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We prove that a sum of random matrices generated by a ¥-mixing Markov
chain has similar spectral properties to a Gaussian matrix with the same mean
and covariance structure. This nonasymptotic universality principle enables
sharp concentration inequalities when combined with recent advances in the
Gaussian literature. We illustrate the theory with examples, showing how it
enables polynomial dimensional improvements relative to previous Marko-
vian matrix concentration results when applied to Wigner-type matrices, and
how one can recover sharp limiting values for a model used to study spectral
clustering techniques.

A key challenge in the proof is that techniques based only on classical
cumulants, which can be used when summands are independent, are not suffi-
cient on their own for efficient estimates in a Markovian setting. Our approach
exploits Boolean cumulants and a change—of—-measure argument.

1. Introduction. The study of random matrices is a rich topic in probability theory with
numerous deep results and connections to other fields. Such connections are aided by the
phenomenon of universality which states that the asymptotic properties of random matrices
are remarkably robust to the entries’ distribution. For instance, a classical result is that if W
is a Wigner matrix—a symmetric d x d matrix with independent and identically distributed
entries of mean zero and unit variance—then the operator norm satisfies ||[W/||/v/d — 2 as
d — oo given only mild moment assumptions, no matter the specific law of the entries [8, 18].

Classical random matrix theory is however mostly limited to asymptotic results for homo-
geneous matrices, such as those with identically distributed entries. For settings that do not
admit an asymptotic formulation or matrices with inhomogeneous structure, the more recent
theory of matrix concentration inequalities has achieved notable success [50]. For example,
suppose that we are given self-adjoint d x d matrices X1, ..., X,, that are bounded || X;|| < R
and centered E[X;] = 0. If these matrices are independent, then the matrix Bernstein inequal-
ity of Tropp and Oliveira [35, 50] yields a constant ¢ > 0 such that

n
> X
i=1

Being applicable to any matrix that can be decomposed into independent bounded summands,
this result is quite flexible. It covers classical models as a special case, but also permits settings
where entries are neither independent nor identically distributed.

Moreover, results with dependent summands have also been developed, further enhancing
the theory’s flexibility. For example, Neeman, Shi, and Ward [32] recently achieved a variant
of (1.1) with Markovian dependence. Assume that there exists a stationary Markov chain
Z1,...,Zy, with values in some state space Z as well as matrix valued functions F; : Z —

n

E + cln(d)R. (1.1)

] <c,|In(d)

E[X?]
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C%*? such that the self-adjoint matrices can be expressed as X; = F;(Z;) for every i > 1.
Then, the Markovian matrix Bernstein inequality in [32] implies that there exists an absolute
constant ¢ > 0 with

E[ Z:X } <c i”_@l;z:

Here, 1 — A is the absolute spectral gap of the Markov chain Z and quantifies its decay of
dependence; see [32, Definition 3.1].

Such results with dependent summands have significant practical relevance as these arise
in numerous applications. For instance, sums of dependent random matrices generated by
a stochastic process are crucial in the analysis of time series [11, 22], randomness-efficient
sampling methods [19], random walk based graph embedding methods [38], convergence rates
of Hessian matrices in stochastic gradient descent [32], and state space reduction methods
in reinforcement learning [24, 41]. Matrix concentration inequalities allow analyzing such
settings with only minimal model-specific computations, while the dependencies involved
would otherwise complicate the analysis.

The flexibility however comes at a cost: most previous results are not sharp in typical ap-
plications. For example, the bound that results if one applies (1.1) to a Wigner matrix is loose
by a logarithmic dimensional factor. Moreover, note that the variance proxy || >, E[X?]| in
(1.1) is replaced by 1 >, |[E[X?]|| in (1.2). Moving the sum outside the operator norm is
insubstantial if summands are identically distributed, but it can be highly inefficient if sum-
mands encode different matrix structure as is necessary in some applications. For instance,
if (1.2) is applied to a Wigner-type matrix, then the resulting bound is loose by a factor of
order /In(d + 1)+/d; see also Section 3.1. Not only does this give a logarithmic dimensional
factor, the suboptimality is here even polynomial in the dimensionality.

+ % )R (12)

B+ 5

1.1. Universality-based concentration. With the goal to achieve sharp concentration es-
timates in dependent settings, we here pursue a relatively new approach. Our main result,
Theorem 2.4, establishes that a sum of matrices generated by a Markov chain has similar
spectral properties to a Gaussian matrix with matching covariance structure. By combining
this universality principle with results from the Gaussian literature [9, 10, 29], we then achieve
practical concentration estimates in Corollaries 2.5 and 2.6. Crucially, this is done in a flexible
nonasymptotic setting allowing nonhomogeneous covariance and dependent summands.

A key advantage of a universality-based approach is that it enables a leading-order term
that only depends on the covariance structure of the summed matrix. Direct dependence on the
summands or on the specific structure of the Markov chain only occurs through lower-order
terms coming from the approximation error in the universality statement. In particular, this
yields better variance proxies than are used in [11, 19, 22, 32, 38]. Moreover, by relying on
recent advances in the Gaussian literature [9, 10], we can achieve a sharp estimate of the form

o] < [ (%)

Here, 1 < Ciee < 2 is a sharp free-probabilistic constant with explicit dependence on the
covariance structure of the summed matrix, and the error term € has explicit dependence on
the model parameters and is small in typical applications; see Corollary 2.5.

Universality hence enables sharp results that are inaccessible though previous results with
dependencies. We achieve an optimal constant on the main term that, in particular, removes
the often-suboptimal logarithmic factor if ¢ is sufficiently small; note that Ce < 2. More-
over, even if one does not care about constants or logarithms, the main term in (1.3) has a

‘ ©eln(d). (1.3)



natural variance proxy that can yield significant improvements relative to results like (1.2)
in at least two ways. First, by having the sum inside the operator norm, the variance proxy
|E[(>,; X;)?]|| can enable polynomial dimensional improvements for applications where the
summands have different matrix structure. Second, moving the sum inside the square opti-
mally! incorporates the dependence between summands in the way that it naturally appears
in the summed matrix. In particular, this is more efficient than worst-case variance proxies of
the form D x ||E[>_, X?]|| with D a dependence coefficient for the Markov chain, like one
based on a spectral gap; see also the discussion after Lemma 3.4.

Examples illustrating the aforementioned features are given in Section 3. We briefly con-
sider matrices that are filled entry-wise by a Markov chain in Section 3.1, demonstrating that
our results recover the optimal asymptotic order for Wigner-type matrices. Next, Section 3.2
considers an application to block Markov chains. The latter are a model for Markov chains
with a cluster structure in the state space, and the properties of associated random matrices
are crucial in the analysis of spectral clustering algorithms that recover the clusters based on
an observed sample path [24, 41, 42, 54]. We use our general-purpose nonasymptotic theory
to achieve improvements of results that had been derived using model-specific asymptotic
analysis in [43, 44]; see Theorem 3.5 and Proposition 3.6.

1.2. Related work. Universality in classical random matrix theory has attracted signif-
icant attention, including efforts to relax the independence and homogeneity assumptions
[2, 16, 46]. However, most previous results adopt a semiclassical perspective where the de-
parture from the classical regime remains manageable. For instance, the asymptotic results
in [16] allow non-identically distributed and dependent entries but adopt mean-field condi-
tions limiting the amount of nonhomogeneity in the variance profile of the matrix as well as
assumptions that impose decaying correlations; see [16, Assumptions C to E].

That universality remains valid in the nonasymptotic and nonhomogeneous framework of
matrix concentration results is not explained by such semiclassical results. This is a more
recent development due to Brailovskaya and Van Handel [14] who considered a setting with
independent summands, and established that universality arises in such models through an
operator-theoretic mechanism. Their work served as an inspiration for our investigations. As
discussed in Section 1.3, however, the extension from independent summands to a Markovian
setting is nontrivial due to the dependence involved. Our technical contribution is to identify
the appropriate proof techniques to handle the dependence.

In the previous literature on matrix concentration inequalities with dependence, one can dis-
tinguish the following models: Markovian [19, 32, 38, 39], 8 or 7-mixing stochastic processes
that can be non-Markovian [11, 22], martingales [6, 35, 49], exchangeable pairs [30, 36], and
negative dependence [1, 4, 25, 26]. None of these previous results can access sharp bounds
with a sharp constant on the main term like (1.3). Indeed, sharp bounds in the flexible setting
of matrix concentration inequalities are a recent development, even for Gaussian matrices
[9, 10]. Specifically, free-probabilistic upper bounds in the Gaussian setting are due to Ban-
deira, Boedihardjo, and Van Handel [9], and lower bounds that establish the sharpness of [9]
were recently proven by Bandeira, Cipolloni, Schréder, and Van Handel [10].

!Jensen’s inequality yields that E[| > X,L-||2} > B[, Xi)z] ||. This shows that the leading term in (1.3) is
optimal up to the constant Cpee < 2, at least if the L' norm is replaced by the L? norm. Moreover, Corollary 2.5
gives two-sided bounds on L norms that show that the constant Cfe is also optimal when p ~ In(d). One can
make it rigorous that the L' norm may be replaced by an LP norm conditional on a concentration—of-measure
ingredient. We presently however only have that ingredient in special cases; see the discussion after (2.12).



To our knowledge, all previous results that are applicable in Markovian settings with
general matrix-valued summands involve variance proxies of order > D x > |[E[X?]|| on
the leading term with D a dependence coefficient [11, 19, 22, 32, 38].2 As explained earlier,
having the norm inside the sum even results in polynomially suboptimal results in some
applications like Wigner-type matrices. In the special case where X; = f;(Z;)A; for scalar-
valued functions f; and deterministic matrices A;, a variance proxy D x || >, E[X?]| that
moves the sum inside the norm follows from [39, Theorem 1.3]. That result yields bounds of
the correct order of magnitude for Wigner-type matrices but does not cover general matrix-
valued summands and does not give a sharp constant.

Moreover, note that all the aforementioned results involve a multiplicative dependence
coefficient on their variance proxy and not the natural quantity |[E[(Y", X;)?]|| present in the
leading-order term in (1.3). That dependence coefficients occur somewhere in the results is
necessary, of course, since one can not expect good concentration estimates if the summands
may have arbitrary dependence. In our results, however, the dependence coefficients will only
occur in the error term € in (1.3) which is often small in applications. Thus, by passing through
Gaussian theory, the leading-order term in our results can incorporate the dependence in the
way that it actually appears in the summed matrix. This can lead to more efficient estimates,
especially if the Markov chain exhibits slow decay of dependence.

Previous results that are specific to time-homogeneous Markov chains have quantified the
dependence using quantities based on a spectral gap [19, 32, 38, 39], while results that extend
to time-inhomogeneous or non-Markovian settings have used -and 7-mixing dependence
coefficients [11, 22]. We here consider a Markovian setting that allows time-inhomogeneity
and use a t-dependence coefficient; see (2.4). This dependence coefficient is sufficient for the
applications we have in mind, but note that it is a strong assumption relative to aforementioned
notions of dependence. It would be interesting future work if one could establish extensions
of our results with weaker dependence coefficients. In particular, extensions using a spectral
gap would be interesting as these have applications in theoretical computer science such as
randomness-efficient sampling methods [19].

1.3. Proof techniques. Our proof involves an interpolation {S(t) : ¢ € [0,1]} from the
summed matrix ) . X; to an independent Gaussian matrix with matching mean and covari-
ance structure. Then, to show that the summed matrix and the Gaussian have similar spectral
properties, it suffices to control the rate of change along the interpolation. This approach is
inspired by [14] who established universality in a setting with independent summands. In their
setting, the rate of change along the interpolation could be controlled using an expansion in
terms of classical cumulants. Such an expansion is efficient when one assumes independence
due to an independence—implies—vanishing property of classical cumulants. This property
allows [14] to neglect all terms involving independent summands.

We however lack independence—our summands have Markovian dependence—and hence
risk a combinatorial explosion in the number of terms. To solve this, one could hope that
classical cumulants with approximately independent random variables are small although not
necessarily zero. Such a property indeed holds true to some extent, but we found that a proof
using only classical cumulants does not yield efficient estimates. This can be explained in
hindsight from the fact that Markov chains are time-ordered, which classical cumulants do
not respect because they are permutation invariant.

’The results in [32] are the only ones with this exact shape for the variance proxy, but the proxies used in [11,
19, 22, 38] are at least as large. Specifically, [11, 22] replace  ; HIE[X?]H by max{(n/#K)> ;ck ||IE[X22} I| :
K C{1,...,n}} and the results in [19, 38] only use the boundedness of the summands’ operator norm as an
input, without an explicit variance proxy, effectively replacing IE[X?] by its worst-case bound ||||X; H2 Il 7,00-
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Our approach rather relies on Boolean cumulants. Boolean cumulants are not as well
known as classical cumulants but enjoy a natural interaction with the underlying Markovian
structure, thus solving the key issue mentioned above; see Proposition 4.2. This interaction
was historically first exploited by Statulevicius [45, 48].% Our setting is however more delicate
than the one studied in [45, 48] because we are concerned with matrix-valued summands. To
be specific, issues arise from noncommutativity preventing one from reordering a product of
matrices in a time-ordered fashion. To circumvent this, we dualize the problem in terms of
the transition densities of the Markov chain and subsequently rely on a change—of-measure
argument to encode the decay of dependence in scalar-valued random variables; see Propo-
sition 4.5. This allows us to leave the matrices in the original order and is one of the critical
new ideas for our approach, as it is ultimately what enables us to circumvent the difficulties
for a Markovian and noncommutative setting.

Combining this idea with a classical-to—Boolean relation due to Arizmendi, Hasebe,
Lehner, and Vargas [5] allows us to establish an expansion for the rate of change along
the interpolation which efficiently incorporates the decay of dependence in the Markovian
sequence; see Proposition 4.6. The contribution of the random variables which we used to
encode the decay of dependence is here not immediately obvious. The size of these random
variables is namely linked to the nontrivial combinatorics associated with the classical-to—
Boolean relation from [5]. We perform an analysis of the combinatorics involved in Section
4.2.

We finally note that Boolean cumulants are also studied in the free-probabilistic literature
[47]. This may lead one to believe that the free-probabilistic constant in (1.3) arises in our
proof in the step where we rely on Boolean cumulants. This is however not the case. As
was sketched above, Boolean cumulants allow us to exploit the Markovianity whereas the
free-probabilistic main term shows up when we use the Gaussian theory of [9, 10].

1.4. Notation. For areal-valued random variable W, we denote ||W|| .- for the essential
supremum of |W|. We equip C¢ with the Euclidean norm ||v|| := 1/ (v, v). For a matrix M €
C%*? we denote |M|| := SUD)|jy||=|jw|=1]{v; Mw)| for the operator norm. Denote tr M :=
2 Tr M for the normalized trace of M and let it be understood that tr MP = tr[MP]. The
collection of all self-adjoint d x d matrices is denoted CZX?.

1.5. Structure of this paper. 'We state our results in Section 2. Two illustrative applications
of these results are discussed in Section 3. The proofs of the main universality result and its
corollaries are given in Sections 4 and 5, respectively. Some supplemental details related to
the applications of our results are deferred to the appendices.

2. Results.

2.1. Matrix models and parameters. Consider a sequence of random variables Z :=
(Z;)i_, such that Z; takes values in a standard Borel space Z; for any 7 > 1. This sequence is
said to be Markovian if for each ¢ > 1 and any measurable £ C Z;,

IP(ZZ‘EE‘Zl,...,Zi_l):]P’(ZZ'EE’Zi_l), 2.1

almost surely. A sequence of self-adjoint random matrices (X;)!" is said to come from a
Markovian model associated to Z if Xy is a deterministic matrix and there exist measurable

3In [45, 48], Boolean cumulants are called centered moments.



6

functions F; : Z; — C&*? such that X; = F;(Z;) with E[X;] = 0 for every i > 1. We are
concerned with the sum:

n
S:=Xo+» X (2.2)
i=1
Note that this is more general than the setting in the introduction insofar that S may have

nonzero mean and the Markovian sequence may be time-inhomogeneous. Our main result
compares the spectral properties of S with those of a matrix with jointly Gaussian entries.

