighborhoods:

𝑁0
:= {𝑣𝑡 }, 𝑁𝑖+1 := 𝑁𝑖 ∪

{
𝑣 ∈ {𝑣1, . . . , 𝑣𝑡 } : ∃𝑣 ′ ∈ 𝑁𝑖 , 𝑣 ∼ 𝑣 ′

}
. (2.6)

Then, using that𝑤𝑡 is the only vertex in {𝑤1, . . . ,𝑤𝑡 } with external neighbors, it holds that

𝑁𝑖 ⊆ {𝑤1, . . . ,𝑤𝑡−1} =⇒ 𝑁𝑖+1 ⊆ {𝑤1, . . . ,𝑤𝑡 }. (2.7)

Note that𝑁0 = {𝑣𝑡 } ⊆ {𝑤1, . . . ,𝑤𝑡−1}, but it is not possible that𝑁𝑖 ⊆ {𝑤1, . . . ,𝑤𝑡−1} for all 𝑖 since
the connectivity of 𝑇 implies that 𝑁𝑖 = {𝑣1, . . . , 𝑣𝑡 } has cardinality 𝑡 for large 𝑖 . Consequently,
(2.7) implies that there exists 𝑖 with𝑤𝑡 ∈ 𝑁𝑖 .

The definition (2.6) yields that 𝑁𝑖 ⊆ {𝑣1, . . . , 𝑣𝑡 }. This implies that 𝑤𝑡 ∈ {𝑣1, . . . , 𝑣𝑡 } and

hence 𝑤𝑡 ∈ {𝑣1, . . . , 𝑣𝑡−1} since 𝑣𝑡 ≠ 𝑤𝑡 . Now, also using that 𝑣𝑡 ∈ {𝑤1, . . . ,𝑤𝑡−1}, it follows
that there are no edges from {𝑣1, . . . , 𝑣𝑡 } ∪ {𝑤1, . . . ,𝑤𝑡 } to its complement. This contradicts the

assumption that 𝐺 is connected with at least 2𝑡 vertices since #{𝑣1, . . . , 𝑣𝑡 } ∪ {𝑤1, . . . ,𝑤𝑡 } =

2𝑡 − #{𝑣1, . . . , 𝑣𝑡 } ∩ {𝑤1, . . . ,𝑤𝑡 } < 2𝑡 . We conclude that 𝑣𝑡 = 𝑤𝑡 . □

Lemma 2.4. Fix a rooted tree 𝑇 on 𝑡 ≥ 2 vertices. Assume that 𝜆 > 1 remains bounded away from
one and that there exists a sequence ℎ(𝑛) with ℎ(𝑛) → ∞ such that (2.3) holds. Then,

𝔼[𝑁 2] = (1 − 𝑜 (1))𝔼[𝑁 ]2 . (2.8)

Proof. It follows similarly to (2.4)–(2.5) that for every pair of sets of vertices satisfying {𝑣1, . . . , 𝑣𝑡 }∩
{𝑤1, . . . ,𝑤𝑡 } = ∅ that with 𝑐𝜆 = 𝔼[#𝐶giant/𝑛],

ℙ(T(𝑣1, . . . , 𝑣𝑡 ),T(𝑤1, . . . ,𝑤𝑡 ), 𝑣𝑡 ∈ 𝐶giant,𝑤𝑡 ∈ 𝐶giant) =
(
1−𝑜 (1)

) (
𝑐𝜆𝑝

𝑡−1 (1− 𝑝) (𝑡−1)𝑛
)
2

. (2.9)

The double sum that results from substituting the definition (2.1) of 𝑁 in 𝔼[𝑁 2] has (1−𝑜 (1))𝑛2𝑡
terms indexed by vertex sets with {𝑣1, . . . , 𝑣𝑡 } ∩ {𝑤1, . . . ,𝑤𝑡 } = ∅. Thus, a contribution of order

(1 − 𝑜 (1)) (𝑛𝑡𝑐𝜆𝑝𝑡−1 (1 − 𝑝) (𝑡−1)𝑛)2 = (1 − 𝑜 (1))𝔼[𝑁 ]2 arises from such terms. Consequently,

𝔼
[
𝑁 2

]
=
(
1 − 𝑜 (1)

)
𝔼
[
𝑁
]
2

(2.10)

+
∑︁

{𝑣1,...,𝑣𝑡 }∩{𝑤1,...,𝑤𝑡 }≠∅
ℙ
(
T(𝑣1, . . . , 𝑣𝑡 ),T(𝑤1, . . . ,𝑤𝑡 ), 𝑣𝑡 ∈ 𝐶giant,𝑤𝑡 ∈ 𝐶giant

)
.

It remains to bound the sum on the right-hand side of (2.10).

Lemma 2.3 ensures that all terms in (2.10) with 𝑣𝑡 ≠ 𝑤𝑡 are zero. Further, for every 𝑖 ≤ 𝑡 − 1,

there are𝑂 (𝑛2𝑡−𝑖−1) terms with 𝑣𝑡 = 𝑤𝑡 and #{𝑣1, . . . , 𝑣𝑡−1}∩{𝑤1, . . .𝑤𝑡−1} = 𝑖 . It is only possible
for both T(𝑣1, . . . , 𝑣𝑡 ) and T(𝑤1, . . . ,𝑤𝑡 ) to occur if {𝑣1, . . . , 𝑣𝑡 } ∪ {𝑤1, . . . ,𝑤𝑡 } induces a tree on
2𝑡 − 𝑖 − 1 vertices with root 𝑣𝑡 = 𝑤𝑡 , and all vertices except 𝑣𝑡 = 𝑤𝑡 do not have external

connections. It hence follows similarly to (2.4)–(2.5) that each such term in (2.10) has magnitude

𝑂 (𝑝2𝑡−𝑖−2 (1 − 𝑝) (2𝑡−𝑖−2)𝑛). Thus, using that 𝑛2𝑡−𝑖−1𝑝2𝑡−𝑖−2 = 𝑛𝜆2𝑡−𝑖−2 and (1 − 𝑝) (2𝑡−𝑖−2)𝑛 =

𝑂 (exp(−𝜆(2𝑡 − 𝑖 − 2))),

𝔼
[
𝑁 2

]
=
(
1 + 𝑜 (1)

)
𝔼
[
𝑁
]
2 +𝑂

( ∑︁
𝑖≤𝑡−1

𝑛𝜆2𝑡−𝑖−2 exp
(
−𝜆(2𝑡 − 𝑖 − 2))

) )
. (2.11)

