A sufficient condition for generalized spectral
characterization of graphs with loops

Alexander Van Werde

Abstract. Sufficient conditions for a simple graph to be charac-
terized up to isomorphism given its spectrum and the spectrum of
its complement graph are known due to Wang and Xu. This note
establishes a related sufficient condition in the presence of loops:
if the walk matrix has square-free determinant, then the graph is
characterized by its generalized spectrum. The proof includes a
general result about symmetric integral matrices.
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1. INTRODUCTION

Let G be an undirected graph, possibly including self-loops. The spectrum of
its adjacency matrix encodes significant combinatorial information, and one may
wonder whether this is sufficient to characterize the graph up to isomorphism.
This question dates back to the 1950’s when it was posed by Giinthard and Primas
in a paper on quantum chemistry [5]. It can also be viewed a graph-theoretic
variant to Kac’s famous question “Can one hear the shape of a drum?” [9].

A significant open problems in the field is Haemers’ conjecture, which posits
that almost all graphs are characterized by their adjacency spectrum [6, 16].
Unfortunately, it is generally difficult to determine whether a given graph is
characterized by its adjacency spectrum. While there are many methods that one
can try to use to produce another graph with the same spectrum [1, 4, 14, 19],
there is no easy way to verify that a graph is characterized by its adjacency
spectrum aside from exhaustive enumeration, unless the graph belongs to some
special class whose structure can be exploited [3, 7, 15].

Notably, however, Wang and Xu [18, 20] found that tractable sufficient con-
ditions can be established if one is also given the spectrum of the complement
graph. By a theorem of Johnson and Newman [8] it is equivalent to consider
the bivariate polynomial ¢g(4,t) := det(AI — A — tJ) where A is the adjacency
matrix, J is the all-ones matrix, and I is the identity matrix. Two graphs G, H are
called R-cospectral if (A, t) = py(A,t) for all A,t € R. The graph G is said to
be characterized by its R-spectrum if any such H is isomorphic to G.
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FIGURE 1. An example of a graph with loops and associated matrices. Note that
the ij-th entry of the walk matrix counts walks of length j — 1 starting at vertex
i, explaining the terminology. It here holds that det(W) = —3. Thus, the graph
is characterized by its R-spectrum due to Theorem 1.2.

The walk matrix is defined column-wise as W := [e, Ae, ..., A" le] with e :=
(1,...,1)T the all-ones vector. An integer M € Z is square free if there does not
exist any prime p with p? | M.

Theorem 1.1 (Wang [18]). Suppose that G is simple and that det(W) /27?1 js
odd and square-free integer. Then, G is characterized by its R-spectrum.

We establish a variation on Theorem 1.1 for graphs with loops:

Theorem 1.2. Consider a graph G that possibly has loops and suppose that det(W)
is square-free. Then, G is characterized by its R-spectrum.

While Theorem 1.2 also allows simple graphs, it is vacuous in this case. Indeed,
it can be shown that 21"/ always divides the determinant of the walk matrix for
simple graphs [17, Lemma 14]. For graphs with loops, it can occur that 2% does
not divide the determinant; see Figure 1 for example. Adding loops hence has
the nice feature that it eliminates the need to treat the prime p = 2 separately.

Our proofs also enable generalizations of Theorem 1.2 where the adjacency
matrix may be replaced by an arbitrary symmetric integer matrices and the
all-ones vector by an arbitrary integer vector; see Theorem 2.12. Aside from
its independent interest, this general setting is helpful to simplify probabilistic
analysis, which was our main motivation for the present paper. In particular,
random matrix models that are expected to behave similarly to graphs with loops
are analyzed in a forthcoming work of Lvov and the present author [10], leading
to conjectures for the satisfaction frequency of Theorem 2.12 when the integer
vector is also taken to be random. We return to this point in Section 3.