2.1.1. Gaussian model. Let Cov(S) denote the d> x d? covariance matrix of the entries
of the self-adjoint matrix S. That is, for any ¢, 5, k,l € {1,...,d}

Cov(S)ijk :=E[(S —E[S]);;(S — E[S])k]. (2.3)

Here, Z denotes the complex conjugate of a complex number z € C. A self-adjoint random

matrix G satisfying the following properties is called a Gaussian model of S:

1. The 2d?-dimensional real-valued vector consisting of the real and imaginary parts of the
entries, {Re G; ;,ImG; j : 4,5 € {1,...,d}}, is Gaussian.

2. The mean and covariance match: E[G] = E[S] and Cov(G) = Cov(S).

3. The random matrices G and S are independent.

We next introduce parameters that are used in our results to quantify to what extent the spectral
properties of S are matched by those of its Gaussian model.

2.1.2. Dependence parameter. Given a probability space (€2, F,P) and o-algebras
A, B C F, the yp—dependence coefficient of A and B is defined by

P(AN B) — P(A)P(B)
A, B) =
VAB) = S s ol T B(AP(B)

2.4)

For two random variables V, W defined on the same probability space we denote ¢ (V, W) :=
Y(o(V),o(W)) for the dependence coefficient between the associated o-algebras.

The following parameter then allows us to bound the amount of dependence in the Marko-
vian sequence of random variables Z:

1
V(Z) = min{j >1:9(Zis, 2) < © foralli €{L,....n —j}}. (2.5)

Let us remark that the occurrence of 1/4 in the definition (2.5) of ¥(Z) is not significant.
Similar results can be achieved if any other number between zero and one is used.

REMARK 2.1. Another quantity that is commonly used to quantify the dependence in
a Markov chain is given by the total variation mixing time ty,;x [28, Section 4.5]. To apply
our results, it may be useful to know that W(Z) can be bounded using the latter if 7 is a
stationary ergodic Markov chain on a finite state space. Specifically, one then has ¥(Z) <
(3 4 logy(1/ min; 7;) ) tmix With 7 the stationary distribution; see Appendix A for a proof.

2.1.3. Matrix parameters. All our results assume that the summands X; are bounded in
operator norm. We denote R(X) for the corresponding parameter:

R(X) = || max X

’ < . (2.6)
LOO



We further introduce the following variance proxies:

o(8)? = |[E[(S — E[S])?]|| and ¢(X H [ZXQ]

Note that ¢(X) = o(S) in the special case where X1, ..., X, are independent.

Theorem 2.4 establishes that S can be controlled in terms of the Gaussian model G.
Thereafter, we rely on results from [9, 10] which control G in terms of a free-probabilistic
model St.ce. The quality of the bounds in [9, 10] is determined by the following parameter:

v(8)? := || Cov(8)]. (2.8)

‘ 2.7)

The only free-probabilistic quantity which is used in the statement of our results is the norm
||Stree |- For the sake of brevity, we hence forego the precise definition* of the model itself
and simply note that an identity by Lehner [27], [9, Lemma 2.4] allows one to compute the
norm in terms of the mean and covariance structure of S as

[Streell = e{“i?’il}vi?fo Amax (W +nE[S] + E[(S - E[S))W(S — E[S])])a (2.9)

where the infimum runs over deterministic positive definite d X d matrices W, and Apax
refers to the greatest eigenvalue.

REMARK 2.2. An estimate by Pisier [37], [9, Lemma 2.5] provides a user-friendly bound
on the free-probabilistic quantity:

max{||E[S]||,o(S)} < [Strecll < |[E[S]|| + 20(S). (2.10)

In particular, it follows that o(S) < ||Sgee|| < 20(S) if E[S] = 0. For centered random ma-
trices, the role of the exact formula (2.9) is hence that it enables sharp constants on the
leading-order term. If one is not concerned with constant factors, then one can simply use the
bounds in terms of ¢ (S) and avoid computing ||S¢ee||-

REMARK 2.3. For an additional simplification of the parameters, consider the following
upper bounds proven in Section A.2:

0(8)? <3W(Z)¢(X)? and v(S)? <3¥(Z (2.11)

Z Cov(X

These bounds are tight up to the absolute constant if the summands X; are independent. If
the Markov chain mixes slowly, however, then directly using the definition of o(S) and v(S)
can sometimes yield significant improvements relative to these bounds, depending on the
structure of the summed matrix; see the discussion after Lemma 3.4.

2.2. Results. Our main result establishes universality for the tracial moments of S, show-
ing that these can be approximated by the tracial moments of the Gaussian model:

THEOREM 2.4. There exists an absolute constant ¢ > 0 such that for every integer p > 1,

[B[tr$%)% — Eltr G2 | < cR(X)3W(2)3¢(X)5pt + cR(X)¥(Z)p.

“The free model of a Gaussian matrix is defined in [9, (2.1)] and we let Stree := Gfree With G the Gaussian
model of S.



Most relevant for applications of this result, one can deduce estimates on the operator
norm of a random matrix given an estimate on its tracial moments by using that || M||?"/d <
tr M?P < || M||?? for any self-adjoint d x d matrix M. This implies that practical bounds on
||S|| can be deduced whenever such bounds are available for its Gaussian model; see Lemma
5.1. For example, by combining Theorem 2.4 with recent results from [9, 10], we find the
following sharp two-sided bounds:

COROLLARY 2.5. There exists an absolute constant C' > 0 such that for every p > 1:
d" % ||Spreell — CE(p) S E[|IS|I*P] > < d ||Stree|| + Cd2 E(p)
where the error term E(p) is defined by

2

E(p) = R(X)0(2)3¢(X)ps + R(X)U(Z)p +v(S)70(S)? (pé FIn(d+ 1)3)

Taking p a sufficiently large multiple of In(d) in Corollary 2.5 ensures that dV2r <146
for some arbitrarily small § > 0. If the parameters occurring in the error term £ are small, as
is often the case in applications of the result, then it follows that both the lower and upper
bounds in Corollary 2.5 are given by ||Sgec|| up to a small error. In particular, this implies
the upper bound summarized in (1.3) for centered matrices since Remark 2.2 then yields that
|Sfree|| = co(S) for some 1 < ¢ < 2 and since E[||S||] < E[||S]|??]'/? by Jensen’s inequality.

Further, combining Corollary 2.5 with Markov’s inequality implies that for every § > 0
there exists a constant ¢ > 0 such that the following upper tail bound holds for every x > 0:

P([S] > (1 +0)[[Streell + E(z)) < (d + 1) exp(—cx). (2.12)

The proof details are given in Section 5. We also expect a lower bound ||S|| > (1 — §)|Streel|
to hold with high probability, but this is not immediate from Corollary 2.5 as extracting
lower bounds from moments requires a separate concentration—of—-measure ingredient; see
Lemma 3.2 and Remark 3.3 for further discussion in a special case with summands of the
form X; = f;(Z;)B; for scalar functions f; and deterministic matrices B; € C4x4,

The price for the sharpness of the bounds is that it necessitates estimating quite a few
matrix parameters when applying the results. The universality principle can however also
be combined with different results for Gaussian matrices, which may be more suitable if
one is not concerned with sharp constants or logarithmic dimensional factors. For instance,
using the matrix Khintchine inequality of Lust-Piquard [29], [51, Section 2.3] instead of the
free-probabilistic results from [9, 10] yields the following estimate removing v(S) at the cost
of a polylogarithmic factor, but still with the natural variance proxy o (S) on the main term:

COROLLARY 2.6. Additionally assume that E[S] = 0. Then, there exists an absolute
constant ¢ > 0 such that
E[[|S]] < ¢ln(d + 1)*/25(8) + cR(X)

1

30(Z)56(X)5 In(d+1)% + cR(X)¥(Z)In(d+ 1).

So, combining the universality result with appropriately chosen bounds from the Gaussian
literature can enable practical concentration estimates. We illustrated this with Corollaries
2.5 and 2.6, and one could naturally also combine Theorem 2.4 with other results from the
Gaussian literature. Another potential use-case for the universality of tracial moments from
Theorem 2.4 is to establish limiting laws for empirical eigenvalue distributions or empirical
singular value distributions. An example illustrating this is given in Section 3.2.2.
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REMARK 2.7. One can extract concentration inequalities for extremal eigenvalues from
Corollary 2.5. By replacing Sby S’ := S +¢1 for t > || X|| + nR(X) one can namely ensure
that ||S’|] = Amax(S) -+ t. Similarly, one can consider S — ¢1 to establish a bound on Ay (S).

This trick does not apply to nonextremal eigenvalues. In this context, let us note that [14,
Theorem 2.4] establishes concentration for the entire spectrum with regard to the Hausdorff
distance when the summands are independent. We believe that a similar result should hold
true in a Markovian setting and that Boolean cumulants would be an important ingredient in
the proof. For the sake of brevity, however, we do not pursue this extension here.

3. Examples.

3.1. Markovian entries. We start by briefly considering a symmetric matrix with entries
defined by a Markov chain. The goal is to give some intuition on the matrix parameters in a
simple setting. Further, it is be possible to establish two-sided tail bounds in this case.

Consider scalar random variables of the form f;(Z;) for Z1, ..., Z,, a Markovian sequence
and f; real-valued functions. Suppose that n := d(d + 1)/2 and fix a bijective function ¢ :
{1,...,n} — Z with Z the set of unordered pair {4, j} satisfying i, j € {1,...,d}. Then, we
can define a symmetric d x d random matrix by

S:=> X, with X;:= fi( t)(ezeTJ tejer) ity ={ijhwihizg, o)
t<n ft(Zt)eiei lf(p(t) = {Zal}a
where 1, ..., e, € R?is the standard basis. Assume that E[f;(Z;)] = 0 for all ¢.
LEMMA 3.1. For (3.1), it holds that
R(X) = max [S;;] - and §(X)? = max Y E[8?,]. (32)
J<d
Further, we have o(S)? < 3¥(Z)s(X)? and v(S)? < 6¥(2) maxi’deE[S%j].

PROOF. The bounds in (3.2) are immediate from the definitions (2.6) and (2.7), where we
use that the operator norm of a diagonal matrix is equal to the maximum of its entries when
computing ¢(X)?2. The bound on ¢(S)? is in (2.11).

Finally, regarding the estimate on v(S), recall (2.11) and note that ), . Cov(X;) can
be written in a block diagonal form with blocks of size < 2 associated with the symmetric
entries (4,7) and (j, 7). Those blocks have norm || Cov(Xy)|| < 2E[f;(Z;)?] with equality if
©(t) = {i,j} fori # j. The estimate then follows because the norm of a block diagonal matrix
is the greatest norm of its blocks. O

For comparison, the variance proxy in the Markovian Bernstein inequality (1.2) from [32]
has the following expression for (3.1):

S IERI=Y S o160 Zo0)?] = »y s, 63

t<n i=1 j>i i=1 j>i

So, the difference between the variance proxies is that the sum over ¢ in (3.3) is replaced by a
maximum in ¢(X) and o(S). This allows for bounds with good dimensional dependence in
applications like Wigner-type matrices, that are inaccessible with the weaker variance proxy.

For instance, suppose that the Z; are generated by some fixed )-mixing Markov chain and
that ||S; j|| L < 1forall4,j < d. Then, using that ||Sg.c|| < 20(S) by (2.10), substituting the
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estimates from Lemma 3.1 in the upper bound in Corollary 2.5 yields that E[||S||] = O(+/d)
as d — oo. Thus, we recover the correct asymptotic order in this example: recall that ||S|| ~
2v/d in the special case where the entries are independent and identically distributed. For
comparison, bounds using ", ||E[X?]|| as variance proxy like (1.2) would give a suboptimal
asymptotic order O(d+/In(d + 1)) which is loose by a factor of order y/dIn(d).

The appropriate order of magnitude in this specific model could also have been extracted
from earlier results in the literature such as [39, Corollary 1.4], but the sharpness of our
results allows one to go further. One could now also determine an explicit constant in the big-
O notation based on the free-probabilistic quantity ||Sgee||. The latter does not admit a simple
exact expression at this level of generality, but this may be possible in some special cases
depending on the covariance structure of the entries. For instance, a simplified expression in
the case where S has independent entries may be found in [9, Lemma 3.2]. Whatever it may
be, the free-probabilistic bound is here asymptotically tight as we have two-sided tail bounds:

LEMMA 3.2.  For (3.1), assume that ||S; j||1~ < 1 for all i, j. Then, for every § > 0, there
exist constants c,C > 0 such that for every x > 0,

2

]P’(‘min‘HSH — (147 Steell| > @+ CE) < exp(— -

v|<6 \IJ(Z))' S

Here, £ :=U(2)?/3dY/31In(d +1)*/3 + ¥(Z) In(d + 1).

The proof amounts to an application of a concentration—of—measure principle by Samson
[40] for convex functions of (weakly) dependent scalar random variables. The latter yields
that ||S|| — E[||S||] has sub-Gaussian deviations after which (3.4) follows from the expectation
bounds in Corollary 2.5. We refer to Appendix B for the proof details.

REMARK 3.3. Note that the tail bound in (3.4) is sub-Gaussian and dimension-
independent. In particular, this yields sharper bounds on the upper tails than the one in
(2.12) that followed immediately from Corollary 2.5. This reflects a broader principle: the
main content in matrix concentration results like ours lies in expectation bounds, not in the
immediate tail bounds. Once a bound on E[||S||] like (1.3) is known, scalar theory for con-
trolling the deviations of ||S|| — E[||S||] can often be used to give sharper tail bounds. For
instance, [40] can also be applied to a more general matrix series model with summands of
the form X; = f;(Z;)B; with B; deterministic matrices. Developing analogous results for
the general case X; = F;(Z;) could be relevant future work.

3.2. Block Markov chains. We next consider a model that is used to study clustering
algorithms for sequential data, and whose spectral properties were previously studied using
asymptotic and model-specific methods. Our general-purpose results can here be used to
painlessly establish nonasymptotic estimates and to sharpen previous asymptotic results.

Let d > K > 1 be positive integers, consider a partition (V;)X, of {1,...,d} into
nonempty subsets, and let p € [0,1]5*X be the transition matrix of an ergodic Markov
chain on {1,..., K'}. Then, the block Markov chain [41] with cluster transition matrix p and
clusters (V;)X | is the Markov chain (Z;)?_; on {1,...,d} whose transition probabilities only
depend on the states’ clusters:

Pi,m
#Vm
A schematic depiction of a block Markov chain may be found in Figure 1.

P(Zi=j|Zi-1=1)= forall : €V and j € V,,. 3.5)
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The analysis of spectral clustering algorithms [24, 41, 42, 52, 54] which recover the clusters
Vi based on an observed sample path crucially require concentration estimates for the sample
frequency matrix N associated with the sample path defined by

n—1
N:=(N; ;)¢ where Ny =Y 1{Z =i, Z;1=j}. (3.6)
t=1

Using a model-specific analysis, the asymptotic order of magnitude of ||N — E[N]|| was
established in [43] and the limiting distribution of all singular values was established in [44].
We establish refinements of these results in Theorem 3.5 and Proposition 3.6.

)) 03

Fig 1: Visualization of a block Markov chain on K = 4 clusters with cluster transition matrix

=[[0.3,0.7,0,0],[0,0,0.2,0.8],]0.2,0.7,0,0.1],[0,0,0.7,0.3]] where we number the clus-
ters from left to right. The thick arrows visualize the transition probabilities p; ; and the thin
arrows visualize the transitions (Z;, Z;41) in the observed sample path (Z;)}" ;.

3.2.1. Concentration and sharp limiting value. For simplicity, we assume that (Z;)" ;
starts in stationarity. This is to say that P(Z; = i) = m/#Vy for all i € Vi, and all k €
{1,..., K} where 7 € [0,1]¥ is the stationary distribution associated with p.