By (2.2) and the discussion after (2.5), we have 𝔼[𝑁 ] = (1 − 𝑜 (1))𝑛𝑐𝜆𝜆𝑡−1 exp(−𝜆(𝑡 − 1)). Here,
𝑐𝜆 > 0 remains bounded away from zero by the assumption that 𝜆 remains bounded away from

one. It follows that 𝑛𝜆2𝑡−𝑖−2 exp(−𝜆(2𝑡 − 𝑖 − 2)))/𝔼[𝑁 ]2 = 𝑂 (𝑛−1𝜆−𝑖 exp(𝑖𝜆)).
If 𝜆 = 𝑜 (ln(𝑛)) then certainly 𝑛−1𝜆−𝑖 exp(𝑖𝜆) → 0 and we may conclude that all terms in

the sum in (2.11) are of order 𝑜 (1)𝔼[𝑁 ]2. Now suppose that 𝜆 = Θ(ln(𝑛)). By modifying the
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sequence ℎ, we can further assume that equality holds in (2.3). Then,

𝑛𝜆2𝑡−𝑖−2 exp
(
−𝜆(2𝑡 − 𝑖 − 2))

)
𝔼[𝑁 ]2 = 𝑂

(
exp(𝑖𝜆)
𝑛𝜆𝑖

)
= 𝑂

(
exp

( 𝑖 − (𝑡 − 1)
𝑡 − 1

ln(𝑛) − 𝑖ℎ(𝑛)
))
. (2.12)

Note that exp[(𝑖 − (𝑡 − 1)) ln(𝑛)/(𝑡 − 1)] = 𝑂 (1) for 𝑖 ≤ 𝑡 − 1 and recall that ℎ(𝑛) → ∞ to

conclude that all terms in the sum in (2.11) are of order 𝑜 (1)𝔼[𝑁 ]2. This proves (2.8). □

Corollary 2.5. Fix a rooted tree 𝑇 on 𝑡 ≥ 2 vertices. Assume that 𝜆 > 1 remains bounded away
from 1 and that there exists a sequence ℎ(𝑛) with ℎ(𝑛) → ∞ such that (2.3) is satisfied. Then, the
giant component in 𝐺 (𝑛, 𝑝) has a pendant copy of 𝑇 with probability tending to one:

lim

𝑛→∞
ℙ
(
∃𝐻 : 𝐶giant � 𝐻 ·𝑇

)
= 1. (2.13)

Proof. Lemmas 2.1 and 2.4 yield that 𝔼[𝑁 ] → ∞ and 𝔼[𝑁 2] = (1 + 𝑜 (1))𝔼[𝑁 ]2. Hence, Cheby-
chev’s inequality then yields that 𝑁 → ∞ in probability. In particular, we then have 𝑁 > 0 with

probability tending to one which yields (2.13). □

Proof of Theorem 1.1. Schwenk [20] gave rooted trees 𝑇1,𝑇2 on 9 vertices such that for every

rooted graph 𝐻 the graphs 𝐺1 = 𝐻 · 𝑇1 and 𝐺2 = 𝐻 · 𝑇2 are cospectral; see also [12, p.65].

Moreover, Godsil and McKay [13, Section 9] found rooted trees 𝑇 ′
1
,𝑇 ′

2
on 11 vertices such that

𝐻 ·𝑇 ′
1
and 𝐻 ·𝑇 ′

2
are ℝ-cospectral. The desired result is hence immediate from Corollary 2.5. □

Recall that Proposition 1.2 assumed that 𝜆 > 1 is fixed, and claimed that the giant component

then has exponentially many cospectral mates. This again follows by swapping pendant trees:

Proof of Proposition 1.2. Let𝑇1,𝑇2 be the trees producingℝ-cospectrality due to Godsil andMcKay

[13]. Denote V𝑇1 for the set of vertices in the 2-core that have a pendant copy of 𝑇1 attached.

Then, we claim that there exists 𝑐1 > 0 with lim𝑛→∞ ℙ(#V𝑇1 ≥ 𝑐1𝑛) = 1. This could be deduced

from a second moment calculation similar to Theorem 1.1, and also follows directly from a result

by Ding, Lubetzky, and Peres [8, Theorem 1] that establishes that the giant is contiguous for fixed

𝜆 > 1 to a model with independent Galton-Watson trees attached to the vertices in the 2-core.

For any 𝑆 ⊆ V𝑇1 let 𝐺𝑆 denote the graph found from 𝐶giant by replacing all copies of 𝑇1
rooted in 𝑆 by a copy of 𝑇2. Then, 𝐺𝑆 is ℝ-cospectral to 𝐶giant. Further, if Vaut denotes the set

of vertices in the 2-core that admit a non-trivial orbit under automorphisms, then the graphs

{𝐺𝑆 : 𝑆 ⊆ V𝑇1 \ Vaut} are all pairwise non-isomorphic. Consequently,

#{𝐺 : 𝐺 is ℝ-cospectral to 𝐶giant} ≥ #{𝐺𝑆 : 𝑆 ⊆ V𝑇1 \ Vaut} = 2
#V𝑇

1
−#Vaut . (2.14)

It is known due to Verbitsky and Zhukovskii [23, Theorem 1.2] that #Vaut is bounded in proba-

bility, meaning that lim𝐶→∞ lim sup𝑛→∞ ℙ(#Vaut > 𝐶) = 0. Consequently, it holds for any 𝜀 > 0

that lim𝑛→∞ ℙ(#V𝑇1 − #Vaut ≥ (𝑐1 − 𝜀)𝑛) = 1. Combine this with (2.14) to conclude. □

3. A switching method in a 2-core needs at least two cycles – Proof of Theorem 1.7

Recall from Definition 1.4 that a switching method with size ≤ 𝑚 involves a conjugation of

the adjacency matrix with𝑄 ⊕ 𝐼𝑛−𝑚 for some𝑚 ×𝑚 orthogonal matrix𝑄 . It is here allowed that

𝑄 may have integral rows, which is the reason for the inequality as we could potentially achieve

the same operation with a smaller matrix. More precisely, due to orthogonality, any integral row

of 𝑄 has a single entry ±1 and only zeros in the remaining entries.

If all rows of 𝑄 are integral, then it is simply a signed permutation matrix and the signs may

be taken positive. In that case, the switching will result in a graph that is isomorphic to the

original graph. Let us hence suppose that 𝑄 has non-integral rows and denote 𝑄̃ the largest

principal submatrix of 𝑄 that has no integral rows. Then, we refer to the operation as a 𝑄̃-
switching. The vertices of 𝐺 corresponding to this submatrix are called the switching set. Thus,
in the Godsil–McKay switching of Example 1.5 the switching set was 𝑋 .