2. Proor oF THEOREM 1.2

We establish a result in a more general framework. Consider a vector { € Z"
and an integral matrix X € Z™" that is symmetric X = X". Two pairs (X, {) and
(Y, n) are isomorphic up to sign if there exists a signed permutation S such that
SXST =Y and S{ = 5. A signed permutation is a matrix of the form S = PD with
P € {0, 1}™" a permutation and D a diagonal matrix with diagonal entries +1.
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Note that the polynomial ®x ; (4, t) := det(AI — X — t{{'") is an invariant for
this notion of isomorphism. The pair (X, {) is characterized by ®-spectrum if ev-
ery (Y,n) with ®x ; = @y, is isomorphic up to sign. Observe that restricting this
notion to adjacency matrices of graphs with { = e recovers R-spectral characteri-
zation because nonnegative matrices are related through a signed permutation if
and only if the signs can be taken to be positive, and because permutation corre-
sponds to graph isomorphism. We establish a sufficient condition for ®-spectral
characterization in Theorem 2.12 that recovers Theorem 1.2 as a special case.

A condition related to Theorem 1.1 for a (simple) graph to be characterized
by the ®-spectrum with a vector different from the all-ones vector was studied
by Qiu, Ji, Mao, and Wang [12] motivated by the fact that Wang’s condition
[20] is not applicable to regular graphs. Further, conditions for integral matrices
with diagonal zero have been considered by Miao, Li, and Zhang [11]. Symmetric
integral matrices with nonzero diagonal, as are necessary in the presence of loops,
have also been studied by Wang and Yu [21], who established conditions of a
different nature using the discriminant of the characteristic polynomial instead of
the determinant of the walk matrix. One can combine [21] with our subsequent
results to achieve more powerful sufficient conditions; see Remark 2.13.

Our proof takes inspiration from recent work by Qui, Wang, Wang, and Zhang
[13] who established a refinement of Wang’s condition [20] with a new approach
that is cleaner than previous works in the literature. We justify that the approach
can also be made to work in the presence of loops, giving different arguments
in some places; see also the discussion preceding Lemma 2.6. Further, the full
strength of [13] was not needed for Theorem 1.2 and we developed alternative
claims and proofs in a number of steps to achieve further simplifications.

2.1. Characterization in terms of orthogonal matrices. The following char-
acterization of ®-cospectrality is analogous to one for R-cospectrality that was
first discovered by Johnson and Newman [8]. Alternative proofs and extensions
have since also appeared [2, 12, 20, 22]. We give a proof for completeness.

Lemma 2.1. Two pairs (X, {) and (Y, ) are ®-cospectral if and only if there exists
an orthogonal matrix Q € R™" withQ{ = n and QXQ" =Y.

Proof. That the existence of an orthogonal matrix Q with QXQ" =Y and Q¢ =5
implies ®-cospectrality is clear, since we then have

det(AI - X —t{{7) =det(QAMI =X —t{{T)QT) =det(AL-Y —tyn"). (2.1)

Now assume ®-cospectrality, and let us establish the existence of some Q.
Consider some arbitrary A that is not an eigenvalue of X, nor of Y. Using that
X — Al is then invertible and that det(I—ow') =1 —0"w for every v, w € R",

Dy (A, 1) = det(Al — X) det(I - t(AL - X)7'¢LT)
= det(AI - X)(1 - t{T(AI - X)710). (2.2)

In other words, ®x (A, 1) = Ox¢(A,0)(1 -t (Al - X)~1{). Using the same
identity applied to @y, and the assumption of ®-cospectrality now yields that

TA=X)T1 =T (AL-Y)™'n, (2.3)
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Let 0 € R be the spectrum of X, which is also the spectrum of Y. Further,
for every u € o let V(X, ) € R" denote the corresponding eigenspace of X,
and let Py(x ) be the associated orthogonal projection. Then, (AI — X)™!' =
Dpes(A— 1) ""Py(x ) and a similar identity applies to (AI—-Y)~'. Hence, by (2.3),
Z 1Py x,n ¢ II? _ Z ”PV(Y,,u)U”z. (2.4)

A—u A—u

HET HECT

This implies that ||Pyx )¢l = [|Py(y,unll for every u € o.