Let us denote M := +/d/n(N — E[N]). Our goal is to estimate | M||. Since the matrix M
is not self-adjoint with high probability, we need to consider a preliminary reduction before
applying our results. We define a 2d x 2d matrix, called the self-adjoint dilation of M, by

S (1\2T 1\04> . (3.7)

Note that ||S|| = ||M]||. One can represent S in terms of a Markovian model associated with
the Markov chain of transitions E := (Et);:ll defined by E; := (Z;, Zy+1). Namely, note that
with e; € R? the ith standard basis vector we can write S = Z?:_f Xy with

\/g Xd:: ) = P(E, = (i, ) <ej2;F eing ) . (3.8)

Let us write &; := #V;/d and Gupin 1= min;< g &;. Further, let U(p) denote the t-mixing
time for the Markov chain on {1,..., K} associated with p. The following lemma then
provides an indication of the typical size of the matrix parameters.

LEMMA 3.4. There exist constants c1,ca,c3 > 0 depending only on &y, such that
R(X)<eci/d/n,  U(E)<U(p)+1, (X)* <max{m/d:i<K},
0(8)? <max{m,/d&;:i < K} +c¥(p)/d,  v(S)*<c3¥(p)/d. (3.9)
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PROOF. This follows from Lemma C.5 which provides more precise estimates. O

Note that the bounds on o/(S)? and ¢(X)? have the same leading-order contribution in (3.9)
because the dependence on ¥(p) only occurs in a subleading term which is suppressed by a
factor 1/d. This illustrates another advantage of universality-based concentration results: the
variance proxy o(S)? incorporates how the dependence appears in the summed matrix which
can be more efficient than worst-case bounds of the form D x ¢(X)? with D a dependence
coefficient such as W(p) or quantities based on a spectral gap.

Moreover, using Corollary 2.5, it follows that ||S|| ~ ||Sgee/|. In the asymptotic regime
d — oo, this allows us to refine one of the results in [42]. We let n and the clusters (Vk)le
depend on d but assume that the cluster transition matrix p is kept fixed. Further, assume
that there exist strictly positive numbers a4, ..., ax > 0 such that limg_, oo #Vi/d = «, for
every k. Then, in the regime where n > dIn(d)?, the following theorem improves upon [42,
Theorem 3] in the fact that we can determine the exact limiting value whereas [42] only
proves a nonexplicit upper bound by characterizing the asymptotic order. Let us note however
that [42] has a weaker assumption: it is there assumed that n > dIn(d).

THEOREM 3.5. Assume that limy_,, dIn(d)*/n = 0. Then, the random variable | M||
converges in probability to the scalar m > 0 defined by

1 2K
m:= inf max {—+ ¢ az} (3.10)
ver2ss i=1,2K L ]Z:; HId

where the infimum runs over all vectors x with strictly positive coordinates and the coefficients
(Ci,j)%‘(:l are defined by

0 ifi<Kandj<K,
i o 'mpijox  ifi<Kandj>K,
" 0 ifi>Kandj> K,

o empiiok ifi>Kand j < K.

The proof of this result is given in Section C.3 and relies on Corollary 2.5 to establish an
upper bound on || M||. Note, however, that we here not only provide an upper bound but rather
the exact limiting value. The proof of this two-sidedness relies on our next result Proposition
3.6 which implies, in particular, that there is asymptotically an abundance of singular values
which are close to the upper bound from Corollary 2.5. This is visualized by Figure 2 in
Section 3.2.3 below.

3.2.2. Limiting singular value distribution. Universality of tracial moments can also be
used to establish limiting laws for the singular value distribution. We start by introducing
some terminology. The ith largest singular value of a square matrix M € C?*¢ can be defined
in terms of the ith largest eigenvalue of MM* as s;(M) := (\;(MM*))'/2. The singular
value distribution of M is then the probability measure vy defined by

illa,b]) = %#{ie{l,...,d}:agsi(M)gb}. 3.11)

A sequence of random probability measures v, is said to converge weakly in probability to a
deterministic probability measure v if | f(z)dw,(x) converges in probability to [ f(x)dv(z)
for every continuous bounded function f: R — R.
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The Stieltjes transform of a probability measure v on R is the analytic function s : C* —
C~ given by s(z) := [1/(z — z)dv(z) where C* :={z € C: Im(z) > 0} is the upper half-
plane and C™ := {z € C: Im(z) < 0} is the lower half-plane. The measure can be recovered
from its Stieltjes transform using the Stieltjes inversion formula [7, Theorem B.8] which
states that for any continuity points a < b of v,

I
v([a, b)) = 7”15& ; Im(s(z +v—1g)). (3.12)
Let us warn that [7] employs a definition for the Stieltjes transform which differs from the
one used here by a minus sign. Finally, the symmetrization of a measure v on R is the
measure sym(v) on R given by A — (v(ANR>o) +v((—A) NR>()/2 where A ranges over
all measurable subsets of R and —A :={—a:a € A}.
The following results improve upon [44, Theorem 1.1]. In [44] it was namely assumed that
n = cd? for some constant ¢ > 0 whereas the following result only requires that n > d. This
relaxed assumption allows short sample paths which give rise to a sparser sample frequency
matrix. The assumption that n > d is optimal, as the result has to fail if n = cd for fixed ¢ > 0.
For instance, suppose that K = 1 so that the sequence Z1, ..., Z, consists of independent and
identically distributed random variables. Then, it follows from n ~ cd that there exists some
u > 0 such that the number of states in ) which are not visited by Z; is at least ud with high
probability. Then, M has at least ud rows equal to zero which implies that vpg(0) > u. On
the other hand, when K = 1, the distribution sym(v) in Proposition 3.6 is the semicircular
law and hence continuous. Considering [ f(z)dva(z) with f : R — R supported in a small
neighborhood of 0 then shows that v does not converge weakly in probability to v.

PROPOSITION 3.6.  Assume that limg_, . d/n = 0. Then, vy converges weakly in prob-
ability to a compactly supported probability measure v, on Rxq. Moreover, sym(vs,) has
Stieltjes transform s(z) = Y1 ai(a;(2) + ax1i(2))/2 where ay,. .., asx are the unique
analytic functions from CT to C~ such that the following system of equations is satisfied

K

ai(z)_l =z — Za;lmpma](_kj(z)
J=1

K
airk ()" =2=> a7 'mpjia;(2)
7j=1

fori=1,... K.

COROLLARY 3.7. Assume that limy_,~, d/n = 0 and let vy, be as in Proposition 3.6.

Then, v NS converges weakly in probability to Vx..

The proof is given in Section C.2 and relies on the moment universality from Theorem 2.4.
It is interesting to note that universality gives a simpler proof than in [44]. The main difficulty
in [44] is namely to show that all joint moments of the entries of IM behave approximately as
in the independent case. For the second moments, i.e., covariance, this is not too difficult [44,
Proposition 4.8]. Estimating higher-order joint moments is however significantly more tech-
nical; see [44, Section 6.3.4]. A univerality-based approach allows bypassing this technical
step because the higher moments of a Gaussian are determined by its covariance.

REMARK 3.8. The quantitative bounds in Theorem 2.4 are only for tracial moments of
even order. This is sufficient for singular value distributions, but other applications such as
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eigenvalue distributions of self-adjoint random matrices also requires tracial moments of odd
order. In this context, note that E[tr(S + t1)%] = 3237 (?")t*~*E[tr S*]. Since pointwise
convergence of a polynomial implies convergence of coefficients, this also allows extracting
asymptotic universality for odd tracial moments from Theorem 2.4. A similar trick applied to
(S® 1+ t1 ® S)? yields universality for the variance of tracial moments; see the proof of
Lemma C.7 in Section C for details.

3.2.3. Visualization of results. Figure 2 visualizes Theorem 3.5 and Proposition 3.6. Ob-
serve that the edge of the support of the empirical singular value distribution is visually
indistinguishable from ||Sg.e||. This illustrates the sharpness of the leading-order term: re-
call that the greatest singular value of a matrix corresponds to its operator norm. Such sharp
leading-order terms are inaccessible with previous general-purpose matrix concentration re-
sults with dependencies.

The experimental setup for this figure corresponds to the block Markov chain visual-
ized in Figure 1. More precisely, we sampled a trajectory from a block Markov chain with
K =4,p=1[0.3,0.7,0,0],[0,0,0.2,0.8],[0.2,0.7,0,0.1],[0,0,0.7,0.3]], (a1, o, cx3, ctq) =
(0.2,0.1,0.4,0.3), d = 10000, and n = 100d. The system of equations in Proposition 3.6 was
solved using the algorithm of [23] as implemented in BMCToolkit [53].

1 _
z
2 0 5 —
= Stree 20(S)
0 [ [ [ [ [ / [ /
0 0.5 1 1.5 2 2.5 3 3.5

Fig 2: The bars display the empirical singular value distribution of the recentered and nor-
malized sample frequency matrix M for a sample path of a block Markov chain. The blue
line displays the asymptotic theoretical prediction from Proposition 3.6. The red and purple
vertical lines respectively display ||Sgec|| and 20(S) with S as in (3.7).

4. Proof of Theorem 2.4. Recall that Theorem 2.4 is a universality principle stating that
the tracial moments of S are well-approximated by those of G. To establish this universality
statement, we interpolate using

S(t) :=E[S] + V(S —E[S]) + v1 — (G — E[G]) (4.1)

for ¢ € [0, 1]. The reason for using weights v/ and y/1 — ¢ in the interpolation is to ensure
that the covariance of the entries of S(¢) remains constant as ¢ varies. In order to prove that
Eltr §]Y/% ~ E[tr G?P]Y/?P, it is now sufficient to show that | & E[tr S(¢)%]| is small.

Section 4.1 establishes an exact expansion for $E[g(S(t))] where g : C™*¢ — C is a
polynomial map. This involves combinatorics associated with classical-to—Boolean cumulant
relations from [5] whose contribution we estimate in Section 4.2. Further, the individual
terms in the expansion are defined in terms of directional derivatives of g. We estimate these
individual terms using trace inequalities in Section 4.3. These ingredients are finally combined
to bound %E[tr S(t)?] in Section 4.4, concluding the proof.
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4.1. Expansion for the rate—of—change along the interpolation.

4.1.1. Boolean joint cumulants. The Boolean joint cumulant b(Y1,...,Y}) of a sequence
of bounded real random variables Y7, ..., Y} is defined in terms of the joint moments as
k—1
WYY =Y (COPEYG VY e Y] EIY, Vil

m=01<j; <+ <jm <k—1
(4.2)
Let us warn that Boolean cumulants are not permutation invariant. That is, it can occur that
b(Y1,...,Yi) #b(Yy1),- -+, Yya)) for some permutation p € Si. This warning is relevant in
some of the subsequent proofs where we have to ensure that the random variables occur in the
appropriate order to be able to exploit the decay of dependence in the underlying Markovian
sequence (Z1,...,Zp).
For any sequence of real values ¢ = (i1,...,i) let us denote sort(7) for the unique se-
quence of length k£ which is a nondecreasing permutation of 4:

min{iy,..., i} =sort(i); <sort(i)s < --- <sort(i)r = max{iy,...,i}. 4.3)

For a nonempty subset 7 C {1,...,k} and 1 < ¢ < #J we denote J (£) := sort((j)jes)e
for the /th smallest element in /. We then denote b(Yj : j € J) for the Boolean cumulant
associated to J with indices in increasing order:

b(Y} j S j) = b(Yj(l), YJ(Q), AN >Yj(k)) (44)

Denote Sy and Py, for the sets consisting of all permutations or partitions of {1,...,k},
respectively. An (increasing) run in a permutation p € S is an increasing subsegment of
(p(1),...,p(k)) of maximal length. Here, a subsegment is a sequence of the form (p(4), p(i +
1),p(i+2),...,p(i + ¢)). We denote 7, € Py, for the partition of {1,...,k} consisting of the
runs. That is, for 7 < j it holds that 7 ~ j in the equivalence relation induced by 7, if and only
ifi=p(r)<p(r+1)<...<p(r+/{)=jforsome r,{. See Figure 3 for a visualization of
a permutation p and the associated partition 7.

14 . \
13 . 3
12 AN \
11 | \\
10 @ \ - \
9 \\ \\ \\ \
8 | \ N \\
7 . \ |
6 N R :
5 \ \ \
4+ \ \
3 .
2 -
T T T T T T T T T
1 2 3 4

T T T T T T
5 6 7 8 9 10 11 12 13 14 15 7

Fig 3: This figure displays a permutation p € Sy5. Every part in the induced partition of runs
7, here corresponds to a connected component of the solid blue lines by way of the y-values in
this connected component. The displayed permutation is given by (p(1), p(2),...,p(15)) =
(1,14,11,2,5,6,12,4,9,10,8,13,15,3,7). The induced partition of runs is given by 7, =
{{1,14},{11},{2,5,6,12},{4,9,10},{8,13,15},{3,7}}.
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PROPOSITION 4.1. Let V1,...,V, be a sequence of, possibly dependent, centered and
bounded RP -valued random vectors and consider a sequence of centered Gaussian random
vectors satisfying that E[G;, G L] = E[V;, V;I] for any i1,is € {1,...,n}. Assume that V :=
(Vi,...., Vi)Y and G := (Gy,...,G,)7T are independent and let V(t) :== /t V + /1 — L G.

Then, for any polynomial g : R™*P — C and any t € [0, 1]

d 1 &S _
BVl =32 ¢ > > pFt Y
k=3 1€{1,...,n}* peSk:p(1)=1 ~ve{l,...,D}*
oFg

(,m "7 .8U50rt(i)k77k

k—1)!

X { H b(Vsort(i)jm 1jE j)}E[av (V(t))]
Jex, sort

PROOF. We will use an expansion in terms of classical cumulants from [14, Theorem 4.3]
as our starting point and rephrase by using a classical-to—Boolean formula from [5, Corollary
1.6]. In this context, let us note that the classical cumulant of a sequence of bounded random
variables Y7, ...,Y} is defined by

K(Yi,o Yi) = 3 (—)#7 (i — 1)! HE[H Yj] 4.5)
TEPy Jerm €T

Note that it is immediate from (4.5) that classical cumulants are permutation invariant, mean-
ing that 5(Y1,...,Yx) = £(Y,(1),- -+, Ypi)) forall p € Sg.

We can also view V (t) as an nD-dimensional random vector whose entries are indexed by
tuples (i,7) € {1,...,n} x {1,..., D}. Hence, by the special case of the classical cumulant
expansion [14, Theorem 4.3] for a single nD-dimensional random vector,

—E[g(V(t))] (4.6)

o0 E_q N
T L % AV Vi B[ (VD)

! V4, 1, -+ OV;
i€{l,....,n}* ye{1,....D}* 1,7 ks Tk

for any t € [0, 1]. Hence, since sort(i) is a permutation of 7 and since classical cumulants are
permutation invariant,

Z I{(‘/;1771"“7‘/ik7’7k)E|:

~ve{l,...,D}*

= Z H’(‘/Sort(i)l,'yu s Vvsort(i)k,'yk)E[
ve{1,...,D}*

kg
8’01'1,71 T 8Uik: Yk

(V)] @7)

8kg

8Usort(i)l,% o .8U50rt(i)k77k

(v(e)).

We next apply the classical-to—Boolean formula from [5, Corollary 1.6].

This formula involves quantities By (,) and d(p) where p is a permutation. In our notation,
it holds that runs(p) = 7, and d(p) = #m, — 1 due to [5, Section 7, page 79, item (1)]. Further,
for any partition 7, the quantity B is defined in terms of a product of Boolean joint cumulants
in [5, Section 2, page 62]. Let us finally remark that our definitions (4.5) and (4.2) for classical
and Boolean joint cumulants agree with the definitions used in [5]: take 7 = {{1,...,k}} and
p=Ein [5, (2.10) & (2.12)]. Hence, in our notation, [5, Corollary 1.6] states that

H(%ort(i)l,vla R Véort(i)k,'yk) = Z (_1)#7”771 H b(‘/sort(i)j;yj 1J € j) (4.8)

pESK:p(1)=1 Jem,

Combine (4.6)—(4.8) to find the desired result. ]
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The reason why Boolean cumulants are useful in our Markovian setting is due to the
following expression. This identity can also be found in [45, (1.62)].