From here on, our main focus will be the non-integral submatrix 𝑄̃ . We hence drop the tilde

from here on. Our main technical result is Theorem 3.1:
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Theorem 3.1. Let 𝐺 be a connected graph with minimum degree ≥ 2 and consider an orthogonal
matrix 𝑄 ∈ ℝ𝑘×𝑘 with no integral entries. Suppose that 𝐺 has a non-isomorphic cospectral mate
through a 𝑄-switching. Then, 𝐺 has a connected subgraph with at most 2𝑘 + 1 vertices and strictly
more edges than vertices.

Note that a connected graph with more edges than vertices, must have at least two cycles.

Hence, we could also view Theorem 3.1 as stating that𝐺 must have a ‘small’ connected subgraph

with at least two cycles.

In the proof of Theorem 3.1 the required subgraph is found in the neighborhood graph of the

switching set 𝑋 ; see Definition 3.2. We show in Section 3.2 that the switching method will result

in an isomorphic graph if the neighborhood graph is a disjoint union of cycles, which is used in

the proof of Theorem 3.1 to ensure that a non-isomorphic switching requires at least one vertex

with degree ≥ 3 in the neighborhood graph. The latter vertex is used as the starting point to

construct the connected subgraph from the statement of Theorem 3.1; see Section 3.3.

Given Theorem 3.1, the proof of Theorem 1.7 follows readily since small subgraphs with more

edges than vertices are improbable when 𝜆 is small. We refer to Section 3.3 for the details.

3.1. Switchingmethods induce cospectrality on subgraphs. Recall that a switching method

only modifies a small subgraph and the edges connected to that subgraph. This will be made

precise using the following Definition 3.2, visualized in Figure 3.

Definition 3.2. Let 𝐺 = (𝑉 , 𝐸) be a graph and 𝑋 be a subset of the vertices. The neighborhood
graph of𝐺 for𝑋 is the graph𝐺𝑋 that has vertex set𝑋 ∪𝑁 (𝑋 ) with 𝑁 (𝑋 ) := ∪𝑥∈𝑋 {𝑣 ∈ 𝑉 : 𝑣 ∼ 𝑥}
and edge set {𝑒 ∈ 𝐸 : 𝑒 ∩ 𝑋 ≥ 1}.

Figure 3. The neighborhood graph of 𝑋 includes the edges with at least one endpoint in 𝑋 .

When we consider a graph 𝐻 obtained from 𝐺 by a switching operation in the subsequent

arguments, then we always also equip 𝐻 with the vertex ordering associated to the switching

method that is referred to in Definition 1.4. We regard the vertex to be the same. In particular,

given a set of vertices 𝑆 ⊆ 𝑉 the induced subgraphs on this set, denoted 𝐺 [𝑆] and 𝐻 [𝑆], are
defined for both 𝐺 and 𝐻 .

If a graph admits a 𝑄-switching, then every subgraph that contains the neighborhood graph

of the switching set also admits a 𝑄-switching:

Lemma 3.3. Consider graphs 𝐺 = (𝑉 , 𝐸) and 𝐻 with 𝐻 obtained from 𝐺 by a 𝑄-switching with
switching set 𝑋 . If 𝑌 ⊆ 𝑉 \ 𝑋 and 𝐹 is a set of edges of 𝐺 [𝑋 ∪ 𝑌 ] with 𝐹 ∩ 𝐸 (𝐺𝑋 ) = ∅, then the
𝑄-switching can be applied to 𝐺 [𝑋 ∪ 𝑌 ] − 𝐹 with the cospectral graph 𝐻 [𝑋 ∪ 𝑌 ] − 𝐹 as a result.

Proof. Up to reordering the vertices the 𝑄-switching is represented by a block diagonal matrix

with diagonal blocks 𝑄 , −𝐼 , and 𝐼 . Consider the block matrix decomposition of the adjacency

matrix corresponding to this ordering of the vertices:

𝐴(𝐺) =: ©­«
𝐵 𝑈 𝑊

𝑈𝑇 𝐶11 𝐶12

𝑊𝑇 𝐶21 𝐶22

ª®¬ . (3.1)

Then, the 𝑄-switching applied to 𝐺 can be represented as the conjugation,

©­«
𝑄 𝑂 𝑂

𝑂 −𝐼 𝑂

𝑂 𝑂 𝐼

ª®¬
𝑇 ©­«

𝐵 𝑈 𝑊

𝑈𝑇 𝐶11 𝐶12

𝑊𝑇 𝐶21 𝐶22

ª®¬ ©­«
𝑄 𝑂 𝑂

𝑂 −𝐼 𝑂

𝑂 𝑂 𝐼

ª®¬ = ©­«
𝑄𝑇𝐵𝑄 −𝑄𝑇𝑈 𝑄𝑇𝑊

−𝑈𝑇𝑄 𝐶11 −𝐶12

𝑊𝑇𝑄 −𝐶21 𝐶22

ª®¬ = 𝐴(𝐻 ). (3.2)
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The adjacency matrix of 𝐺 [𝑋 ∪ 𝑌 ] is obtained from (3.1) by removing all rows and columns

that are not associated with vertices from 𝑋 ∪ 𝑌 . Thus, for example, in the first block of rows in

(3.1) we retain the first block 𝐵 completely as this corresponds to the switching set 𝑋 , and retain

only those columns of𝑈 and𝑊 that are associated to 𝑌 . Moreover, removing the edges in 𝐹 only

changes entries in the 𝐶-submatrices from a one to a zero. Thus,

𝐴

(
𝐺 [𝑋 ∪ 𝑌 ] − 𝐹

)
=
©­«
𝐵 𝑈̃𝑌 𝑊̃𝑌

𝑈̃𝑇
𝑌

𝐶11 𝐶1,2

𝑊̃𝑇
𝑌

𝐶2,1 𝐶22

ª®¬ , (3.3)

with 𝑈̃𝑌 and 𝑊̃𝑌 the matrices found from 𝑈 and𝑊 by removing the appropriate columns, and

𝐶𝑖, 𝑗 found from 𝐶𝑖, 𝑗 by removing rows and columns and potentially zeroing out certain entries.