The assumption of ®-cospectrality implies, in particular, that dim(V (X, ) =
dim(V (Y, u)) for every p € o since algebraic multiplicity is equal to geometric
multiplicity for symmetric matrices. It now follows from the fact that ||Py x ;) (|| =
IPy (vl that there exist orthogonal operators Q,, : V(X, ) — V (Y, p) satisfy-
ing Q,Py(xn{ = Py(yun. Fix these Q, from here on. Then, since ®,e,V (X, p1)
and @,V (Y, 1) are decomposition of R" into orthogonal subspaces, there exists
a unique orthogonal transformation Q : R" — R” with Q(V/(X, )) = V(Y, p)
and Q |y(x )= Q. This transformation satisfies that for every y € o,

QPy(x Q" =Py(vy and QPyx;¢ =Py(yun. (2.5)

Combine (2.5) with the fact that X = >, pPy(xy) and { = X,c; Py(xp¢ to
conclude that QXQ" =Y and Q¢ = 5.
O

2.2. Constraints on the orthogonal matrix. From here on, let us fix ®-cospectral
(X,n) and (Y, n) and let Q be an orthogonal matrix as in Lemma 2.1. Further,
define the walk matrix of (X, {),

Wx, = [{ X¢ ..., X" (2.6)
Our goal is to deduce constraints on Q based on the properties of Wx ;.
Lemma 2.2. Assume that det(Wx ) # 0. Then, it holds that Q € Q™.
Proof. By using that Q{ = n and repeatedly using that QX = YQ,

QWX,QV = WY,n- (2.7)
The determinant being nonzero means that Wy is invertible over Q. Hence,
Q= WY,,,W;(} is indeed rational. O

From here on, we adopt as a running assumption that det(Wx ) # 0. The
level of the rational orthogonal matrix Q is the least integer ¢ with the property
that £Q € Z™". It holds that £ = 1 if and only if Q is a signed permutation, so
the goal becomes to bound #.

Lemma 2.3. The level ¢ of Q satisfies ¢ | det(Wx ).

Proof. The adjoint formula for the inverse implies that det(WX,g)W;(lg is an in-
tegral matrix. That Q = WY’,]W)_(lg by (2.7) then implies that also det(Wx /)Q €
Z™", The desired result now follows by the minimality of ¢. O
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Lemma 2.3 implies that every prime divisor of £ also has to be a prime divisor
of det(Wx ). This is however not sufficient to ensure that £ = 1 because the
determinant typically has nontrivial prime divisors.

Given an integral matrix M € Z™" let rank, (M) denote the rank of M mod p
over [, := Z/pZ. Then, p | det(Wx ) if and only if rank,(Wx ) < n — 1. The
following Lemma 2.4 hence implies that Theorem 1.2 would follow if we could
show that every vector in the kernel of Wx ; over [, is also in the kernel of Wy,:

Lemma 2.4. Suppose that rank,(Wx ;) < n— 1. Moreover, assume that everyV €
Z" with Wx /V = 0 mod p satisfies Wy,,V = 0 mod p. Then, £ | det(Wx)/p.

Proof. That rank,(Wx ) < n — 1 means that there exist vy, ...,0,-1 € Z that are
not all congruent to zero with 3./ v;X'{ = 0 mod p. Possibly multiplying this
relation with a power of X, we may assume that v,_; # 0 mod p. Further, we
can assume that v,_; = 1. At any rate, the following matrix is still in Z"*":

N 1=
Wx = gV,XgV,...,Xn_ZQV,—ZUinéV}, (2.8)
P =
Moreover, since V := (vg,...,v,_1)" is also in the kernel of Wy, modulo p by

assumption, the matrix V~VY,,7 defined similarly to (2.8) is also an element of Z"™".
Using that v,_; = 1 and the basic properties of the determinant,

det(Wxy) = % det(Wxy). (2.9)