PROPOSITION 4.2. Consider a Markovian sequence of random variables W1, ..., Wy

with values in standard Borel spaces W, ..., Wy, as well as measurable functions g; : W; —
R. Then, denoting Y; = g;(W;) for any i € {1,...,k},

k
mmm.wn»:/}'J;ilgwomxmmmmgﬁmﬁan—dmm@w»}m@mxwwan.
(4.9)

PROOF. Expand the right-hand-side of (4.9) into a sum with 2*~! terms and note
that each of these terms corresponds to one of the terms in (4.2). For instance the term

(=1 S, S, S, 91(w1)g2(w2) g3 (w3 ) APy, (w3 ) APy, w, =, (w2)dPyy, (w1) in the expan-
sion of (4.9) when k = 3 corresponds to the term (—1)E[Y;Y2]E[Y3] in (4.2). O

4.1.2. Properties of the -dependence coefficient. Note the factors with ¢ > 2 in the
Boolean cumulant expression (4.9) provide a suppression when Py, —y,_, = Pw,. That
is, the Boolean cumulant tends to be small if the Markovian sequence is almost a sequence of
independent random variables. We will exploit this fact together with our assumption that the
1p-dependence in the Markov chain is decaying by using the following properties:

PROPOSITION 4.3. Assume that V,W are random variables taking values in standard
Borel spaces such that )(V,W') < co. Then, Py yy is absolutely continuous with respect to
Py @ Py, and for (Py & Py )-almost every (v, w),

dPy,w

1=V W) < 3, o Py

(v,w) <1+ (V).

PROPOSITION 4.4. Let Z be a Markovian sequence of random variables. Then, for any
i€{l,...,n}and j >V (Z),

1) /v (2)]

V(Zitj, Zi) < (4

Both properties follow from the definition (2.4) by direct computations using the Radon—
Nikodym theorem and the Markov property. This is classical, dating back to the 1963 work
of Blum, Hanson, and Koopmans [12, Pages 8—10], so we omit the details.”

4.1.3. Encoding suppression in random variables. 1If we were interested in results for
real-valued random variables, then we could now exploit our assumptions regarding decay
of dependence by applying Holder’s inequality to (4.9); see e.g., [45, Chapter 4] and [17,
Section 10] for such arguments. Our primary interest is however in random matrices, and we
only pass by the real-valued random variables as an intermediate stage. This makes it so that
we have to postpone the application of estimates. To this end, we will encode the decay of
dependence in scalar-valued random variable which allows us to maintain exact equalities,
leading to a practical expansion for the rate of change along the interpolation in Proposition
4.6.

SDetailed computations can also be found in the first arXiv version of this paper; see arXiv:2307.11632v1.
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PROPOSITION 4.5. Let W1, ..., Wy be a Markovian sequence of random variables taking
values in standard Borel spaces Wy, . .., Wy, respectively. Then, there exist random variables
W1,..., W} and A" with the following three properties:

(1) Marginal distribution: For any fixed j < k, it holds that WJ/ has the same law as W;.
(2) Suppression: The random variable A’ takes values in R and satisfies that almost surely

k
A <267 [T min{ 1, (W5, W51)}.

=2

When k = 1, this bound should be understood as the statement that |A'| < 1.
(3) Expression for Boolean cumulants: For any sequence of real random variables Y1, . . .,
Y} associated to the Markovian sequence, i.e., with Y; = g;(W;) for certain g; : W; — R,

b(Yi,....Y) =E[A'Y] Y],
where Y/ := g;(W!).

PROOF. Let us partition the index set as {1,...,k} = {1} UZ; UZy with
I, = {Z >2: 1#(VV¢,WZ;1) < 1} and 7y := {’L >2: d)(WhWifl) > 1} (4.10)

The general idea of the subsequent argument is to execute a change—of—measure on all factors
with 7 € Z; in (4.9) and to expand all remaining factors in a summation. The random variable
A’ will then arise from the Radon—-Nikodym derivative in the change—of-measure.

We start by introducing some notation for bookkeeping purposes. For any i € {1,...,k}

and a; € {0,1}, let QE/?/Z.-?W-A : B(W;) x Wi_1 — R denote the regular conditional probability
measure defined for every measurable & C W; and w;_1 € W;_1 by
Pw. (E) ifiEIlLJ{l},
Qe mwn s (B) = Pww, =, (B)  if i =0andi € Ty, (4.11)
Pw,(E) ifa;=1and i € Zy.

Then, expanding the factors with ¢ € Zy in the expression (4.9) for the Boolean cumulant into
a sum yields that

—1 #{iGIQ:OLi:1}
V.Y = Y // Gl ) )
a;€{0,1}1ie{1}UT, Wi W

IT giCwdQyy, . (wi) TT giCwi) (dPww,_,—w,_, (wi) — dPw, (wi)).
1€{1}UZ, €7,

The factor 1/2 here accounts for double counting: recall that the factor with i = 1 in (4.9)
does not involve a difference of conditional and unconditional probability measures.

We next apply a change—of-measure to encode the decay of dependence. For any ¢ € 7; let
us define a measurable function §; : W; x W,;_1 — R by

d]P)WivWi—l
d(Pw, ®@ Pw,_,)

Note that (4.13) is well-defined due to Proposition 4.3 and that for (Pyy, ® Py, _,)-almost
every w;, Wi—1,

5i(wi,wi_1) = (wi,wi_l) — 1. (413)

— (Wi, Wi—1) < 0s(wi, wi—1) < (Wi, Wi_q). (4.14)
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Further, by the definition (4.13) of §; in terms of a Radon—-Nikodym derivative, we have that
APy, 1w, =w,_, (wi) — dPyw;, (w;) = 6;(w;, w;—1)dPw, (w;). Hence, using this on the factors

with ¢ € Z; in (4.12) and subsequently using that Py, = Qi)

WWi for any ¢ € 71,

k
b(Yh K 7Yk‘) = Z /W : '/W(s(wlv ce ,’U)k) Hgi(wi)dQ;iTWi71=wi71 (wz)v (415)

al,...,akE{O,l} i=1
where § : W; x ... Wy — Ris defined by
(_D#{iEIz:ai:l}

(5(wla"'7wk‘) = O#IL+1 H 5i(wi7wifl)' (416)
1€1y

The additional factor (1/2)#7 relative to (4.12) accounts for double counting: note that the
sum in (4.12) runs only over a; with i € {1} UZ,, while (4.15) also allows i € Z;.

For any a = (av,. .., ay) as in (4.15), let us define (W{*,..., W) to be random vari-
ables with joint law given by Hle dQ%/?;iW;f Further, define A©® := §(W %, ..., W,i"))'
Recall from statement (3) of Proposition 4.5 that Y; = g;(W;). Hence, (4.15) yields that

b(Yi,..., Yi)= > E[ADg (W) gp(W)]. (4.17)
ae{0,1}*

To remove the dependence on « from the notation, we can encode the summation into a
mixture of measures. Let A ~ Unif{0,1}* be uniformly distributed, independent from the
preceding data. Then, it holds with W/ := W* and A’ := 2F A that

b(Y1,...,Yy) =E[A g (W]) - g (W)]. (4.18)

It remains to verify that the properties claimed in Proposition 4.5 are satisfied.

First, it follows from (4.11) that [, Q;‘Z)‘Wi—l has marginal distribution Py, at the ith
coordinate; to verify this use induction on ¢ together with the Markov property and Bayes’
theorem. Consequently, W;a) has the same law as W; for every «, and it follows that the same
holds for the mixture W/. This yields the distributional property in item (1). Second, note that
| A ||~ < 2F max, ||A®]| 1. Item (2) hence follows from (4.14) and (4.16) since #Z; > 0.

Finally, the expansion in item (3) is explicit in (4.18). O

We next combine Propositions 4.1 and 4.5. First, however, let us set up some notation.
Given a smooth function g : C4*? — C, let it be understood that dgg : C4*? — C denotes the
directional derivative of ¢ in the direction of a matrix B € C¢*¢:

(9Bg)(M) := lim gM +eB) — g(M)

e—0 e

(4.19)

Recall that the expansion in Proposition 4.1 involves a sum over permutations p € Sy with

p(1) = 1. To bookkeep these permutations as well as indices iy,...,i; € {1,...,n} for the
Markovian sequence, we define an index set for any k,n > 1 by
Tiomi={p€Sr:p(1) =1} x {1,...,n}"*. (4.20)

Proposition 4.6 below establishes an expansion for the rate—of—change along the interpolation
S(t) from (4.1) using new random variables whose law depends on an index (p,) € Zy, .
The exact joint distribution is however not required in the subsequent arguments, so we only
explicitly state those properties that we need and refer to the proof for the construction.
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PROPOSITION 4.6. Adopt the assumptions and notation from Section 2.1. That is, let

Zi,..., 4y be a Markovian sequence and consider the associated centered random matrices
X; =Fi(Z;) fori>1aswellas S =X+ Y., X; and a Gaussian model G.
Then, there exist random variables (Zl(pf yees Z(”k) , A" )( pd)ET,., JOr every k > 3 that sat-

isfy the following four properties for any (p,i) € Iy, ,, and j € {1,...,k}:

(1) Marginal distribution: Ir holds that Z;pj) has the same law as Z;,.

(2) Independence: The tuple of random variables (Z,fﬁ), ey Zf’}i , A(,Lf’ )) is independent of the
Markovian sequence Z1,. .., Z, and the Gaussian model G.

(3) Suppression: The random variable A(Z-” ) takes values in R and satisfies that almost surely

#J
\A(im, < ok—#m, H H min{ 1,7 (Zsort(i)j(]') , Zsort(i)_7<j71)) }

Jem, j=2

where we recall that [J (j) is the jth smallest element in J, and we use the convention that
an empty product yields unity when #J = 1.
(4) Expansion for Gaussian interpolations: Define random matrices by X;”; =F,; (Zf j).

Then, for every polynomial g : C**¢ — C and t € [0, 1],
d 1 et

GBSO =533 GoyEl X APy oxga(S)].

k:3 (p7i)€:z-k,n

PROOF. We may assume without loss of generality that G = Xy + > | G; where
(G1,...,G,,) is a Gaussian model for the rectangular matrix (Xi,...,X,).® Then, view-
ing S(t) as a function of these rectangular matrices and identifying complex matrices with
vectors in R2% by taking the entries’ real and imaginary parts, Proposition 4.1 yields that

d t2—! o
(k—1)! > > > (~1)Fm

1
SE[(S(1)] =5
Cie{l,...,n}* p€Skip(1)=1T1,...,.Tve{1,...d}2x {Re,Im}

< T 0o, i € DYE [ 2o s@)] w2

Jem,

where the I'-subscripts refer to the entries’ real and imaginary parts. For instance, given
I' = (v,w,Re) with v,w € {1,...,d}, we use X, r to refer to the real part of the vwth entry
of the matrix X; . Similarly, the partial derivatives in (4.21) are taken in the direction of the
real/imaginary part of the corresponding argument of the function g : C**?¢ — C.

To rewrite this expansion, we next apply Proposition 4.5 to the Boolean cumulants and then
exploit that expectation factorizes over products of independent random variables. To make
this precise, define random variables (Zl(pl), e Zi(f’k), {A<p) 2 T €T} ) (pi)eT 0 k>3 that are
independent of 71, ..., Z, and G with joint law specn‘ied by the following properties:

1. Given (p, ) € I, and some part J € 7, in the partition induced by p, set
<W17 R W#J) = (Zsort(i)g(l)a ) ZSOrt(i)j(#J))' (4.22)

Then, we define the joint law of A 17 and the random variables Z; ) with j € J to be given
by the random variables resulting from Proposition 4.5 applied to Wi,...,Wauzg, with the

®For instance, because the independence from all the other random variables in Proposition 4.6 implies that the
statement can only depend on the law of G. Alternatively, if one insists on maintaining the original matrix, one
can use the joint distribution of (G1q,...,Gn) and Xy + >°; G; to define the new matrices with a coupling to G.
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new variables ordered in such a fashion to remove the sort(-)-operation from (4.22). More

precisely, if yu; € Sy is a permutation such that i, ;) = sort(i); for every j < k, then

(Z5) gy L) ALg) ~ (WH, o W g, A). (4.23)

2. The random variables Z and AY 27 associated with different (p,i) € 7 ,, or different
parts J € 7, are 1ndependent More precisely, if T; , 7 is the tuple on the left-hand side
of (4.23), then the variables (7} , 7 : k > 3, (i, p) € Iy n, J € 7,) are jointly independent.

Recall that X;, = F; (Z;,). Hence, for any fixed (p,) € Zy ,,, the reference to Proposition
4.5 in the definitions (4.22)—(4.23) ensures that for any I'y,...,I'y and any J € 7,

b(Xsorsi), v, 14 € T) = [A(”) IR ] (4.24)
JjET

where we recall from item (4) in Proposition 4.6 that X(p ) = =F; (Z (¢ )) Now, using (4.24) and
the fact that the variables were defined to be 1ndependent of Z1,...,Z, and Gz as well as the
joint independence in the second property of the definition,

(1 #Reomor, 3 € )E[ 22 ((0))] (4.25)
g OMr, ---OMr,
8’“9
(p) (p) _
[( I1 2% 11%5. >6Mp1 “OMr, (S(t»]'
JeEn, jeT
Hence, if we define A := (—1)#m 1 [lsex, A(l”g, then
_— . d*g
(—1)# a Z ( H b(Xsort(i)j,Fj HVAS j)ﬁﬂm@(ﬂ)]
1, Trefl,..d}2x{Re,m} JEm, Iy L
A
_ ) ®)
— > [A HX i, oM, ML, (S(t))} (4.26)

I1,...,Teef{l,...d}>x{Re,Im}
) [A(z‘p>ax5€3 . .ang,gg(s(t))}

where the first equality renumbered the indices by taking f‘j =T L G) and the second equal-
ity follows by recognizing the standard entry-wise decomposition for a directional derivative.
Substitution of (4.26) in (4.21) yields the expansion in item (4) of Proposition 4.6.

It remains to verify items (1) to (3). The marginal distribution in item (1) follows from
corresponding property in Proposition 4.5 after chasing the indices through (4.22) and (4.23).
The independence in item (2) is explicit in the definitions; see the paragraph preceding (4.22).
Finally, by (4.23) and the suppression property in Proposition 4.5, for any (4, p) and J € 7,

k
|A(zf:37‘ < 2#7-1 H min{ L4 (ZSOTt(i)J(j> ) Zsort(i)J(jﬂ)) } (4.27)
j=2

The desired suppression property in item (3) hence follows using that |AY’| =[] jEw,,‘ AP ]

andthat 3 ;.. (#J — 1) =k — #m, since m, is a partition of {1,..., k}.
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4.2. Combining classical-to—Boolean combinatorics and the decay of dependence. Pass-
ing through Boolean cumulants in the proofs leading up to Proposition 4.6 allowed us to
efficiently exploit the Markovian structure. This however comes at a cost: we now have to
understand the combinatorics associated with the classical-to—Boolean relations.

Specifically, our goal in this section is to estimate the total contribution of the scalar-valued
random variables A(Z-” ) that encode the suppression due to the decay of dependence. Regarding
the individual random variables, we have the following upper bound:

LEMMA 4.7.  With notation as in Proposition 4.6, it holds for every (p,t) € Iy, ,, that

k

|AD || oo < 257 exp(_ > L{sort(i) () > sort(i) (1)
i=2

! fort(i)pu)\;(szo)rt(i)p(j1) ).