Now consider the orthogonal matrix found from diag(𝑄,−𝐼 , 𝐼 ) by only retaining the rows and
columns associated to 𝑋 ∪ 𝑌 . This matrix has the form diag(𝑄,−𝐼𝑎, 𝐼𝑏) with 𝑎 + 𝑏 = #𝑌 . It then

follows from (3.2) that the adjacency matrix of 𝐻 [𝑋 ∪ 𝑌 ] − 𝐹 is precisely the matrix found by

conjugating (3.3) with diag(𝑄,−𝐼𝑎, 𝐼𝑏). Thus,𝐺 [𝑋 ∪𝑌 ] − 𝐹 and 𝐻 [𝑋 ∪𝑌 ] − 𝐹 are indeed related

by a 𝑄-switching. □

3.2. Disjoint union of cyles results in isomorphism. The difficult case in the proof of Theo-

rem 3.1 will occur when 𝐺𝑋 is a disjoint union of cycles. This challenge cannot be ignored since

multiple small cycles far apart from each other can appear with nonzero probability in the 2-core.

Our goal here is to show that in this case the switching always results in an isomorphic graph,

which we accomplish in Lemma 3.10.

3.2.1. Generating cospectrality for graphs with maximum degree 2. We will analyze the subgraphs

of𝐺𝑋 , which are graphs with maximum degree at most two when𝐺𝑋 is a disjoint union of cycles.

Theorem 3.5 below shows that all cospectral graphs among these are generated by a small set of

cospectral pairs in the following sense:

Definition 3.4. Let F = {(𝐹𝑖 , 𝐹 ′𝑖 ) : 𝑖 ∈ 𝐼 } be a set of cospectral pairs. The cospectrality between

two graphs𝐺 and𝐻 is generated byF if there is amultisubset 𝐽 of 𝐼 such that𝐺⊕𝑗∈ 𝐽 𝐹 𝑗 � 𝐻⊕𝑗∈ 𝐽 𝐹 ′𝑗 .
Here, ⊕ indicates disjoint union.

The specific problem of generating all cospectral graphs that are subgraphs of unions of

cycles has been analyzed by Cvetković, Simić and Stanić [7]. However, the stated result there

only identified the ‘minimal non-DS graphs’. A priori this does not exclude the existence of a

pair of cospectral graphs, both unions of paths and cycles, that is not included in the list in [7,

Theorem 3.1] because neither graph is minimal non-DS. A claim without minimality however

follows readily from an older result of [6] concerning the generation of all graphs with spectral

radius at most two:

Theorem 3.5 (Cvetković and Gutman [6]). Let Γ, Γ′ be a pair of cospectral graphs with maximum
degree bounded by 2. Then the cospectrality is generated by {(𝐶2𝑛 + 2𝑃1,𝐶4 + 2𝑃𝑛−1) : 𝑛 ≥ 3} ∪
{(𝐶4 + 2𝑃𝑛−1,𝐶2𝑛 + 2𝑃1) : 𝑛 ≥ 3}

Proof. The spectral radius is bounded by the maximum degree, so the graphs we consider have

spectral radius at most 2. Equations (2a)-(2i) in [6] gave a set of pairs of graphs F that generate all

cospectralities among graphswith spectral radius at most 2. Hence there are some (𝐹 𝑗 , 𝐹 ′𝑗 ) 𝑗∈ 𝐽 ∈ F
such that Γ ⊕𝑗∈ 𝐽 𝐹 𝑗 � Γ′ ⊕𝑗∈ 𝐽 𝐹 ′𝑗 . Each component that is not a cycle or path only appears in

one equation among (2a)-(2i). Hence, since Γ, Γ′ have maximum degree bounded by 2, it holds

for any pair (𝐹 𝑗 , 𝐹 ′𝑗 ) with 𝑗 ∈ 𝐽 including such a component that there must be a 𝑘 ∈ 𝐽 such

that (𝐹𝑘 , 𝐹 ′𝑘 ) = (𝐹 ′𝑗 , 𝐹 𝑗 ). We could remove 𝑗, 𝑘 from 𝐽 and still have a valid isomorphism. Only

Equation (2c) in [6], which involves 𝐹 𝑗 := 𝐶2𝑛 + 2𝑃1 and 𝐹
′
𝑗
:= 𝐶4 + 2𝑃𝑛−1, does not involve any

components with maximum degree ≥ 3. We conclude that this pair must generate all pairs of

cospectral graphs with maximum degree bounded by 2. □
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It follows that cospectral mates with maximum degree 2 differ by at least three components:

Lemma 3.6. Let Γ, Γ′ be non-isomorphic cospectral graphs both with maximum degree bounded by
2. Then, there exist 𝑛, 𝑘 ≥ 2 with 𝑛 ≠ 𝑘 such that Γ has at least one more 𝐶2𝑛 and two components
𝑃𝑘−1 more than Γ′ and Γ′ has a 𝐶2𝑘 and two 2𝑃𝑛−1 components more than Γ.

Proof. Let Γ =
∑𝑠

𝑖=1 𝑎𝑖𝐶𝑖 +
∑𝑠

𝑗=1 𝑏 𝑗𝑃 𝑗 and Γ′ =
∑𝑠

𝑖=1 𝑎
′
𝑖𝐶𝑖 +

∑𝑠
𝑗=1 𝑏

′
𝑗𝑃 𝑗 for some large enough 𝑠 . We

claim that it then follows that

2𝑎2𝑖 + 𝑏𝑖−1 = 2𝑎′
2𝑖 + 𝑏′𝑖−1 for all 1 ≤ 𝑖 ≤ 𝑠 + 1. (3.4)

Indeed, (3.4) holds true if Γ = 𝐶2𝑛 + 2𝑃1 and Γ′ = 𝐶4 + 2𝑃𝑛−1, and the general case then follows

from Theorem 3.5 by considering unions; recall Definition 3.4.

The graphs Γ and Γ′ are cospectral with the same number of cycle components but not

isomorphic. Theorem 3.5 implies that they cannot differ in the odd cycles and (3.4) implies that

they cannot only differ in the paths, so there is an 𝑛 ≥ 2 such that 𝑎2𝑛 > 𝑎′
2𝑛 and a 𝑘 ≠ 𝑛 such

that 𝑎2𝑘 < 𝑎′
2𝑘
. From (3.4) for 𝑖 = 𝑛, 𝑘 we get that there is 𝑛, 𝑘 such that the lemma holds. □

Lemma 3.7. Let 𝐺 and 𝐻 be cospectral graphs with maximum degree 2. Assume that there exists
vertices 𝑥 ∈ 𝐺 and 𝑦 ∈ 𝐻 such that the subgraphs𝐺 \ 𝑥 and 𝐻 \𝑦 are isomorphic disjoint unions of
paths. Then, 𝐺 and 𝐻 are isomorphic.