In particular, the running assumption that det(Wx ) # 0 yields that VNVx,g is
invertible over Q. Now, using that QX = YQ and Q¢ = 5, we also have QVNng =
VNVY,,7 and hence Q = WY,UVV)—(’%. Consequently, det(WX)g)Q € Z™" exactly as in
the proof of Lemma 2.3, and the desired result follows from (2.9). O

2.3. Comparing the kernels of the walk matrices. It will be useful to assume
not only that rank,(Wx ) < n — 1 but that even equality holds. This is justified
by the following:

Lemma 2.5. Supposethatp | det(Wx ) but p* ¢ det(Wx). Then, rank,(Wx ) =
n—1 andrank,(Wy,) =n— 1.

Proof. That p | det(Wx ) implies that rank,(Wx ) < n — 1. We show that the
inequality can not be strict. Suppose to the contrary that rank,(Wx ) < n - 2.
Then, there exists M € Z™" with M mod p invertible over [, such that Wwy gM
has two columns congruent to 0 modulo p. The multilinearity of the determinant
then yields p* | det(Wwy ,M). Here, det(Ww, M) = det(Ww,,) det(M) and p ¢
det(M) by the invertibility of M over F,,. Hence, p? | det(Wx,), a contradiction.

We have shown that rank,(Wx ;) =n—1if p | det(Wx ) and p? t det(Wx ).
It also follows that rank,(Wy,) = n — 1 since (2.7) yields that det(Wx,) =
+ det(Wy,;) using that det(Q) = +1 for any orthogonal matrix Q. O



The following result generalizes [13, Lemma 2.6] whose proof uses that their
graph is simple so that a coefficient of the characteristic polynomial is zero. This
is helpful in [13] because their proof relies on a system of equations involving
these coeflicients. An extension to a case with nonzero trace also seems to be
implicitly used in [13, Corollary 1], but explicit argumentation was there omitted.

Aside from making it explicit that an extension to a setting with nonzero trace
is possible, the following alternative argument simplifies the proof by eliminating
the need to chase coeflicients through a system of equations altogether.

Lemma 2.6. Suppose thatrank,(Wx ) = n—1 andrank,(Wy,) = n—1. Further,
assume that ¢x(A) = det(Al — X) does not have two distinct roots in F,. Then,
WxV = 0mod p and Wy,,V = 0 mod p have the same solutions V.

Proof. That rank,(Wx ) = n— 1 implies that any nonzero polynomial / € [, [A]
with (X){ = 0 mod p has degree no less than n — 1. Indeed, the vectors of
the coefficients for /(1) and Ay/(1) would otherwise induce two independent
relation on the columns of the walk matrix. In particular, the minimal polynomial
of { for the matrix X, denoted pix /(A1) € F,[A], has degree no less than n — 1.

Now consider some vector V. = (vg,...,v0,—1)" and define a polynomial in
Fp[A] by ¢ (A) = " ;A mod p. That Wx /V = 0 mod p is then equivalent to
the statement that v (X){ = 0 in F;. Note that v has degree < n—1 to conclude
that Wx V' = 0 mod p if and only if ¢y = cux, for some ¢ € F,. In particular,
we have that deg(ux ;) = n — 1 since the assumption that rank,(Wx ;) <n -1
implies that there exists at least one V # 0 mod p with Wx /V = 0 mod p.

Similar conclusions apply if X and { are replaced by Y and 5, respectively. It
now suffices to show that ux; = py,;. To this end, we next exploit that ¢x = ¢y
due to the running assumption of ®-cospectrality.