PROOF. Due to Proposition 4.4 it holds that for all [ € {1,...,n} and ¢t € {0,...,n —{},

[t/¥(2)] t
min{1,9(Z14, 21)} < <4) SGXp<— LMJ) (4.28)
Hence, using item (3) in Proposition 4.6 and that #m, > 1,
HA(P)HL <2k 1 H Hexp< Lsort )j(]) —SOrt(z)j(]_l)J) (4 29)
Fer, =3 ¥(2) ' '

Recall from Section 4.1.1 that 7, denotes the partition of increasing runs associated with
the permutation p € Sy. So, for instance, the part J; € 7, that contains p(1) is of the form
{p(1),p(2),...,p(f1)} where ¢; > 1 is the least value with p(¢; + 1) < p(¢1), or where
{1 = k if no such value exists. Hence, bringing the product inside the exponential,

#T

sort(7) 7, (;) — sort(z) 7, (;— al sort () ,(jy — sort(i)
HQXP({ . (])\II(Z)t = DJ):GXP(,ZJ t ()\I/(Z)t = DD’

1=

where it is to be understood that the right-hand side is unity when ¢; = 1. Continuing sequen-
tially, the part that contains p(¢1 + 1) is Jo := {p(¢1 + 1),...,p(¢2)} where ¢5 > {1 + 1 is
the least value with p(¢2 + 1) < p(¢2), or where /5 = k if no such value exists. Hence,

13[1 ﬁn exp(~ lsort(i)j’"’(j T (SZO)rt(i)j’"(j =) (4.30)
m=1 j=2
S sort(i) ;) — sort (i) 2 sor (4) p(j) — 501t(7) o —
—exp(- 2{ : p()xp(Z)t . DJJW;L t ()\IJ(Z)t )
j =42
—exp(= 32 100) > oG- 1) e e )]
j=2

where the final equality used the definition of ¢; and ¢5. Continue in this fashion un-
til £, reaches k. Then, using that 1{p(j) > p(j — 1)} 1{sort(i),;y # sort(i),j_1)} =
I{sort() ;) > sort(i),j—1)} because sort(7) is nondecreasing concludes the proof. O
We next sum over p and ¢ to quantify the total contribution of the random variables A(f ).
Specifically, we study a restricted sum wherein one of the coordinates of i € {1,...,n}*
is kept fixed. (This restriction is used in the proof of Lemma 4.17.) We start with initial
simplifications that only exploit the general structure of the right-hand side of Lemma 4.7.
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4.2.1. General-purpose simplifications. For any sequence i € R¥ and permutation p € S,
let us abbreviate i, for the permuted sequence (i, ;) ;‘?:1.

LEMMA 4.8. Fixsome I €{1,...,n} and J € {1,...,k}. Then, for every nonnegative
function E: {1,...,n}¥ — R,

k
> E(sort(i),) <KDY > E®) (4.31)
T=1

PESK ie{l,...,n}* i€{l,...,n}*
p(L)=1  i,=I ir=I, iy=min(i;:j<k)

PROOF. Fix some arbitrary sequence ¢ € {1,... ,n}k. We verify that (4.31) holds for the
corresponding basis function E(-) := 1{- =t}. The case with arbitrary nonnegative E then
follows since both sides of the desired inequality are linear in E.

In particular, sorting 7 and thereafter applying an arbitrary permutation p with p(1) =1
brings the minimal element to the front. Consequently, the left-hand side of (4.31) can only
be nonzero if t; = min(¢; : j < k) and t7 = I for some 7" < k. The desired bound (4.31) is
trivial if the left-hand side is zero, so we may assume that ¢ satisfies the latter conditions.
Then, there is at least one nonzero term in the right-hand side of (4.31) and it suffices to show
that the left-hand side is < k!.

To this end, note that it follows from the assumption that E(-) = 1{- =t} that

Z Z (sort(i =#{(i,p) € {1,...,n}* x Sy :sort(i), =t, iy =1, p(1) =1}
PESK ie{l,...,n}*
P=1 =l < #{ie{1,...,n}* :sort(i) = sort(t)} x #{p € Sy : sort(t), =t} (4.32)
where the inequality follows by neglecting final two constraints in the first line.
Now, consider the (right) group action of S, on {1,...,k}" defined by i * p := i,. Then,
the first set on the right-hand side of (4.32) is simply the orbit of ¢ under this group action:

{ic{1,...,n}" :sort(i) =sort(t)} = {t,: p € Si}. (4.33)
Moreover, the cardinality of the second set agrees with that of the stabilizer of ¢,
#{p e Sy :sort(t), =t} =#{0 € S : tg =}, (4.34)

since a bijection may be defined by setting € := p o p with 1 € Si a permutation satisfying
t,, = sort(t). It hence follows from the orbit-stabilizer theorem that

#{tpipesk} X #{GeSk :tezt}:#sk:k‘!. (4.35)
Combine (4.32)—(4.35) to conclude that the left-hand side of (4.31) is < k!, as desired. = [

LEMMA 4.9. Fix some integer I € Z and T € {1,...,k} as well as a nonnegative func-
tion E: 7F — R>¢. Assume that E is translation invariant in the sense that E (i1, ..., i) =
E(iy+x,...,ix +x) forevery iy,... iy € Z and x € Z. Then,

Y E(li)= > E®) (4.36)

i€ZF, ip=1I i€k, iy =0
t1=min(i;:5<k) -

PROOF. Note that ¢ runs over integer sequences in the left-hand side of (4.36) that may
also include negative values. We subdivide the sum by the minimal value i,,;, attained by the

sequence ¢ and subsequently use translation invariance with x = —iy,
I I
Y Eli)= ) Y EM)= ) > E(i). (437

’leZk, ir=1 imin=—00 zGZk, ip=1 imin=—00 Z‘EZk, ir=1—1imin
t1=min(4;:5<k) t1=min(4;:5<k)=imin t1=min(¢;:j<k)=0
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Here, making a change of variables J := I — i,j, and rewriting the constraints in the second
sum into an equivalent formulation,

I
> Y E@)=), > E@i)= > E®. (4.38)
tmin=—00 ieZk, ir=I—1inin J>0 ieZ’;O ieZ’;m 13=0
41=min(i;:5<k)=0 ir=7, i1=0 -
The combination of (4.37) and (4.38) yields (4.36), as desired. ]

COROLLARY 4.10. Foranyfixed I €{1,...,n}and J € {1,...,k},
k

Z HA(;) = < 4L Z exp(— Z 1{i; > i1} V]\II_(Z)lJ ) (4.39)

(p,0,i) €Lk it =1 ie{0}xzE ! j=2

PROOF. Let us define a function E : Z¥ — Rx( by
k

(i) — 2k71exp(—21{ij > ij_l}vj‘y_(g)‘lj). (4.40)

Then, Lemma 4.7 yields that | A || .~ < E(sort(i),). Hence, recalling the definition of Zj ,,
from (4.20) and using Lemma 4.8,

k
SAY =Y > E(sort(i),) <k!> > E(i). @441

(p,8) €L miis=1 pESk ic{l,...,n}* T=1 ic{l,..,n}*
p(1)=1 ig=I ir=I, t1=min(i,:5<k)

=2

Note that £(3) is translation invariant. Hence, by enlarging the sum and using Lemma 4.9,

Y E@G)< Y EG)= > E®). (4.42)

iT:I,Zi{i’r}ﬁﬁ];j:jgk) ir=I, ilzzerr%in(ij:jﬁk) ez
The desired estimate (4.39) now follows by combining (4.41) and (4.42), where we use that
k < 2k=1 to bound the factor arising from the sum over 7" in (4.41). ]

The sum in (4.39) can be interpreted as the normalization constant of a Zx(-valued stochas-
tic process for which going up by more than ¥(Z) in a single step is penalized by an expo-
nential factor, and with steps downward or up by less than ¥ (Z) being cost-free. Our goal in
the subsequent arguments is to establish an upper bound on this normalization constant.

REMARK 4.11. The aforementioned interpretation suggests that a significant contribu-
tion to the sum should come from the case where the path starts with a number of penalized
steps upwards and subsequently only takes unpenalized steps, as this creates the most pos-
sible combinations given a fixed amount of penalization. An earlier version of this work
utilized this structure to bound the normalization constant; the interested reader is referred to
arXiv:2307.11632v2. A direct computation however turns out to be shorter, which we present
below. We thank an anonymous referee for suggesting the more efficient argument.
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4.2.2. Bounding the “normalization constant”. We start with preparatory estimates:

LEMMA 4.12. Fix integers i, P > 1 and q > 0. Then,

i—1 .
Ses Zeqexp( L) <enpriig. a)
=0

Here, it should be understood that ¢4 =1if{ =0=q.

PROOF. The first estimate in (4.43) is an equality if ¢ = 0. Now let ¢ > 0. Because = — x4
is nondecreasing for x > 0 and ¢ > 0, we have Z;;é 01 < ff x?dx. The first estimate in

(4.43) then follows from ff z? < fg z4dr = 2'(1+1/(q +1).
For the second estimate, we start by subdividing the sum based on |¢/P]:

0 (G+1)P-1

Zﬁqexp( L J) Z ST tlexp(- Pq“ZHl Yexp(—j).  (4.44)

{=jP 7=0

The inequality here used that 1< Pij+ 1) forall L€ {jP,...,(j+1)P — 1}. Note that
x+1>j+1andexp(—(x — 1)) >exp(—j) forall z € [j,j + 1). Consequently,

;J‘f‘l exp( ])S/O ($+1)lep(—(ﬁU—1))dx—e/0 (z+1)7exp(—z) dz.

(4.45)
Conclude by noting that (z + 1)? < 2927 and [~ a9exp(—z)dz =T(¢+ 1) =¢!. O

LEMMA 4.13. For integers P> 1 and k > 2,

> ew(- Z]l{zj>zj 1}{ i S ) <16k P (4.46)

ie{0}xz5

PROOF. We consider a more general quantity. For an integer ¢ > 0, define

k .
, Lo 15 — 1j—
S(k,q) == 3 il exp(—Z]l{Zj > zj_l}VT“D. (4.47)
(il,...,ik)e{O}nggl Jj=2
Here, it should be understood that i{ =1 if iy = 0 = ¢. Observe that S(k,0) equals the
left-hand side of (4.46). It hence suffices to prove that
S(k,q) < 16+ 1+a/2 pk=ltag (4.48)

We proceed by induction on k > 2.

First, note that S(2,q) = Y 545 exp(—[4i2/P]). The second estimate in Lemma 4.12
then yields that S(2,q) < e29P9*1q!. This shows that (4.48) holds for k = 2.

Next, suppose that (4.48) holds for a given £ > 2 and all ¢ > 0. We will now show that the
bound then remains valid for k£ + 1. For any fixed ¢, > 0,

S fep(-1in > | B ) = ¥ @k+l+Z€+lk exp(~| 5))

tp+1=0 ip+1=0

ir—1 . 0 . g iq+1 q q .. .
=X it 2 (DS ren(-[p]) < g res (e
t+1=0 £=0 q =0 J

(4.49)
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Here, we used the binomial theorem for the second equality and Lemma 4.12 for the inequality.
Substituting (4.49) in (4.47) and using the induction hypothesis (4.48) yields

Sk+1,q) = S(k,q+1) +ez< )ZJPJ“ 1S(k,q — j) (4.50)

< <16’1/2 + ez 9i 16’j/2’1) 167+9/2 phtag),
=0
Note that the term within brackets in (4.50) is no greater than 1 to conclude that (4.48) also
holds when k is replaced by k + 1. This concludes the proof. ]

COROLLARY 4.14. Forallfixed k>3, 1 {1,...,n}, Je{1,...,k},

> AV~ < 645 TRIW(Z)F 1 (4.51)
(p,0,0)ELy iy =1

PROOF. This follows by combining Corollary 4.10 with Lemma 4.13. O

4.3. Derivative of tracial moments. Recall that our goal is to control the rate of change of
tracial moments along the interpolation S(¢). To control the individual terms in the expansion
of Proposition 4.6, we must then understand the directional derivatives of g(IM) := tr[MP?].
The following lemma, which also appears in [14, Lemma 6.3], provides an explicit expression:

LEMMA 4.15.  For any positive integers 1 < k < p and any matrices B, ..., Bj, € C4*¢
the polynomial function from C*? to C defined by M s tr[MP] satisfies
OB, -+ Op, tr[MP] = > M By M Byp) - - M By M.

0€S,  Ti,.,Tk412>0
rit T =p—k

PROOF. This follows by entry-wise expansion for the trace and the product rule. O

We next establish a trace inequality that will be used to control the terms that arise on the
right-hand side of Lemma 4.15. For a random matrix M and a scalar 1 < p < oo, we define

.
M, = {E[trHMI I ifp<es -
HHMHHLoo if p = o0.

It is known that || - ||, defines a norm on bounded random matrices [33, (26)]. The following
result is related to [14, Proposition 5.1], as is its proof.

LEMMA 4.16. Fix a positive integer k > 2 and consider a finite set I. Let X :=
(Xi,j)ieI,je{l,...,k} and M := (Mj);?:1 be bounded self-adjoint random matrices and con-
sider bounded real-valued random variables A := (A;);cz. Suppose that M is independent
of (X, A). Then, for any scalars 1 < p1,...,pr < 0o with 2?21 1/pj=1

‘E[ZAitr[Xi,lMlxi,zm...XMMk]} ’ < Rz(X) 2H IM; [, (4.53)
€L
where
Rr(X) = max max]| Xl and ca(X)? = max, [Zm X2 }H

i€l
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PROOF. As in [14, Proof of Proposition 5.1, Step 1] one can employ a convexity result,
namely [14, Lemma 5.2], and the cyclic property of the trace to reduce to the case where
pr = 1. Note that it then necessarily holds that p; = oo for any j # k. By rescaling both sides
of (4.53) it may further be assumed that ||[M}|; =1 and || M,||oc = 1 for any j < k.

For the sake of notational simplicity, let I be a random index which is uniformly distributed
in Z and independent of X, A and M. Then, also using the tower property,

E[D7 A tr{X M-+ My XMy | = #2 [E[6A XM - My X M|
€L
<HT|E[trE[A; X 1My - My X | M] M| (4.54)

The norm (4.52) admits a Holder-type inequality that implies that |E[tr AB]| < ||A|[,||Bl4
for any random matrices A, B and 1/p + 1/q = 1; see e.g., [14, Lemma 5.3] for a proof.
Using this with A = E[A; X7 1My ---M_1 X7 | M]and B=Mj and p=o0 and ¢ =1,

E[tr|E[A;X 1My - My Xy | M] M| ] < [[E[AX 1My M1 X | M|
(4.55)
where we used that E[tr|My|] = || M|l = 1 by the preliminary reductions.

Denote Z = M;X;2M3X;3---My_; and note that, almost surely, ZZ* < Rz(X)%*—41
with respect to the positive semidefinite order where 1 is the identity matrix. By definition of
the operator norm, the Cauchy—Schwarz inequality for random vectors, and the assumption
that (X, A) and M are independent, it follows that almost surely

|E[A/ X 1My - M1 X, | M]|| (4.56)
= sup [E[(v"sign(Ap)|Ar|2X112)(| A2 X pw) | M]|

v,weS4-1

< sup E[v*|A7|X[1ZZ X v | M]2E[w*| A X X pw | M)z

v,weSd-1

<RE2X) sup  E[v|A7|X3 02 E[w*|AL]X3 ]

v,weSI—1
with S9! C C? the unit sphere. Here, for any j € {1,...,k} and v € S9!
E[v*|ArX2 0] = (#I) '0'E [Z\Aﬁxzj} v < (#I) Lea(X)2. 4.57)
i€
Combine (4.54)—(4.57) to conclude the proof. ]

4.4. Proof of Theorem 2.4. We finally combine the preceding ingredients with a direct
calculation to control the rate of change of E[tr S(¢)??] along the interpolation from (4.1) and
use this to prove the desired universality principle for the tracial moments of even order.