Proof. The graphs𝐺 and 𝐻 can be formed from a union of paths by adding a vertex with degree

at most 2, so they can have at most one cycle. Assume that 𝐺 and 𝐻 are not isomorphic. Then,

Lemma 3.6 implies that there exist 𝑛, 𝑘 ≥ 2 with 𝑛 ≠ 𝑘 and

𝐺 = 𝐶2𝑛 + 𝐹 and 𝐻 = 𝐶2𝑘 + 𝐹 ′, (3.5)

for unions of paths 𝐹 and 𝐹 ′ with the property that 𝐹 has at least two components 𝑃𝑘−1 more

than 𝐹 ′. However, using the assumption that the vertex-deleted graphs are isomorphic unions

of paths in (3.5) implies that 𝑃2𝑛−1 + 𝐹 � 𝑃2𝑘−1 + 𝐹 ′. Thus, 𝐹 and 𝐹 ′ can differ by at most one

component, a contradiction. □

Remark 3.8. Lemma 3.7 can also be rephrased in terms of so-called overgraphs. As such it is

similar to [9, Theorem 16], but with the condition of maximum degree 2 instead of controllability.

3.2.2. No non-isomorphic switching if 𝐺𝑋 is a union of cycles.

Lemma 3.9. Let 𝑋 be the switching set of a 𝑄-switching in a graph 𝐺 . Suppose that the neighbor-
hood graph 𝐺𝑋 is a union of cycles and that 𝐺𝑋 [𝑋 ] is a union of paths. Then, with 𝐻 the graph
obtained by switching, 𝐺𝑋 [𝑋 ∪ 𝑌 ] is isomorphic to 𝐻𝑋 [𝑋 ∪ 𝑌 ] for every 𝑌 ⊆ 𝑁 (𝑋 ).

Proof. A union of cycles is determined by its spectrum (e.g., by [6]). Hence, since Lemma 3.3

implies that 𝐻𝑋 is cospectral to 𝐺𝑋 , it holds that 𝐻𝑋 is also a union of cycles and has maximum

degree 2. Further, again by Lemma 3.3,𝐺𝑋 [𝑋 ∪𝑌 ] and𝐻𝑋 [𝑋 ∪𝑌 ] are cospectral for all𝑌 ⊆ 𝑁 (𝑋 ).
We show by induction on #𝑌 that 𝐺𝑋 [𝑋 ∪ 𝑌 ] and 𝐻𝑋 [𝑋 ∪ 𝑌 ] are in fact isomorphic.

A union of paths has no cycle components, so among graphs with maximum degree at most

two it is determined by its spectrum by Lemma 3.6. Hence, 𝐺𝑋 [𝑋 ] and 𝐻𝑋 [𝑋 ] are isomorphic.

Now consider 𝑘 ≥ 1 and suppose that 𝐺𝑋 [𝑋 ∪ 𝑌 ] � 𝐻𝑋 [𝑋 ∪ 𝑌 ] for all 𝑌 ⊆ 𝑁 (𝑋 ) with
#𝑌 < 𝑘 . Pick some 𝑌 ⊆ 𝑁 (𝑋 ) with #𝑌 = 𝑘 . Let 𝑦 ∈ 𝑌 be any element. Then, 𝐺𝑋 [𝑋 ∪ 𝑌 \ {𝑦}] �
𝐻𝑋 [𝑋∪𝑌 \{𝑦}] by the induction hypothesis. Let𝑍 and𝑍 ′

be the sets of vertices in𝐺𝑋 [𝑋∪𝑌 \{𝑦}]
and 𝐻𝑋 [𝑋 ∪ 𝑌 \ {𝑦}] respectively that are not a part of a cycle component. Then, 𝐺𝑋 [𝑍 ] and
𝐻𝑋 [𝑍 ′] are obtained by deleting the same cycle components and hence isomorphic unions of

paths. Further, 𝐺𝑋 [𝑍 ∪ 𝑦] and 𝐻𝑋 [𝑍 ′ ∪ 𝑦] are cospectral, because they are obtained from the

cospectral graphs𝐺𝑋 [𝑋 ∪𝑌 ] and 𝐻𝑋 [𝑋 ∪𝑌 ] by deleting an isomorphic set of cycle components.

Lemma 3.7 now yields that 𝐺𝑋 [𝑍 ∪ 𝑦] � 𝐻𝑋 [𝑍 ′ ∪ 𝑦]. As 𝑦 is not adjacent to any of the cycle

components in 𝐺𝑋 [𝑋 ∪ 𝑌 \ {𝑦}] or 𝐻𝑋 [𝑋 ∪ 𝑌 \ {𝑦}], adding the cycle components back now

yields that 𝐺𝑋 [𝑋 ∪ 𝑌 ] � 𝐻𝑋 [𝑋 ∪ 𝑌 ]. This completes the induction. □
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Lemma 3.10. Let 𝑋 be the switching set of𝑄-switching in a connected graph𝐺 . If𝐺𝑋 is a disjoint
union of cycles, then 𝑄-switching creates an isomorphic graph to 𝐺 .

Proof. Let𝐻 be the cospectral mate of𝐺 created by𝑄-switching on 𝑋 . If𝐺𝑋 [𝑋 ] contains a cycle,
then this is one of the components of 𝐺𝑋 , say 𝐶 , by the assumption that 𝐺𝑋 is a union of cycles.

However, 𝐶 is then also a component of 𝐺 since the neighborhood graph𝐺𝑋 contains all edges

leading to vertices in𝑋 . The graph𝐺 is connected, so𝐶 = 𝐺 . Then𝐺 is isomorphic to𝐻 , because

cycles are determined by spectrum.

Now suppose that that 𝐺𝑋 [𝑋 ] is a union of paths. Then, for every 𝑌 ⊆ 𝑁 (𝑋 ) the graph

𝐺𝑋 [𝑋 ∪ 𝑌 ] is a union of paths and cycles and Lemma 3.10 yields that 𝐺𝑋 [𝑋 ∪ 𝑌 ] � 𝐻𝑋 [𝑋 ∪ 𝑌 ].
In particular, 𝐺𝑋 [𝑋 ] � 𝐻𝑋 [𝑋 ]. Let 𝑃 (𝑋 ) denote the set of components of 𝐺𝑋 [𝑋 ], which is also

the set of components in 𝐻𝑋 [𝑋 ]. We claim that it suffices to construct permutations 𝜙 : 𝑃 (𝑋 ) →
𝑃 (𝑋 ) with the following properties

(1) every path 𝐴 ∈ 𝑃 (𝑋 ) gets mapped to a path of the same length,

(2) if 𝑦 ∈ 𝑁 (𝑋 ) has 𝑖 edges to 𝐴 in 𝐺 , then 𝑦 has 𝑖 edges to 𝜙 (𝐴) in 𝐻 for 0 ≤ 𝑖 ≤ 2.