The Cayley—Hamilton theorem yields that px(X) = 0. In particular, we have
¢x(X){ = 0 mod p which means that yx ; divides ¢x mod p. Hence, considering
that deg(ux ;) = n — 1 and deg(¢x) = n, there exists some A, € F, with

ox (D) = (A= Ao)pxs(A) mod p. (2.10)
Similarly, ¢y(A) = (A = A() pty,;(A) mod p for some A € F,,. Using that gy = ¢x
and that ¢x has no two distinct roots here yields Ay = Aj. Then also ux; = py,
since [, [4] is a unique factorization domain. This concludes the proof. O

The assumption on the roots of ¢x that is required to apply Lemma 2.6 is
unfortunately not always satisfied. To enhance the result’s applicability, we can
instead consider the matrices defined for t € Z by

L =X+, Y =Y +tny'. (2.11)

These matrices are still ®-cospectral. Further, for every i > 0 direct computation
yields co, . . .,ci—1 € Z[t] depending on X, { with 27¢ = X'{ + Z;_:lo ¢;X/{, which
implies that W o, » has the same determinant and rank as Wx ; for every fixed ¢.

Corollary 2.7. Suppose thatrank,(Wx ) = rank,(Wy,;) = n—1. Further, assume
that we are given some ty € Z such that ¢g, (A) has no two distinct roots in [.
Then, Wg, ;V =0 mod p and Wy, ,V = 0 mod p have the same solutions V.

Proof. This is immediate from Lemma 2.6. O
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We show in Lemma 2.6 that there exists a value of ¢, for which Corollary 2.7
is applicable, after which we conclude in Section 2.4. First, some preparatory
lemmas are required. Recall the definition of ®x ; from the start of Section 2.

Lemma 2.8. There exist ¢1, ¢s, f € Fp[A] with ged(¢y, ¢2) = 1 such that

Dx (A1) = B(A)(h1(A) + t2(4)) mod p. (2.12)
Proof. Expanding the determinant in the definition of ®x  yields that
n n
Oxc (M) = D et (2.13)
i=0 j=0

for certain ¢; ; € Z. In fact, computing the determinant in an orthonormal basis
containing {'/||{]| by Laplace expansion shows that that ¢; ; = 0 for j > 2. (This
also follows from (2.2).) Now reduce (2.13) modulo p and factor out (1) as the
greatest common divisor of Y,/ c;oA/ and .7, ¢; 1A/ to find (2.2). O

Lemma 2.9. Suppose thatp | ¢ andrank,(Wx ;) = n—1. Then there exists Ay € F,,
with f(Ag) = 0 mod p and there does not exist any Ay # Ay with f(1;) = 0 mod p.

Proof. Recall from (2.7) that QWx, = Wy,,. Hence, using that p | £, it holds
that W gV(t’Q)T = 0 mod p. Therefore, rank,(¢Q") = 1 by the assumption that

rank,(Wx ) = n—1and the minimality of ¢. Thus, there exists z € [ \ {0} with

{1z:1eF} ={(tQN)(v) :v e F)} ={q e F} : Wy ,q = 0}. (2.14)

The vector Xz is again in the image of QT since XQT = Q"Y. Hence, Xz = Aoz
for some A € [,. Moreover, since ¢ is a column of Wy ¢, it follows from (2.14) that
z'{ =0inF, and hence (X + t{{")z = Ayz for all t. Thus, @x (1o, t) = 0 mod p
for every t. This implies that f(Ay) = 0 by using that gcd(¢;, ¢2) = 1in (2.12).

It remains to show that  does not admit other roots in [F,,. Suppose to the
contrary that f(A;) = 0 mod p for A; # A¢. Then, ®x s(4;,t) = 0 mod p for every
t. Hence, for every ¢ there exists v; € F} \ {0} such that

(X + t{ Moy = Moy (2.15)
Using this for ¢ € {0,1} yields {{ "oy = (411 - X)o; and v, (141 — X) = 0. Hence,
(99 O)({T01) =03 (£T01) = vg (M1 = X)o; = 0. (2.16)

Thus, ("o, = 0 for some t € {0, 1}. However, this yields W;{’é,vt =0 by (2.15) and
the definition (2.6) of Wx /. Then v; is a multiple of z by (2.14), a contradiction
since these are eigenvectors of X + t{{" with different eigenvalues and hence
linearly independent. Thus, A; = Ay, concluding the proof. O

Lemma 2.10. Suppose that p | ¢ and rank,(Wx;) = n — 1. Then, there exists
some ty € [, such that pg, (1) has exactly one root in F).