LEMMA 4.17.  For any integer p > 2 and any t € [0, 1]

d 2
FElrs®?] (4.58)

< (400p)* R(X) W (Z)%(X)? max{E[tr S()*]' ", (400pR(X)¥(Z))* 3},

PROOF. The combination of Proposition 4.6 and Lemma 4.15 yields that

2p E_q
d 1 t2
E[trSH)?| ==Y — 45
GEESOM=3> gy X (4.59)
k=3 0eSr  Ti,Tr12>0

it T =2p—k
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XE| 30 alAVSH)" X)) S X, S0,
(pui)EIk,n

We here used that Ml — tr M?? is a polynomial of degree 2p to neglect all terms in Proposition
4.6 with k > 2p. Any 6 € S, defines a bijection from 7, ,, into itself as (p, i) — (p,i9) Where
we recall that (i@) j = ig(;)- Hence, the sum over 6 in (4.59) can be eliminated in exchange for
a factor #5;, =

diE trS(t Z > t21px (4.60)

T1,e k4120
T’1+ +rpp1=2p—k

‘E[ S w[AYS(@HXY) - S(t)rkng,;su)mq} ‘
(p1)€Lk,n
We next apply Lemma 4.16 with M; = S(¢)"+* and p; = (2p — k)/rj+1 for j < k and
My, = S(t)"+ " and pr, = (2p — k)/(rps1 + r1) for j = k. Note that the independence
condition in Lemma 4.16 is then satisfied because S(¢) only depends on G and Z71,..., 7,
which are independent of Xij '=F,, (Z;Z)) and A" due item (2) in Proposition 4.6. Thus,

’IE[ > alAYS@E XY S XS (1) ]| ‘ 4.61)
(pvi)ezkm/

< Rz, ,(XV)F 2 (XO)2E[tr[S (1) 7]

where
Y .—
Rp,.(X?):= max max [[IXZ]],., (4.62)
Y2 . (p) (»)\2
A(X) = max, E[ S AP(x) ]H (4.63)

(p,3)E€ZLk,n
If follows from item (1) in Proposition 4.6 that X(”; has the same marginal distribution as

X;,. Hence, Rz, (X)) = R(X) and E[(X}")?] = E[X} ] with R(X) as in (2.6). Thus, the
followmg inequality holds with respect to the positive semidefinite order for any fixed j < k:

Bl Y 1APIXD? = Y IAYII-E[(X()?] (4.64)

(p,i)EZk,n (pzi)eI’C n

- Z( > 1AV )E (XS]
=1 (pi)€Ly nii;=1
Here, we have Y-, ez, i 1 |AY ||~ < 64F1k1¥(Z)*~1 by Corollary 4.14. Recall the
definitions of ¢(X)? and ¢a (X”)? from (2.7) and (4.63), respectively. We conclude that
A (X2 < 648 1R (2)F 16 (X)2 (4.65)
We next combine (4.60)—(4.65). Note that the number of (k + 1)-tuples (r1,...,7k+1)
satisfying r; > 0 and Zfill rj =2p — kis equal to (215) < (2p)*/k!. Hence,

2p
%E[trS(t)%]‘ < % Zt§—1k64k—1(2p)kR(X)k—2\I’(Z)k—lg(X)2E[tr|s(t)|2p_k]
k=3
2
< ;i(zOOP)kR(X)kQ‘I’(Z)k1§(X)2E[trS(t)2p]lz’l (4.66)

k=3
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where the second inequality used that E[tr|S(#)|?P~*] < E[tr S(t)Qp]l_ﬁ by Jensen’s inequal-
ity as well as the fact that 51 <1 and I<:(64)”“*1 < 100" for all £ > 3. Here, we can further
simplify by using Holder’s inequality with the fact that 33" ,(1/2)F < 327 (1/2)* =2,

2p
£ > (200" ROX)S 2w ()4~ (X B[S (1)) wen
k=3
2p
= % > 27" (400p) " R(X)F 20 (2)F 1o (X)?Eler S(¢)*F] 2
k=3
< max (400p)*R(X)*20(2)F (X E [ S(0)7]' >

Finally, note that the function k 2¥ is convex for any fixed x > 0. It follows that the
maximum on the right-hand side of (4.67) is achieved at k£ = 3 or at kK = 2p. Combine (4.66)
and (4.67) to complete the proof. O

Solving the differential inequality in Lemma 4.17 now yields the desired result:

PROOF OF THEOREM 2.4. If p = 1, then the result is true because E[G?] = E[S?] by
definition of a Gaussian model. Now assume that p > 2.

Every differentiable function f : [0,1] — Rx>o with |%f(t)] < Cmax{f(t)\= K=}
for constants C, K > 0 and « € [0, 1] satisfies that |f(1)* — f(0)%]| < Ca + K?; see [14,
Lemma 6.6] for a proof. Applying this with o = 3/(2p) to the conclusion of Lemma 4.17

IE[tr S]2 — Eftr G¥)2 | < ;3(40013)33()()\1:(2)%()()2 + (400pR(X)¥(Z))3. (4.68)

Using that v — (w +v)/? — v'/3 is a nonincreasing function in v > 0 for any fixed w > 0, it
can be deduced that |2/% — y'/3| < |z — y|'/3 and (x4 y)'/3 < 23 + y'/3 for any x,y > 0.
The desired result hence follows with absolute constant ¢ = 500 by raising both sides of (4.68)
to the power 1/3 and using that (3/2)1/3400 < 500. O

5. Proof of Corollaries 2.5 and 2.6 as well as Equation (2.12). We now demonstrate
how the universality of tracial moments proved in Theorem 2.4 can be combined with Gaus-
sian theory to give bounds on the operator norm. We use yet another variance proxy:

0.(8)%:= ” ||Sil||p HlE“(v, (S —E[S])w)|?]. (5.1

This quantity is used to state the following general-purpose estimate in its strongest form, but
it will suffice in our application that 0..(S) < v(S) and 0. (S) < o(S) [9, Section 2.1].

LEMMA 5.1.  There exists an absolute constant C' > O such that for every integer p > 1,
d”wE[||G|] - CE.(p) <E[|S|*]"/* < d=E[||G][] + Cd? E.(p) (5.2)
where £,(p) := R(X)Y3W(2)3¢(X)¥*p?/3 + R(X)U(Z)p + 04(S) /P
PROOF. Using that d~!||M||? < tr[M??] < ||[M||? for any M € CL*, it follows from
Theorem 2.4 that there exists an absolute constant ¢ > 0 such that

"W E[|GI?]% — cE(p) <E[|S?|]% < d¥E[|G|*)% +cd¥E(p)  (53)
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where E(p) := R(X)3W(2)%/3¢(X)?/3p?/3 4 R(X)W(Z)p.

Viewing the operator norm ||G|| = supjj|—|jw|=1 Re((v, Gw)) as a Gaussian process, it
follows from [13, Theorem 5.8] that P(||G|| — E||G|| > ) < 2exp(—2?/202(G)). Hence,
using that sub-Gaussianity is equivalent to moment bounds [13, Theorem 2.1], we have that

E[|lIGl| - E[G]["] % <20.(G) . (5.4)

Note that 0, (G) = 0. (S) since this quantity only depends on the covariance structure. Com-
bining (5.3) and (5.4) using the triangle inequality for the L”-norm hence yields (5.2). O

PROOF OF COROLLARY 2.5. Itis shown in [9, Theorem 2.3] that |[E[||G||]] — || Greel|| <
Cv(S)Y25(S)/?(logd)3/*. The bounds in Corollary 2.5 are then immediate from Lemma
5.1 since ||Giree | = ||Stree|| and o4 (S) < min{v(8),o(S)} < v(S)/20(S)Y/2. O

PROOF OF COROLLARY 2.6. The matrix Khintchine inequality of Lust-Piquard [29], [51,
Corollary 2.4] implies that E[||G||] < C'y/In(d + 1)o(S) for some absolute constant C' > 0.
Substituting this in Lemma 5.1 with p = [In(d + 1)] and using that 0. (S) < o(S) yields the
bound in Corollary 2.6 since E[||S||] < E[||S||?*]'/? by Jensen’s inequality. O

Finally, the following result implies the tail bound that was claimed in (2.12).

PROPOSITION 5.2.  There exists an absolute constant ¢ > 0 such that for every 0 < 6 <1
and x > 0 it holds with € as in Corollary 2.5 that

P([IS] > (1 + 6)|[Stree|| + c€(x)) < (d+1)(1 +8)7". (5.5)

PROOF. Using the upper bound in Corollary 2.5 and Markov’s inequality, there exists an
absolute constant C' > 0 such that for every y > 0 and every integer p > 1,

P(IS] = y([ISteel + CE(p))) < P(IS|| = yd V*E[IS|*]V/?) <dy™.  (5.6)

Lety:= 1+ and p := [2/2]. We may assume without loss of generality that z > log;, 5(d+
1), since (5.5) is vacuous otherwise. Using this in (5.6) as well as the fact that /2 < p < z,

P([S] = (14 0)[[Strec|| + (14 6)CE(x)) < (d+1)(1+6)7 (5.7)
This yields (5.5) with ¢ := 2C since 1 4+ § < 2 by the assumption that § < 1. U
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APPENDIX A: PROPERTIES OF THE -DEPENDENCE COEFFICIENT

In this section, we prove some properties of the i)-dependence coefficient that may be
helpful in the estimation of the parameters when one needs to apply our results. First, we
prove a bound on ¥(Z) in terms of the total variation mixing time of the Markov chain in
Section A.1. Second, we prove bounds on ¢(S) and v(S) in Section A.2.

A.1. Bound on ¥(Z) in terms of total variation mixing time. Another common way
to quantify the decay of dependence in a Markov chain is the total variation mixing time [28,
Section 4.5]. As was announced in Remark 2.3, one can bound ¥(Z) in terms of the mixing
time whenever the state space is finite. We prove this claim in Proposition A.2.

LEMMA A.l. Let Z = (Z;)}_, be an ergodic stationary Markov chain on a finite state

space Z. Denote P € [0,1]2*% and 7 € [0,1)% for the transition matrix and stationary
distribution of Z. Then,

P! 1
U(Z)= min{n, min{t >1: max‘ M <- }} (A.1)
i,jEZ T 4

PROOF. We claim that if X and Y are random variables with values supported on a finite
set Z, then the suprema in (2.4) are realized by singleton sets:

P(X=2,Y=y)-P(X=x)P(Y =y)
X,Y)= ‘ ! ( A2
VX Y) = max, P(X = 2)P(Y =y) A-2)
To see this, note that for any absolutely continuous measures p << v,
,u
sup ‘/ILE d ‘<H 1” . (A3)
E:v( >0 1/ Lee

Applying this with y1 :=Px y and v := Py ® Py shows that the left-hand side of (A.2) no
greater than the right-hand side. The other inequality follows by using singleton sets in (2.4).
Using (A.2) in the definition (2.4) of ¥(Z) now yields (A.1). O

The total variation distance between two probability measures p, v on the same space Z is
d = A) —v(E)|. A4
v (i v) = max|p(A) - v(E)| (A4)

For any € > 0 the e-mixing time of an ergodic Markov chain Z on a finite state space is defined
as tmix(€) :=min{t > 1:d(t) < e} where d(t) :=sup;czdrv(P(Zs = - | Zp = i), 7). We
refer to tmix := tmix(1/4) as the total variation mixing time of Z.

PROPOSITION A.2. Let Z and 7 € [0,1]% be as in Lemma A.1 and denote T, =
min{7my, : x € Z}. Then, ¥(Z) < (logy(1/Tmin) + 3)tmix

PROOF. By taking E = {j} in (A.4) it follows that for every ¢ > 1, maxi,jeg\vaj —m;| <
d(t). Denote £ := [logs(1/mmin) + 2] and note that £ > logy(1/mmin) + 2. It consequently
follows from [28, (4.35)] that d({tix) < 2= <4717 ;.. Hence,

max (P> — ;) /m;| < 1/4. (A.5)
LjEZ

The desired result now follows from Lemma A.1 and the fact that £ <logy(1/mmin) +3. O
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A.2. Bounds on o (S) and v(S). We now prove Remark 2.3 in Lemmas A.3 and A 4.
LEMMA A.3. It holds that o(S)? < 3¥(Z)c(X)2.

PROOF. By expanding the summation in the definition of S and regrouping terms,

E[(S-E[S ZZEXX +X,X]. (A.6)
=1 j=1

For any 4, j with ¢(Z;, Z;) < oo using the definition that X; = F;(Z;),

E[X:X; + X;X;] :/ZXZ (Fi(2)F;(2) + Fj(2)Fi(z)) APz, 7, (2, 2;) (A7)

Let Z; and Z i be independent random variables with the same marginal distribution as Z; and
Zj, respectively. Then, with A, ; := Cﬁg%(z-, Z;) — 1 and X; = F;(Z;), it follows from

(A.7) and the assumption that X is centered that
E[Xin + XjXZ‘] = E[(l + A@j)(XiX]‘ + XJXZ)] = E[Ai7j(XiX]‘ + XJXZ)] (A.8)
In general, for any A, B € C%*9 and scalar 6 € R, we have §(AB + BA) < |§|(A? + B?)

with respect to the positive semidefinite order.” Hence, using Proposition 4.3 and (A.8) if and
only if ¢/(Z;, Z;) < 1, and applying the inequality directly otherwise,

E[X:X; + X;X;] < min{1,9(Z;, Z;) } (E[X]] + E[X?]) (A.9)
forall 7,5 € {1,...,n}. Substitution in (A.6) and reorganizing the terms again yields that
E[(S—E[S])?] 2> min{1,4(Z, Z;)}E[X]]. (A.10)
i=1 j=1

Finally, using that min{1,v(Z;, Z;)} < (1/4)li=31/¥(2)] by Proposition 4.4, we here have
that 377, min{1,%(Z;, Z;)} < 2\II(Z) Yoo (1/4)? <3W(Z). The claimed estimate hence
follows from the fact that the operator norm respects the positive semidefinite order when
restricted to the set of positive semidefinite matrices. 0

LEMMA A4. It holds that v(S)? < 3¥(Z)|| Y1, Cov(X,)].

PROOF. For any random vector V/, it holds that || Cov (V)| = supjy <1 E[(V, W) 12]. In
particular, || Cov(S)|| = suppy <1 E[| Tr[SM] 2] with Tr[M] = Y, M, ; the unnormalized
trace. Here, proceeding similarly to (A.6)—(A.10),

E[|Tr[SM]|? ZZmln{l U(Zi, Z;) YE[| Te[X,M] 7] (A.11)

=1 5=1
Thus, taking the supremum over M and bounding Z;‘:l min{1,¢(Z;, Z;)} <3V(Z), we
have || Cov(8S)|| <3¥(Z)|| >, Cov(X;)||. This yields the desired result. O

"This follows by using that 6(A — B)2 = 0if § > 0 and by using that 6(A + B)2 <0if 6 <0.
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APPENDIX B: PROOF OF LEMMA 3.2

The following is a special case of a result by Samson [40].

LEMMA B.1. Consider scalar random variables of the form Y; = f;(Z;) for functions

fi: Z; —[0,1], and consider deterministic matrices B1,...,B,, € RdXd Then, there exists
an absolute constant C' > 0 such that for every x > 0,

ol 2 <en(-0— B ) @

i=1 =1 =T (B)*¥(2) B

where 2 (B) 1= SUD |y = w21 Doie (Vs Biw)?.

PROOF. We use [40, (2.23)], which provides a concentration—of-measure principle for

random sums of deterministic vectors by, ..., b, in an arbitrary Banach space (B, || - ||):
#(| ool smy) ®2
2 MSEOENE (B2

where ||| is a dependence quantity [40, Section 2] and ¢, (b)? := SUDge Bijje | <1 Dim1 £(b;)?
with supremum runing over linear functionals £ : B — R of norm < 1.

Suppose that the Banach space is R4*? with the operator norm. Then, the linear functionals
of norm < 1 are convex combinations of those of the form £(M) = (v, Mw) for fixed vectors
v,w € R? with [jv]| = ||w|| = 1. Hence, taking b; = B; and using that > 7, £(b;)? depends
convexly on £ yields the variance proxy specified in Lemma B.1.