Specifically, we claim that such a 𝜙 induces an isomorphism between 𝐺 and 𝐻 .

The first property implies that there are isomorphisms between 𝐴 and 𝜙 (𝐴) for every path

𝐴 ∈ 𝑃 (𝑋 ). As 𝐺𝑋 and 𝐻𝑋 are unions of cycles, the only edges going out of 𝐴 come from the

endpoints of the path. Hence, for any path 𝐴 the set of neighbors in 𝐺 has the form {𝑦, 𝑧},
possibly with 𝑦 = 𝑧. The second property implies that at least one of the isomorphisms

1
between

𝐴 and 𝜙 (𝐴), say 𝜓𝐴, sends the neighbors of 𝑦 and 𝑧 in 𝐴 ⊆ 𝐺 to their neighbors in 𝜙 (𝐴) ⊆ 𝐻 .

The map 𝜓 : 𝑉 (𝐺) → 𝑉 (𝐻 ) which acts on a path 𝐴 ∈ 𝑃 (𝑋 ) as 𝜓𝐴 and fixes all other vertices

is then indeed an isomorphism between 𝐺 and 𝐻 . Indeed, it acts as the identity on 𝑉 \ 𝑋 , the
permutation 𝜙 ensures that it acts by an isomorphism on 𝑋 , and the choices of 𝜓𝐴 ensure that

any edges between 𝑋 and 𝑉 \ 𝑋 also get mapped to edges.

We next construct the permutation 𝜙 . Let 𝐴 ∈ 𝑃 (𝑋 ) be a path of length 𝑎. In𝐺𝑋 there are no

paths, so 𝑁𝐺 (𝐴) ≠ ∅. If 𝑁𝐺 (𝐴) = {𝑦}. Then 𝐺𝑋 [𝑋 ∪ 𝑦] � 𝐻𝑋 [𝑋 ∪ 𝑦] has one cycle of length
𝑎 + 1, so 𝑦 must also be twice adjacent to a path of length 𝑎 in 𝐻𝑋 . Define 𝜙 (𝐴) to be this path.

Now suppose that 𝑁𝐺 (𝐴) = {𝑦, 𝑧}. The component,𝑇 , containing𝐴 in𝐺𝑋 [𝑋 ∪{𝑦, 𝑧}] must be

a path or cycle, because𝐺𝑋 [𝑋 ∪{𝑦, 𝑧}] is a subgraph of𝐺𝑋 , which is a union of cycles. Moreover,

by Definition 3.2 𝑦 and 𝑧 are not adjacent and must have degree 2 in 𝐺𝑋 [𝑋 ∪ {𝑦, 𝑧}]. Thus 𝑇
can be decomposed as 𝐵-𝑦-𝐴-𝑧-𝐶 with 𝐵 = 𝐶 if and only if it is a cycle; see Figure 4. Note that

𝐺𝑋 [𝑋 ∪ {𝑦, 𝑧}] has one more component isomorphic to𝑇 than𝐺𝑋 [𝑋 ],𝐺𝑋 [𝑋 ∪𝑦] or𝐺𝑋 [𝑋 ∪ 𝑧].
The isomorphisms 𝐺𝑋 [𝑋 ∪ 𝑌 ] � 𝐻𝑋 [𝑋 ∪ 𝑌 ] imply that the same holds for 𝐻 , so 𝑦 and 𝑧 are in

the same component of 𝐻𝑋 [𝑋 ∪ {𝑦, 𝑧}].
Additionally, adding 𝑦 to 𝐺𝑋 [𝑋 ] removes paths of length 𝑎 := #𝐴 and 𝑏 := #𝐵, and adds one

of length 𝑎 + 𝑏 + 1. It then follows from 𝐺𝑋 [𝑋 ] � 𝐻𝑋 [𝑋 ] and 𝐺𝑋 [𝑋 ∪ 𝑦] � 𝐻𝑋 [𝑋 ∪ 𝑦] that 𝑦
must be adjacent to paths 𝐴𝑦, 𝐵𝑦 of length 𝑎 and 𝑏 in 𝐻𝑋 [𝑋 ∪𝑦]. Similarly, 𝑧 is adjacent to paths

𝐴𝑧,𝐶𝑧 of length 𝑎 and 𝑐 = #𝐶 in 𝐻𝑋 [𝑋 ∪ 𝑧]. Moreover, since 𝑦 and 𝑧 are in the same component

of𝐻𝑋 [𝑋 ∪{𝑦, 𝑧}], at least one of these paths must connect𝑦 and 𝑧. We claim moreover that there

must be a connecting path of length 𝑎. Indeed, the only case in which this would not occur is if

𝐴𝑦 ≠ 𝐴𝑧 and𝐶𝑧 = 𝐵𝑦 with 𝑏 = 𝑐 ≠ 𝑎. Then, the component𝑇 of 𝐻𝑋 [𝑋 ∪ {𝑦, 𝑧}] containing 𝑦, 𝑧 is
a path of length 2𝑎 +𝑏 + 2, which contradicts that it has length 𝑎 +𝑏 + 𝑐 + 2 by the decomposition

𝐵-𝑦-𝐴-𝑧-𝐶 in 𝐺𝑋 [𝑋 ∪ {𝑦, 𝑧}] with 𝐵 ≠ 𝐶 when 𝑇 is a path.

Hence there is at least one path of length 𝑎 in 𝐻𝑋 that is adjacent to 𝑦 and 𝑧. If there is exactly

one such path define 𝜙 (𝐴) to be this path. In case there are two such paths, which may happen

if 𝐵 = 𝐶 and 𝑏 = 𝑎, then 𝑦 and 𝑧 are part of a cycle 𝑧-𝑃𝑎-𝑦-𝑃𝑎-𝑧 in 𝐻𝑋 and hence in𝐺𝑋 . Let 𝐴 and

𝐴̃ be these 𝑃𝑎 paths in 𝐺𝑋 . Map 𝐴 and 𝐴̃ to the two 𝑃𝑎 paths in 𝐻𝑋 adjacent to 𝑦, 𝑧 (either order

works). The map we have defined here is injective and must therefore be a permutation. It has

the required properties and hence extends to an isomorphism between 𝐺 and 𝐻 . □

1
A path of nontrivial length has automorphism group of order 2. Thus, there are typically two isomorphisms between

𝐴 and 𝜙 (𝐴) , except if 𝐴 is a point in which case there is only one.
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Figure 4. The proof of Lemma 3.10 constructs an isomorphism𝐺 � 𝐻 based on a permutation 𝜙

of the paths in𝐺𝑋 [𝑋 ] and 𝐻𝑋 [𝑋 ]. This permutation has the property that for every 𝑦, 𝑧 ∈ 𝑁 (𝑋 )
adjacent to a path 𝐴 ⊆ 𝐺𝑋 [𝑋 ] in𝐺 , it holds that the path 𝜙 (𝐴) ⊆ 𝐻𝑋 [𝑋 ] is adjacent to 𝑦, 𝑧 in 𝐻 .