Proof. Let Aq be as in Lemma 2.9. Then, using that ¢g, (1) = ®x (4, to), it suffices
to show that there exists some ty € [, such that ¢ (1) +2o¢2(4) # 0forall A # A,.

Suppose to the contrary that for every t € [, there exists A; € F,, \ {A¢} with
d1(Ay) +tp2(As) = 0. Then, by the pidgeonhole principle, there exist t; # t; with
A1 = A,. However, this implies that ¢; (A1) = 0 and ¢2(A;) = 0 contradicting the
definition that gcd(¢, ¢2) = 1 in Lemma 2.8. This proves the desired result. O
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2.4. Proof of the sufficient condition. It remains to combine the preceding:
Proposition 2.11. Consider some prime p such that p* 1 det(Wx ;). Then, p 1 ¢.

Proof. Assume to the contrary that p | £ and p® 1 det(Wx). Due to Lemma 2.3
it is sufficient to consider the case where p | det(Wx ).

Then, Lemma 2.5 implies that Wx ; and Wy, both have rank n — 1 over [,.
Lemma 2.10 then yields some f, such that ¢4, (1) has exactly one root in F),
ensuring that the assumption of Corollary 2.7 is satisfied so that Wg, V' =
0 mod p and Wy, ,V = 0 mod p have the same solutions V. Lemma 2.4 now
yields that ¢ | det(W g, s)/p since the orthogonal matrix Q also satisfies Q2;Q" =
%; and Q( = 1. We conclude that p { ¢ since det(Wg, ;) = det(Wx). O

Note that the following result implies Theorem 1.2 as a special case:

Theorem 2.12. Suppose that det(Wx ) is square free. Then, (X, {) is character-
ized up to signed permutation by the ®-spectrum.

Proof. Note that a rational orthogonal matrix Q has level one if and only if it is
a signed permutation matrix, and note that £ = 1 if and only if p 1 ¢ for every
prime p. The result is hence immediate from Proposition 2.11. O

Remark 2.13. Wang and Yu established in [21, Theorem 3.3] that every prime
factor p of the level of a rational orthogonal matrix Q with the property that
QXQ! € Z™™" has to satisfy p | Ax where Ax € Z is the discriminant of the
characteristic polynomial ¢x (1) = det(AI — X). Moreover, by [21, Lemma 4.5] it
holds that p® | Ax if p is odd. One can combine this with Proposition 2.11 for
a stronger sufficient condition: (X, ¢{) is characterized by ®-spectrum whenever
ged{Ax, det(Wx )} is square free and additionally 22 ¢ det(Wx,) or 2 1 Ax.

3. CONJECTURE FOR THE SATISFACTION FREQUENCY

As mentioned in the introduction, Theorem 2.12 is convenient for probabilistic
investigations, which was our main motivation for the present paper. In particu-
lar, analytically tractable random matrix models are analyzed in our forthcoming
work [10]. We believe that those models are in the same universality class as
graphs with loops, leading to the following Conjecture 3.1:

Conjecture 3.1 (Lvov and Van Werde [10]). Suppose that X is chosen uniformly
at random from all symmetric n X n matrices with {0, 1}-valued entries and consider
an independent random vector { that is uniform on {0, 1}". Then,

1 1 1\= 1
lim P(det(Wx ) is square-free) = | | (1 -——=—-—=+ —) | | 1- —)
n—eo ( ‘ ) p prime p2 p3 P4 kzl( p2k
=0.2943 ... (3.1)

Similar conjectures are expected to be more difficult for graphs without loops,
or if { is taken to be the all-ones vector. In particular, additional complications
are necessary in that setting related to special behavior for the prime p = 2.
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