Regarding the dependence quantity ||T||, it suffices for our purposes that it can be bounded
whenever the dependence in the Markov chain decays at an exponential rate. Specifically,
since the total variation distance between the laws of Z; and Z; is at most min{2, ¥/(Z;, Z;) }
it follows from Proposition 4.4 with the same argumentation as in [40, pages 421 to 422] that

n—1
IT) <3 /min{2, (1/4)/¥2)}. (B.3)
k=0
Thus, ||T'|| < ¢¥(Z) for some absolute constant ¢ > 0. Use this in (B.2) to conclude. O

COROLLARY B.2. With notation as in Lemma B. 1, there exists an absolute constant ¢ > 0
such that for any integer p > 1,

IS =[5

PROOF. This is immediate from Lemma B.1 since sub-Gaussianity is equivalent to moment
bounds [13, Theorem 2.1]. J

2p71/2
. p} p‘gc\/p\II(Z)g*(B). (B.4)

PROOF OF LEMMA 3.2. Note that the model (3.1) is of the form described in Lemma B.1,
with B, = eze + ejef or By = e;e] depending on ¢(t) = {i,j}. Here,

Z(B)= sup Y (1,Bygyw)’= ZZUQwQ—l (B.5)
lol=llwl=1=; ihlielel= 2 &

where we used that ||v;|| = ||w;|| = 1. Thus, using Lemma B.1 and Corollary B.2 with the
triangle inequality, there exist ¢, C' > 0 such that for every p > 1,

P([ISI| - E[IS[I*)"/*] > ey/p¥(2) + x) < exp(—Ca®/¥(Z)). (B.6)
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On the other hand, taking p a sufficiently large multiple of In(d + 1) depending on the desired
multiplicative error §, and using the two-sided bounds in Corollary 2.5 with the parameter
estimates from Lemma 3.1 and the assumption that ||S; ;||r~ <1,

E[|S][21Y/2 — (1 Stree B.7
_?3’25‘ (S]] (1+7)IStreell| (B.7)

<cW(Z)idiIn(d+1)5 + c¥(Z)In(d+ 1) + c¥(Z)zdi In(d + 1)1

for some ¢ > 0. Combine (B.6)—(B.7) and simplify using that \/In(d+ 1)¥(Z) < In(d +
1)U (Z) and ¥ (2)Y2d"*In(d + 1)%/* < U (2)*/3d" /3 In(d + 1)?/3 for some ¢ >0. [

APPENDIX C: PROOFS CONCERNING BLOCK MARKOV CHAINS

This section concerns the proofs for Section 3.2. We adopt the notation that was used there.
In particular, M = /d/n(N — E[N]), and S is the self-adjoint dilation defined in (3.7).

This section is split in the following main parts. In Section C.1, we estimate the entries
of Cov(M) and use these to provide precise the estimates on the parameters of S. We prove
Proposition 3.6 in Section C.2. Finally, the proof of Theorem 3.5 is given in Section C.3
where we also establish a nonasymptotic concentration inequality in Proposition C.13.

C.1. Estimates on the parameters of block Markovian random matrices. For any
fixed d,n > 1, we introduce the following abbreviations

€1 ::dmax{:/;r;; :UG{I,...,K}}, (C.1)

Co ::d2max{7;r;; :S}w :v,we{l,...,K}}, (C2)

cg:zd?’max{;; :S}U ;;z’)w :U,U,UJE{L...,K}}, (C3)
2 12 (P)uw — o | Pogw

0:=d max{‘EZ(n—Q—t) Yy v, :u,v,wE{l,...,K}}. (C4)

Here, we let 9 = 0 if n — 3 < 1. Simple upper bounds on the ¢; and ? are given in Lemma C.4.

LEMMA C.1. Foranyi,j,k,m € {1,...,d} it holds that

|Cov(M)j kml (C.5)
%(Q—l—%%—i—%@,—i—%mb) l‘f(%]):(k?m)v
< q (56 +2c3+ 3e20) if (i,5) # (k,m) and (i =m or j = k),
+(3¢3 4 2c20) else.
Furthermore, if i € V, and j € Vy, for a,b € {1,..., K}, then
TaPa,b 1 /d 3 4 2
Mi~,~~—d77‘<7(f 2424 ) C.6
|cov( Jisii = Ay | < g (e + b 2 Jead (C.6)

PROOF. Recall that the Markov chain of transitions F = (Et)f:_f is defined by FE; =

(Ziy Zy+1). For any 4, j,k,m € {1,...,n} we can write
d . R R R
Cov(M)ijjom = - E [(N — E[N));; (N — E[N])km} (C.7)
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- Z E| 1B, = (1)} 1{Ew = (k;m)} = P(Ey, = (i,3) P(Er, = (k,m)|

tl,tz 1

n—1
d .
== Z gtl,t2<7/7.77k7m>'

n
tl,tgzl

Let us separately consider the case where ¢ = to, |t1 — to| = 1, and |t; —to| > 1. If t] = to,
then since the block Markov chain starts from stationarity,

{—WP(El = (i.)B(Ey = (k,m))  if (i.5) # (k,m),
W (P(Ey = (i,7) ~ P(Ex = (5,4))2) i (i.5) = (k. m),

(C.8)
It here holds for i € V, and j € V, that P(Ey = (4,5)) = TaPap/#Va# Vs < t2/d*. Hence,
using that P(Ey = (i,7)) — P(E1 = (i,5))? <P(Ey = (4,5)) and (n — 1)/n <1,

n—1
d Z .
- gtl,tl (Z7j’k’m) =
n

t1:1

‘7 thhtl i ],k m), < Cll 303, 1 (Zvj) 75( 7m)7 (C9)
t=1 a2 if (4,5) = (k,m).
Furthermore, for ¢ € V, and j € V),
TaPa,b
=2 (i, ( (C.10)
‘ tlz_:l 1t (0, ] #V#Vb
dn d(n-1) . d(n—1) . ¢3
< _—— = _ = — —_
< (T - D)PE = () + P(By = (i,) < = + =2
Now suppose that |t; — t2| = 1. By symmetry, it suffices to consider t5 = ¢; + 1. Then,
d n—2
‘7th17t1+l(iajak7m)‘ (C.11)
"=
2Ry = (i, ) BBy = (k,m)) ifj £ k.
W2 |P(E) = (i,4), B2 = (j.m)) — B(BL = (i,§))B(E2 = (om))|  ifj = k.

A similar estimate applies when ¢; = t2 + 1. The only difference is that the case distinction
then depends on whether ¢ = m or i # m because &, +, (i, j, k,m) = &, +, (k,m, 1, j). Hence,

d L %cQ, if j # k and i #£ m,
Y enGikm| <y EIFRad i (€12)
Wi sz +ge3) ifj=kori=m.

Finally, consider the case where |t; — t2| > 1. Then, if to > t; + 1,

‘7 Z Z Ena (1, 7, ko ‘_ ’* ”—1—5)51,1+s(i,j,k,m)‘ (C.13)

ti=1ta>t1+1
= d]P)(El = (ivj))]P)(ZQ-&-s =m ’ Z4s = k)

n—2
X ’Z n_Tl_s(]P)(ZHS =k|Zy=j) —P(Z14s= k‘))‘
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Recall (C.4) and note that P(Z14s =k | Zo =j) = (ps—l)a,b/#vb forany j €V, and k € V).

A substitution ¢ = s — 1 hence yields that |£ 2;31 tosty 1 St (1,7, k,m)| < 90, By
using a similar estimate for the case t; > t2 + 1 we conclude that
‘7 S ik, m)‘ e (C.14)
[t —t2|>1

We finally combine the foregoing estimates. Due to (C.7) it holds that

n—1
d . d .
|Cov(M)ij kml S‘E > & (’L,J,k,m)‘ + ’H > Ennlig k,m)

t1=1 [t1—ta2]=1

d o
+ ‘E Z gtl,tl“l‘l(z’.]?k?m)" (ClS)
[t1—t2]>1

Estimate the terms in the right-hand side of (C.15) using (C.9), (C.12), and (C.14) to complete
the proof of (C.5). Similarly, the proof of (C.6) can be completed by combining (C.10), (C.12),
and (C.14) together with the fact that

TaPa,b TaPa,b
Cov(M)ijij — d—oo—r Etv (1,451, C.16
OV( ) Jrt] #V #Vb ’ } tlz t1,t 7/ J Z j #V #Vb ‘ ( )

d
a < 3,4, j ‘ ‘7 < 3,4, j ’
+ ’TL Z t17t2(7‘ J5? J) + n Z tl,t1+1(l Jst ])

‘tlftg‘::l |t17t2‘>1

This concludes the proof. 0
We next show that one can estimate W(Z) and W(E) in terms of ¥(p).
LEMMA C.2. It holds that ¥(Z) = min{n, ¥(p)}.

PROOF. Forany i€V, and j € V, it holds that P(Z11, = j | Z1 = 1) = (P")ap/#Vs- The
desired estimate is hence immediate from Lemma A.1. O

LEMMA C.3. [t holds that V(E) < VU(Z) + 1.

PROOF. Since Z starts in stationarity, the same holds for E. Further, for any ¢ > 1 and
i,j,k,m e {1,...,d} using the definition that E; = (Z, Z;11),

max ‘ P(Eie=(i,)) | B = (k,m.)).— P(E14e = (i,5)) ‘ < 1} (C.17)
i k,me{l,....d} P(E14+¢=(4,7)) 4
~ ax ‘P(Zl+t—1:i\lem)fIP’(ZHt—l:i) ’ < }}
i,me{1,...,d} P(Zt_H = Z) o
The desired result now follows from Lemma A.1. O

We bound the parameters (C.1)-(C.4). Recall that iy = min{#Vy/d: ke {1,...,K}}.

LEMMA C.4. Foranyi€ {1,2,3} it holds that ¢; < 6 and d < %\Il(p)éf.2

— 'min min®
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PROOF. The estimate ¢; < & ; is immediate from the definitions (C.1)—(C.3) and the fact
that 7, <1 and pvaglforallv w € {1,..., K}. Further, for any u,v,w € {1,..., K} the
triangle inequality together the estimates #V / d > Gmin and pyy < 1 yields that

(P")uw —

#VU Z‘ #V_

gd—2d;?n(<wp>—1>+ > (B =),

t=¥(p)

Since 7, < 1, one can relate the right-hand side of (C.18) to the v-dependence coefficient:

Ty | Po,w

1 n—2
=>(m-2-1) (C.18)

max{|(pt)u7v—7rv|:u,vE{l,...,K}}gmax{’(pt)t;’:_v‘ ,ve{l,.. K}}

v

Due to Proposition 4.4 it hence follows that

v<a (w0 Y ()7 =ak (e - e 3 (1)) @9
t s=1

=¥(p)
Use that >, (1/4)" =1/3 to conclude the proof. O

Recall that U(p) refers to the 1 -mixing time of the Markov chain on {1,..., K} with
transition matrix p. By Lemma A.1, one can express W(p) more explicitly as

ty., . . 1
U(p):= min{t >1: max ‘ m <z } (C.20)
ije{l,..,K} uy 4

LEMMA C.5. With S, X, and E as in (3.7)—(3.8) it holds that
(X)<2y/d/n, U(E)<TU(p)+1, ¢(X)?<c1, 0(S)?><g, v(S)2<d v,

where g and v are explicit and satisfy g < ¢ + Cd~ amiln\ll( )and o < C' Amiln\IJ( ) for
certain absolute constants C,C’ > 0.

PROOF. The estimate R(X) < 2,/d/n is immediate from the definition (3.8) of the matri-
ces X;. Similarly, the estimate on W (F) is immediate from Lemmas C.2 and C.3.

We next consider ¢(X). The X; are identically distributed since the block Markov chain is
assumed to start in stationarity. Hence, using that for any self-adjoint random matrix A one
has E[(A —E[A])?] = E[A?] — E[A]? < E[A?] with the positive semidefinite order,

d 0 ejel 2
ZE X7 =(n-DEX]] 2d > P(Er=(ij)) (eje.T Z0J>

1,j=1

_dZ]P’ (eze 0>+dZIP> Z = j) <8€jOT>.

€
Since the operator norm of a positive diagonal matrix is its maximal element, it follows that
¢(X)? <max{dmy/#Vr:k=1,...,K} = c1, as desired.

We next consider v(S)?. Using [9, Lemma 4.10] and that Cov (M) being symmetric implies
that its operator norm is bounded by the absolute row sums by [20, Corollary 2.3.2],

v(8)? < 2| Cov(M)|| < max Z|Cov Yijiml- (C21)
Li=1d k,m=1
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For any fixed i, j there is precisely one term in (C.21) with (k,m) = (i, 7); at most 2d terms
with (k,m) # (4,7) but i = m or j = k; and at most d? remaining terms. The combination of
(C.21) and (C.5) hence yields that v(S)? < d~'v with

2 3 2
U::2<<C2+ d2c2—i— J6 d2C20> +2(gc§+2c3+gczo> + (3c§+2c20>>. (C.22)

The claimed upper bound on v now follows from Lemma C.4.

We next consider the estimate on o(S)2. A direct computation shows that S? is a block
diagonal matrix with diagonal blocks MM ™ and MT M. Consequently, taking expectations
and the operator norm on both sides, o(S)? = max{||A|,||B||} where A and B are the
self-adjoint d x d matrices whose entries are given by

d d
Am’ = Z COV(M)Z[J‘Z, Bi,j = Z COV(M)&',@'. (C23)
=1 /=

We consider the diagonal and the off-diagonal terms of these matrices separately. First, con-
sider the case where i # j. Then, (i, /) # (j,¢) and (¢,i) # (¢, ) forall £ € {1,...,d}. Hence,
using (C.5) with separate consideration of the case where i = or j =/

2/3 5 2 d, 9

Al < = (3% + 2+ acQa) + 25 (36 + 2020), (C.24)
2/3 5 2 d
1Bi ;| < 7 (gcz +2c3 + gQD) B (3¢5 + 2¢20). (C.25)
For the case with ¢ = 7 we get better leading-order term if we replace (C.9) by the following:
d n—1 d( ) d
‘f SN Ennlintib) ( (P(By = (i,0)) — P(Ey = (i,£))2)  (C.26)
l=1t:1=1 (=1
P(Zl Z) S C1.

It was here used that P(E; = (i,/)) > P(E; = (i,£))%. Now observe that by (C.7),
1

d
‘ZCOV )ieie S’%ZZQMH (,€,,0) ‘+‘— Z Enta (1,41, 0)

(=1t,=1 (=1 |t;—t,]=1
d d
+’;Z 3 5t1,t1+1(¢,£,i,£)). (C.27)
=1 |t1—t2|>1

Hence, by using (C.12), (C.14), and (C.26) in (C.27), |A;;| < ¢1 + d 71 (2d71e3 + 2¢3 +
2d~'¢yd). Exactly the same estimate applies to |B; ;|. Now using [20, Corollary 2.3.2] as in
(C.21), we conclude that o(S)? < g with

1,2, 2 1/./3 2
4= (22 42+ 2 ) 7<2<7 24 9+ 2 ) 249 ) 2
g c1+d(dc2—|— C3+dC20 +d dc2+ C3—i—chb + (3¢5 + 2¢90) (C.28)

The claimed upper bound on g now follows from Lemma C.4. O

C.2. Convergence of singular value distributions. Recall the definition of the empirical
singular value (3.11) and that S was defined by a self-adjoint dilation in (3.7). It follows that
sym(vn ) = ps where ug is the empirical eigenvalue distribution of S, defined by

us([a, b]) —#{16{1 5, 2d} a < \(S) < b} (C.29)

where the \;(S) are the eigenvalues of S. We rely on the well known moment method to
establish the limiting law of pg and state it as a lemma for the sake of clarity.
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LEMMA C.6. Consider a sequence of self-adjoint random matrices (S;)7°, and let p be
a deterministic compactly supported probability measure on R. If for every integer p > 1,

lim E[tr S¥] = /xpd/,t(x) and lim Var[tr S”] =0,

11— 00 1— 00

then ug, converges weakly in probability to p as 1 tends to infinity.

PROOF. This is standard, for instance implicit in the proof of the Wigner semicircular law
in [3, Section 2.1.2]. O

LEMMA C.7. Iflimg_,o d/n =0, then for every positive integer p > 1
lim |E[tr S’] —E[trG”]|=0 and lim |Var[tr SP] — Var[tr G”]| = 0.
d—o0 d—o0

PROOF. Using that liminfy oo min{#Vy/d:k=1,..., K} > 0 in the considered limit-
ing regime and that limg_,, d/n = 0 it follows from Lemmas C.4 and C.5 that
lim R(X) =0, limsup ¥U(E) < oo, limsup ¢(X)? < oco. (C.30)
d—00 d—o0 d—o00
Hence, it follows from Theorem 2.4 that limg_ o |E[tr S??] — E[tr G2P]| = 0. Further, it holds
for every odd p that tr S? = 0 = tr GP by definition of a self-adjoint dilation (3.7).
It now remains to show that the variance of even tracial moments is universal, for which
purpose it suffices to show that limg_, [E[(tr S?7)?] — E[(tr G*)?2]| = 0. For this purpose,
we use the trick outlined in Remark 3.8: note that for every fixed t € R,

2p
2\ . . .
E[tr(S R1+41® S)ﬂ - ]Z; <f> tJE[tr[SQP*J] t2[87]|. (C.31)

Hence, since pointwise convergence of polynomials implies convergence of coefficients, it
suffices to prove universality for E[tr(S ® 1 + t1 ® S)?P]. (Consider j = p.)