3.3. Proofs of Theorems 3.1 and 1.7.

Proof of Theorem 3.1. Consider some 𝑘 × 𝑘 orthogonal matrix 𝑄 with no integral rows such that

the 𝑄-switching creates a cospectral mate. Let 𝑋 be the switching set. Then 𝑄𝑇 𝑣 ∉ {0, 1}𝑘 for

every vector 𝑣 ∈ {0, 1}𝑘 with exactly one entry equal to one, because 𝑄 has no integral rows.

Thus, any vertex adjacent to a switching set 𝑋 has at least two neighbours in 𝑋 . The assumption

that 𝐺 has minimum degree ≥ 2 hence implies that the neighborhood graph 𝐺𝑋 has again has

minimum degree ≥ 2 since vertices in 𝑋 keep the same degree, while all vertices in 𝑁 (𝑋 ) have
at least two neighbours in 𝑋 .

Graphs for which all vertices have degree 2 are disjoint unions of cycles. Since the switching

creates a non-isomorphic graph, Lemma 3.10 implies that there must be a vertex 𝑣0 in 𝐺𝑋 with

deg(𝑣0) > 2. Now take a cycle 𝐶0 of 𝐺𝑋 containing 𝑣0. By definition of 𝐺𝑋 , no pair of vertices

outside 𝑋 are adjacent. Hence,

#(𝐶0 ∩ 𝑋 ) ≥ #(𝐶0 \ 𝑋 ). (3.6)

We next extend 𝐶0 to obtain a graph with at most 2#𝑋 + 1 vertices and more edges than vertices.

Given that 𝑣0 has degree > 2 in 𝐺𝑋 , there must be a vertex 𝑣1 outside of 𝐶0 adjacent to 𝑣0.

Consider a path 𝑃 = 𝑣1𝑣2, . . . , 𝑣𝑖 in 𝐺𝑋 \ 𝐶0 that starts from 𝑣1 and can not be extended to a

longer path. That the path can not be extended means that all neigbours of 𝑣𝑖 in 𝐺𝑋 are in

𝐶0 ∪ {𝑣1, . . . , 𝑣𝑖−1}. Given that 𝐺𝑋 has minimal degree ≥ 2, it must then hold that 𝑣𝑖 has at least

two neighbors in 𝐶0 ∪ {𝑣1, . . . , 𝑣𝑖−1}. (See Figure 5.) Either way the subgraph of 𝐺𝑋 induced by

𝐶0 ∪ {𝑣1, . . . , 𝑣𝑖 } is connected and has at least #𝐶0 + 𝑖 + 1 edges since the path 𝑃 has 𝑖 − 1 edges,

and we gain two edges from the connections with 𝑣1 and 𝑣𝑖 .

Further, the path satisfies that #(𝑃 ∩ 𝑋 ) + 1 ≥ #(𝑃 \ 𝑋 ) since every vertex outside 𝑋 must

be followed by one in 𝑋 , except for possibly the final one. Hence, the number of vertices in the

constructed subgraph satisfies that

#𝐶0 ∪ 𝑃 = #(𝐶0 ∪ 𝑃) ∩ 𝑋 + #(𝐶0 ∪ 𝑃1) \ 𝑋 ≤ 2#(𝐶0 ∪ 𝑃1) ∩ 𝑋 + 1 ≤ 2#𝑋 + 1. (3.7)

Thus, 𝐺 has a connected subgraph on ≤ 2#𝑋 + 1 vertices with strictly more edges than vertices,

namely the graph induced by 𝐶0 ∪ 𝑃 . This concludes the proof. □

Figure 5. The proof of Theorem 3.1 constructs the required subgraph by considering a cycle

𝐶0 ⊆ 𝐺𝑋 with a vertex 𝑣0 of degree ≥ 3 and creates a second cycle by considering maximal path

in𝐺𝑋 \𝐶0 starting from a neighbour 𝑣1 of 𝑣0. In the depicted example, such a path 𝑣1𝑣2 . . . 𝑣6 can

be found by taking 𝑣6 to be one of the circled vertices.
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Remark 3.11. The condition that the graph has minimum degree 2 is essential in Theorem 3.1.

Even with only one vertex of degree 1 it is possible for a switching method to create non-

isomorphic graphs with only one cycle in the neighborhood graph 𝐺𝑋 ; see Figure 6 for example.

Figure 6. (Left) In this example, there is a single cycle in the neighborhood graph 𝐺𝑋 and a

single node of degree one. Non-isomorphic pending graphs 𝐾1, . . . , 𝐾4 are attached to 𝑁 (𝑋 ).
(Right) Godsil–McKay switching (recall Example 1.5) yields a non-isomorphic graph, as may be

verified by considering the degrees of the neighbors of the unique vertex with a pending 𝐾4.

Proof of Theorem 1.7. Recall from the start of Section 3 that any switching of size ≤ 𝑚 corre-

sponds to a𝑄-switching for some 𝑘 ×𝑘 orthogonal matrix𝑄 with 𝑘 ≤ 𝑚. Hence, since the 2-core

of a connected graph is always again a connected graph and has minimum degree ≥ 2, it follows

from Theorem 3.1 that

ℙ
(
Core2 (𝐶giant) admits a switching of size ≤ 𝑚 that yields a non-isomorphic graph

)
(3.8)

≤
∑︁

𝑘≤2𝑚+1
ℙ(Core2 (𝐶giant) has a subgraph with 𝑘 vertices and ≥ 𝑘 + 1 edges).