To this end, note that the matrix S ® 1 +¢1 ® S can be represented as a Markovian model.
Moreover, direct computation shows that the parameters are again of the same asymptotic
order. Indeed, | X; ® 1 +t1® X;|| < (1 +#)R(X) and E[(X; ® 1 +t1 ® X;)?] = E[X?] ®
1 + t1 ® E[X?] since E[X;] = 0 so that the variance quantity is bounded by (1 + t)s(X).
Hence, using the parameter estimates from (C.30) together with Theorem 2.4 gives pointwise
convergence for the polynomial (C.31), concluding the proof. O

In order to prove Proposition 3.6 it is now sufficient to consider the empirical eigenvalue
distribution of the Gaussian model. We will do this by using [44, Theorem 4.2].

The proofs in [44] are not directly applicable to S in the sparse regime n < d?. And
outside the sparse regime, [44] relies on quite some computation to prove that [44, Theorem
4.2] is applicable to S, by directly determining the joint moments of the entries of the matrix.
Gaussian universality allows one to bypass this, since the higher joint moments of a Gaussian
vector are determined by its covariance structure.

REMARK C.8. Given Gaussian universality, there are also other arguments that can re-
cover the following results. For instance, the Gaussian comparison results in [14, Section 8.1]
can show that the spectral distribution and norm of G are well-approximated by those of a
self-adjoint Gaussian matrix G with independent entries. Approximating G next by a free
probabilistic object using [9], and then using the matrix Dyson equation [21, Equation (1.5)]
for the spectral law of the latter object, would do the trick.
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For any positive semidefinite D x D matrix X > 0 we define the following parameter
measuring the size of the off-diagonal terms:

e(X) :=max{|%;;|:i#j, i,j€{1,...,D}}. (C.32)

The following lemma is used to verify a condition in [44].

LEMMA C.9. Fix a positive integer D > 1 and positive scalars £,u > 0 and define a set
of positive semidefinite matrices by

Spll,u) = {EGRDXD:E¢Oand€§2mSuforallie{l,...,D}}.

Then, for any nonnegative integers 0 < r < D and py,...,pp > 0 with p; =1 for i €
{1,...,7} there exists C > 0 such that for any centered Gaussian vector g with covariance
matrix ¥ € Sp(l,u),

[E[g" g5 g5’ ]| <Ce(¥):  and  |E[g}---gp) — Elgi] - Elgp]| < Ce(3)*. (C.33)

PROOF. This follows readily from direct calculations with the properties of the Gaussian
distribution. For instance, one can proceed by induction on D. The base case D =1 is
immediate from the assumption that E[g;] = 0, and in the the inductive step one can to exploit
that the conditional distribution of g; given go, ..., gp is explicit [15, Proposition 3.13]. This
computation is straightforward but tedious, so we omit the details.? O

PROOF OF PROPOSITION 3.6. For any d > 1 let A := v/dG denote a rescaled version
of the corresponding 2d x 2d Gaussian model G for S. We claim that the sequence of random
matrices (Ag)% . is approximately uncorrelated with variance profile as defined in [44,
Definition 4.1]. This means that we have to show that for any fixed non-negative integers
0<r<Dandpy,...,pp>0withp;=1fori=1,...,r,

lim su max ds |E[AP: APz .. APP ]l <o C.34
d—>ooka7él¢{ika}7é{inz} E] dirji™ d iz g2 d’ZDJD” ( )
and
lim su max E[A2. . ---A%2. . ]—E[AZ. . ]---E[A%2. . ]|=0 (C.35)
d_mopvk#f{ik,jk};é{ihjlﬂ [ d,i1j1 d,szD] [ d,h]l] [ d,zD]D” (

with the maxima running over all values of (i1,j1),...,(ip,jip) € {1,...,2d}? with
{Zk’7]k} 7& {ilajl} for all k 7é L.

If Ag;, ;. = 0 almost surely, then there is nothing to prove so assume that Var[A;, ;| # 0.
Recall that G is a Gaussian model of S which is a self-adjoint dilation of M. The covariance
of the entries of A is hence a function of the covariance of the entries of M. Hence, applying
Lemma C.9 to the vector g := (Ag;,j,,---,Adipj,) yields (C.34) and (C.35) if there exist
constants £,u,c > 0 such that £ < dCov(M);;:; < u and |d Cov(M);j gm| < ¢/d for all
(i,7) # (k,m). Indeed, £ < d Cov(M);;,;; < u shows that the assumption of Lemma C.9 is
satisfied while |d Cov(M);; km| < ¢/d yields that e(Cov(g)) < ¢/d with € as in (C.32) which
ensures that Lemma C.9 provides a sufficiently strong conclusion.

The required upper bounds on |d Cov(M);; xm | and d Cov(M);;;; can be found in (C.5).
For the lower bound on Cov(M);; ;;, note that (C.6) implies that for all a,b € {1,..., K},

i TaPa,b
lim max_|dCov(M);jij — ——=| =
d—o0 ZEV{]7]€V}; ’ aaab

0. (C.36)

81f required, these details can be found in the first arXiv version of this paper; see arXiv:2307.11632v1.
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In particular, since ﬂo‘jp;b” # 0 due to the preliminary reduction to the case where Var[Agq;, ;.| #
0, there exists a constant £ > 0 such that £ < d Cov(M);; ;; for all d.

We may note that (C.36) is exactly the same limiting variance profile as occurs in the
dense regime with n = d? in [44, Equation (23)]. Consequently, since the universal limiting
eigenvalue distribution in [44, Theorem 4.2] only depends on the limiting variance profile, the
empirical eigenvalue distribution of G = A 4/+/d has the same universal limit as is predicted
by [44, Theorem 1.1]. More precisely, it follows from [44, Lemma 6.5 and Lemma 6.6] that

lim E[tr GP] = /a:pd sym(Veo)(z) and  lim Var[trGP] =0 (C.37)
d—ro0 1—00

with v as in Proposition 3.6. The result now follows from Lemmas C.6 and C.7, and the fact
that pug = sym(vnm). O

PROOF OF COROLLARY 3.7. Note that rank E[N] < K. The desired result hence follows
from Proposition 3.6 since low-rank perturbations do not affect limiting singular value distri-
butions. More precisely, one can combine [7, Theorem A.43] with a self-adjoint dilation. [

PROPOSITION C.10 (Abundance of singular values near m). Adopt the assumptions of
Proposition 3.6. Then, for any € > 0 there exists some constant ¢ > 0 such that

dlim P(#{ie{l,...,d}:s;(M) € (m—c,m+e)} <cd) =0. (C.38)
—00
In particular, since ||M)|| is the greatest singular value, limy_, . P(||M| <m —¢) =0.

PROOF. We can interpret the measure sym(v/) in Proposition 3.6 as the spectral law of
a 2K x 2K free-probabilistic object. Specifically, if H is the symmetric 2K x 2K Gaussian
matrix with independent entries satisfying that for every ¢, 5 < K,

Var[H; ;] =0 and Var[H, ;x| =«; 'mipi; (C.39)

then, it is classical (see e.g., [31, Chapter 9] or [21, Equation (1.5)]) that the system of
equations in Proposition 3.6 corresponds to the Stieltjes transform of the spectral law of the
free-probabilistic object Hy,e defined in [9, Section 2.1].

To be more specific, it is part of the definition of the latter object that it is an element of a
free probability space of the form A%5*2K where A is a C* algebra equipped with a faithful
state 7 : A — C, and the statement that sym(vs,) corresponds to the spectral law means
that (tr @7)(f (Hree)) = | f(2)dsym(vs) for every continuous function f : R — R where
f(Hgee) is defined by functional calculus. Thus, it follows from [34, (3.26)] that ||Hg.ce|| is
the upper edge of the support of this measure sym (v ). In particular, the measure assigns
nonzero mass to any oven interval containing ||Hg.ee||. Now, (C.38) follows from Proposition
3.6 since ||Hfee|| = m with m as in Theorem 3.5 by [9, Lemma 3.2]. O

C.3. Sharp upper bounds on ||M]||. The main technical result in this section concerns
a nonasymptotic upper bound on ||S.ee||; see Lemma C.12. We further prove Theorem 3.5,
and establish a nonasymptotic concentration inequality in Proposition C.13.

Recall that &; := #V;/d and define a scalar m analogously to Theorem 3.5 by

2K

1

f:= inf max {7+ cx} (C.40)
$€R2>Igi:1""’2K .'I:Z ; HId
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where the infimum runs over all vectors x with strictly positive coordinates and the coefficients
(éi,j)%(:l are defined by

0 ifi<Kandj<K,
~—1 e .
b= Oy TiPij—K ?fz'gKandj.>K,‘ (CA4)
’ 0 ifit>Kandj > K,
&;}Kﬂjpjyi,K ift>Kand j < K.
Let us further introduce the following parameter:
2
wi=  max min{ }/a:je{l,...,ﬂ(}}. (C.42)
1€{1,...,2K'} Cij

LEMMA C.11. There exists a vector x* € Rgg which realizes the infimum in (C.40) and
this vector satisfies that i <z <uforeveryiec{l,... ,2K}.

PROOF. As in the proof of Proposition C.10, it follows from [9, Lemma 3.2] that
m = ||Hee|| where H is the symmetric 2K x 2K Gaussian matrix with Var[H; ;] =0 and

Var[fli,H k| = a; 'm;p; j forevery i, j < K. Due to (2.10) it consequently holds that

f < 20(H) = 2||E[H?]|| = 2\/max{ga cae{l,... ,K}} =2./c1 (C.43)

where we used that the operator norm of the diagonal matrix E[H?] is its maximal element.
Let us now define a subset of R?X by

1
%::{xeRZfé:Q\/H<xi<ufora11i€{1,...,2K}}. (C.44)
Then, due to (C.43), the infimum in (C.40) may be restricted to X. Further, since p is assumed
to define an ergodic Markov chain, it holds for every j that there is some 7 with ¢; ; # 0. Thus,
u is finite and the set X is compact. Consequently, there exists z* € X with

1 2K 1 2K
m=inf max {— > aeh= max {43 e} (©49)
zexi=1,..2K \x; —1 i=1,....2K z; —1
J= J=

This concludes the proof. O
LEMMA C.12. With S as in (3.7), there exists an explicit € > 0 with
[Seell <0+ €
Moreover; it holds that € < n~lducy + Cu\Il(p)d;fn for some absolute constant C' > 0.

PROOF. Let 2* € R/ be the vector provided by Lemma C.11 and let W be the 2d x 2d
diagonal matrix with W;; = x; and Wi, 4149 =, j foranyi€V, anda € {1,...,K}.
Then, due to (2.9) and the fact that eigenvalues are dominated by the operator norm

ISl < A (W™ + E[SWS]) < [ W™ + E[SWS]|. (C.46)
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Forany 7,7 € {1,...,2d} the (i, j)th entry of E[SWS] is given by

2d
E[SWS]ij = >  WiE[S;4Sy,] (C47)
k=1
0 if (i <dandj>d)or(i>dandj<d),

= WiiapraCov(M)yx  ifi<dandj<d,
S Wik Cov(M) gy h(j—ay ifi>dandj>d.

We next study the diagonal and off-diagonal entries separately, starting with the diagonal.
Recall the estimate (C.6) on Cov(M);, ;. and note that, since &, = #V,/d,

17Tapab’ 1.d

3 2
< z\ ( o+ dc% + 2¢3 + —czb) (C.48)

d
for every i € V, and k € V,. Recall from (C.41) and that ¢, = 0 if max{a,b} < K or if
min{a,b} > K. Further, note that max;—; 4 W;; = maxy—1,__2x «; < uby Lemma C.11.
Hence, grouping terms along the clusters in (C.47) and substituting (C.48) yields that

COV( )zk ik —

d Qg

K d 3, 2
E[SWSlii — > éqp; gg( co + dc2+2c3+gc20) (C.49)
b=1

for every i,a withi € V,anda < K ori €V, i and a > K.
Now suppose that i # j. Then, using the estimate (C.5) in (C.47) with the fact that there
are precisely 2 values of k£ with k € {7, j} and d — 2 < d remaining values,

21132

2
EISWS]i,| < 5 (563 20) +

2
+C3+d

7 (3c2 + 2c90) (C.50)

2
=7 ((3cz + 43+ 2630) + g(6c2 + +4czb)).

Let us now split W—! + E[SWS] =D + R where D is the matrix containing all diagonal
entries and R is the matrix containing all off-diagonal entries. Then, since the operator norm
of a diagonal matrix is the greatest absolute value of its elements it follows from (C.49) that

. ou.d 3 2
IDIF < th+ 2 ez + 2 + 234 Je2). (C.51)

Further, using that the operator norm of a block diagonal matrix is the maximum of the

operator norms of the blocks as well as the fact that the operator norm is dominated by the
Frobenius norm, it follows from (C.50) that

IR| = H (Rl 0 )H %3¢ 4 4e5 4 2000) + %(6@ + 4eaD). (C.52)

Hence, since [|[W~! + E[SWS]|| < |D|| + | R, the combination of (C.46), (C.51), and
(C.52) yields the desired result with

d
€= u( s + 363 + Gy + 2620) + - (963 + 6). (C.53)
The claimed upper bound on & further follows from Lemma C.4. O

The combination of Lemmas C.5 and C.12 provides close—to—optimal estimates on the
parameters of S. This yields the following concentration inequality:
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PROPOSITION C.13.  There exists an absolute constant ¢ > 0 such that, for every 0 < <
1 and x > 0, the matrix M = \/d/n(IN — E[N]) satisfies

P(|M| > (1+8)(m+d '€) +cE(x)) < (d+1)(1+6)"".
where £(z) := (dn W (E)*2)/622/% 4 d'/ 20120 (E)x 4 (d~'og)Y*(«'/? + In(d +
1)3/4) with m, €, g, v, and ¢ as in (C.40), (C.53), (C.28), (C.22), and (C.1), respectively.
PROOF. Apply Proposition 5.2 with Lemmas C.5 and C.12 and use that [|[M| = ||S||. O

LEMMA C.14. Adopt the notation and assumptions of Theorem 3.5. Then, for any € > 0
lim P(|M]|| >m+¢)=0. (C.54)
d—o0

PROOF. A comparison of (3.10) and (C.40) shows that lim, .., M = m; recall that we
assume that limg_, o, #V,/d = «a, and that p is kept fixed. Further, the parameter & defined
in (C.53) remains bounded as d tends to infinity, so &/d — 0. Now, using Proposition C.13
with ¢ fixed at a sufficiently small value and subsequently taking z a large multiple of In(d),
a direct calculation using the assumption limg . dIn(d)*/n = 0 yields the result. O

PROOF OF THEOREM 3.5. Combine Proposition C.10 and Lemma C.14. O



	Introduction
	Universality-based concentration
	Related work
	Proof techniques
	Notation
	Structure of this paper

	Results
	Matrix models and parameters
	Gaussian model
	Dependence parameter
	Matrix parameters

	Results

	Examples
	Markovian entries
	Block Markov chains
	Concentration and sharp limiting value
	Limiting singular value distribution
	Visualization of results


	Proof of Theorem
	Expansion for the rate–of–change along the interpolation
	Boolean joint cumulants
	Properties of the psi-dependence coefficient
	Encoding suppression in random variables

	Combining classical–to–Boolean combinatorics and the decay of dependence
	General-purpose simplifications
	Bounding the ``normalization constant''

	Derivative of tracial moments
	Proof of Theorem

	Proof of Corollaries as well as Equation Equation
	Acknowledgments
	Declarations
	References
	Properties of the psi-dependence coefficient
	Bound on Psi(Z) in terms of total variation mixing time
	Bounds on sigma(S) and v(S)

	Proof of Lemma .
	Proofs concerning block Markov chains
	Estimates on the parameters of block Markovian random matrices
	Convergence of singular value distributions
	Sharp upper bounds on M