Here, for any graph 𝐻 on 𝑘 vertices with 𝑒 edges, it holds with𝐺 the original𝐺 (𝑛, 𝑝) graph that

ℙ
(
𝐻 ⊆ 𝐺

)
≤

𝑛∑︁
𝑣1,...,𝑣𝑘=1

ℙ
(
𝐺 [𝑣1, . . . , 𝑣𝑘 ] has at least 𝑒 edges

)
= 𝑂

(
𝑛𝑘𝑝𝑒

)
. (3.9)

Note that 𝑛𝑘𝑝𝑒 = 𝜆𝑒/𝑛𝑒−𝑘 tends to zero if 𝜆 = 𝑜 (𝑛 𝑒−𝑘
𝑒 ). In particular, for any fixed 𝑘 , it follows

that with high probability the 𝐺 (𝑛, 𝑝) graph (and hence also the 2-core of its giant component)

has no subgraphs with ≤ 𝑘 nodes and ≥ 𝑘 + 1 edges if 𝜆 = 𝑜 (𝑛1/(𝑘+1) ). The assumption that

𝜆 = 𝑜 (𝑛1/(2𝑚+2) ) now yields that (3.8) tends to zero as 𝑛 → ∞, concluding the proof .

□

4. Numerical evidence

We finally consider numerical evidence for a variant of Conjecture 1.3 with adjacency cospec-

trality replaced by ℝ-cospectrality. This setting allows the application of algorithms by Wang

and Wang that can certify that a given graph is determined by its ℝ-spectrum, or search for an

ℝ-cospectral mate if it is not [26]. Those algorithms are applicable to graphs that are controllable

or almost controllable, meaning that the matrix𝑊 ∈ ℤ𝑛×𝑛
with columns 𝑒, 𝐴𝑒, . . . , 𝐴𝑛−1𝑒 must

satisfy rank(𝑊 ) ≥ 𝑛 − 1 where 𝐴 is the adjacency matrix and 𝑒 = (1, . . . , 1)𝑇 .

4.1. Main findings. We generated random graphs for varying average degree 𝜆 > 1 and number

of nodes 𝑛 and applied the algorithms from [26], with some additional optimizations discussed

below in Section 4.2. The results are presented in Table 1. Our conclusions are as follows:

On the frequency of ℝ-cospectrality: From the total 100 × 22 sampled graphs, the giant’s

2-core was only certified to beℝ-cospectral for a total of 6 samples while many samples were

proven to be determined by the ℝ-spectrum. The main caveat is that there is a nontrivial

fraction of graphswhere the algorithm is inconclusive for small 𝜆. Formoderate-sized average

degree we see that the algorithm certifies that many graphs are determined by their ℝ-

spectrum; this was the case for all but one samples for 𝜆 = 5.

14



Non-controllability: The primary culprit for the inconclusive cases is that the probability that

rank(𝑊 ) < 𝑛−1 is fairly large for small 𝜆.2 For instance, we find that this probability is on the

order of 50% when 𝜆 = 1.2. Given the philosophy in random matrix theory that singularity

should typically arise from local obstructions [3, 4, 5, 10, 11, 21], and that our Theorem 1.7

shows that local obstructions should not cause cospectrality, it seems plausible that most of

the graphs in Table 1 with rank(𝑊 ) < 𝑛 − 1 may also be determined by their ℝ-spectrum.

In summary, the data where the algorithms are conclusive gives strong evidence that the 2-core

should typically be determined by its ℝ-spectrum when it is controllable or almost control-

lable, and it seems plausible that the non-controllable cases may also often be determined by

ℝ-spectrum. This supports the variant of Conjecture 1.3.

𝜆 𝑛
Average Determined

ℝ-cospectral
Inconclusive

#𝑉 (Core2)) by ℝ-spectrum rank(𝑊 ) < 𝑛 − 1 Terminated

1.2

50 4.4 54 0 46 0

100 6.9 50 0 49 1

200 10.6 49 0 51 0

500 26.3 35 0 61 4

1000 49.3 36 1 61 2

2000 110.0 39 0 52 9

1.5

50 9.8 36 0 63 1

100 21.2 49 0 49 2

200 42.7 50 1 45 4

500 106.9 55 0 39 6

1000 216.8 48 0 44 8

2

50 23.9 67 1 29 3

100 49.0 72 0 14 14

200 94.9 75 0 18 7

500 233.0 70 0 16 14

2.5

50 31.6 88 1 7 4

100 65.6 87 0 5 8

200 132.2 89 2 3 6

500 329.0 91 0 6 3

5

50 48.2 100 0 0 0

100 96.2 100 0 0 0

200 191.8 99 0 0 1

Table 1. Is the 2-core of the giant component of 𝐺 (𝑛, 𝜆/(𝑛 − 1)) determined by ℝ-spectrum?

Tested using Wang and Wang’s algorithm [26] on 100 random graphs per (𝑛, 𝜆).

4.2. Algorithmic optimizations. Our code is largely a translation of the Mathematica code

from [26] to Sagemath and can be found at https://github.com/nilsvandeberg/cospectrality_spa

rse_graphs. We made two noteworthy changes to enable computation for larger graphs.

First, the algorithm requires both the elementary divisors 𝑑1, . . . , 𝑑𝑛 of a modified walk matrix

𝑊 𝑝
and the invertible matrices 𝑈 ,𝑉 ∈ GL𝑛 (ℤ) that define the similarity between𝑊 𝑝

and its

Smith normal form. The computation of 𝑉 is expensive because the entries in the walk matrices

become extremely large. However, one needs to know 𝑉 only up to a prime power depending

on 𝑑𝑛 ; see [26, Corollary 3]. Hence we need only consider𝑊 𝑝
modulo this prime power, which

can sharply reduce the values in the walk matrix and hence improve the computation time.

2
This probability is certainly bounded away from zero as 𝑛 → ∞ for fixed 𝜆 since ℙ(rank(𝑊 ) < 𝑛 − 1) ≥

ℙ(rank(𝐴) < 𝑛 − 2) and the adjacency matrix of the 2-core is rank degenerate by 3 with non-vanishing probability by

[11]. This coarse bound proves that the probability of non-controllability is nonzero, but does not determine what the

exact probability should be since it can also occur that rank(𝑊 ) < 𝑛 − 1 when rank(𝐴) = 𝑛.
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Second, for almost controllable graphs the algorithm replaces the final column of the walk

matrix to find an invertible matrix. The implementation in [26] determines this column by

computing all cofactors of the original final column of𝑊 . The resulting vector is in the kernel

of𝑊 , see e.g., [24, Proposition 1]. Hence we can also find a vector in the kernel and scale it by

computing only one of the cofactors to get the correct final column.

Even with these adjustments it is still possible for the computation to overflow or take a very

long time. We have followed the approach in [26] and terminated the algorithm if certain values

became too big. The cases where this happened are logged in the ‘Terminated’ column of Table 1.
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