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Abstract. We study spectral clustering in the presence of a confounding la-
tent geometry. The leading eigenvectors may then be dominated by the la-
tent geometry rather than by the communities. Nevertheless, we show in a
block latent-space model that communities can be recovered from eigenvectors
deeper in the spectrum. We analyze the spectral properties of the adjacency
matrix through a limiting integral operator and use its structure to develop
DBSPEC, a density-based spectral clustering algorithm that requires only ap-
proximate localization of the informative eigenvalue and is robust to poor
eigenvalue separation. Crucially, this approach handles general latent geome-
tries, overcoming restrictions to homogeneous toroidal models in prior works.
Our theoretical predictions for the location of the informative eigenvalue no-
tably align with observations in real-world experiments.
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1. INTRODUCTION

Many real-world networks are shaped by both geometric and community-based factors.
For example, consider a collaboration graph where an edge connects two researchers who
co-author a paper. Shared research interests increase the chance of collaboration, while ge-
ographic distance reduces it due to logistical challenges. Such effects are indeed apparent
in empirical data: researchers from the same domain but different institutions often collabo-
rate despite geographic distance, whereas collaborations across domains are more frequent
within the same institution [17, Table 1]. Thus, collaboration networks reflect both community
structure (research domains) and geometric structure (spatial proximity).

To uncover such underlying structures from empirical data, clustering algorithms that
group together similar nodes serve as a key tool. Various clustering algorithms have been
developed depending on the available data and on the structure that one is interested in. If one
is predominantly interested in the spatial relationships, and one has access to the coordinates,
then distance-based algorithms such as k-means or DBSCAN may be used [15, 34]. If instead
one is interested in the community structure, as will be our focus, then algorithms that leverage
network structure are more suitable. Among these, spectral algorithms are especially popular
due to their strong theoretical foundations and ease of implementation.
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Most fundamental understanding of network clustering algorithms comes from theoretical
models that include either geometric or community structure, but not both. For instance,
the stochastic block model captures purely community-based structure, with edges formed
according to group memberships, while ignoring other factors such as geometry [24]. Spectral
clustering methods that rely on the eigenvectors associated with the leading few eigenvalues
of a Laplacian or adjacency matrix can be shown to be consistent in that model because the
observed matrices can be viewed as a low-rank signal plus noise [31]. By contrast, latent
position models provide a purely geometric framework for clustering, in which each node is
assigned a position in Euclidean space and edges are formed according to distance [23]. Spectral
methods are also consistent in this setting, but for a different reason: the graph Laplacian
approximates the continuous Laplace—Beltrami operator, whose eigenfunctions capture the
latent geometry [41].

In practice, however, geometry and community effects often coexist. Spatial structure can
confound algorithms designed for community detection. For example, we show in Section 7
that direct application of standard spectral clustering to a collaboration network may fail to
recover the underlying research domains when the effect of distance is strong. The leading
eigenvectors are then dominated by the spatial structure which obscures the desired non-
geometric clusters.

To address such issues, one must account for geometric effects. To this end, the two-cluster
Soft Geometric Block Model (SGBM) assigns each node a uniform random position X; on a d-
dimensional torus as well as a cluster label in {1, 2} [5]. The edge probabilities in this random
graph model depend on the distance between nodes through the function F, (||X; — Xj||) if
the nodes belong to the same cluster, and through a different function Fou (|| X; — Xj||) if they
belong to different clusters. This model generalizes the hard geometric block model whose
study was initiated by [16, 17].

It was found in [5] that sign-based spectral clustering can still be made to work in the SGBM,
but only if one considers an eigenvalue deeper in the spectrum. To locate the appropriate
eigenvalue, [5] analyzed the limiting spectrum through a delicate combinatorial approach
based on the tracial moments of the adjacency matrix. The limiting spectrum there appears
somewhat miraculously via a Fourier transform of Fy, and Foy;. This analysis strongly depends
on the nodes being distributed uniformly in the d-dimensional torus. Furthermore, the exact
appropriate eigenvalue position must be known and the algorithm is not robust when the
eigenvalue is not well-separated from other eigenvalues.

Our goal in the present paper is to understand spectral clustering techniques in the presence
of inhomogeneous latent geometry. We study a block latent-space model where nodes are
independently assigned positions X; on some arbitrary compact set following a law that does
not need to be uniform. We let the connection probabilities be proportional to K (X;, X;), where
K is a general symmetric kernel satisfying a mild L?-continuity condition. The proportionality
constant of the kernel depends on whether the nodes are in the same cluster or not. Thus, the
latent geometry need not be a torus, and the kernel may depend on factors beyond distance;
however, its dependence on the cluster is assumed to enter only through the proportionality
constants. This model hence generalizes the case of the SGBM with Fi,, = aF and Foy = bF for
constants a, b € [0, 1] and a single fixed function F.

We analyze the limiting eigenvalues and eigenvectors in Propositions 3.1 and 3.2. Instead of
combinatorial analysis of tracial moments, we rely on results from [28] to match the spectral
properties with a limiting integral operator. This approach not only handles inhomogeneous
latent geometry, but also provides additional insight through the appearance of the spectrum
as that of a limiting operator, and it lends itself to generalizations; see e.g., Remark 4.4.



The inhomogeneous latent geometry implies that the limiting eigenvectors do not need to
be constant on the clusters, different from what occurs in the SGBM in [5]. Rather, the relevant
limits are continuous functions when restricted to a single cluster but may be discontinuous
across clusters. The proposed algorithm DBSPEC (Algorithm 1) leverages this by using eigen-
vector coordinates to construct low-dimensional embeddings and then applying DBSCAN to
separate them into two connected parts. This algorithm has the additional advantage of being
more robust to eigenvalue selection than the method of [5], since the continuity of the latent
positions is preserved even when a few irrelevant eigenvectors are included in the embedding.
Moreover, the use of low-dimensional eigenspaces rather than individual eigenvectors makes
the method naturally robust to eigenvalue multiplicities.

Theorem 4.1 gives an algorithmic guarantee that almost exact recovery is possible given only
approximate knowledge of the ideal eigenvalue positions. This is established in a regime with
superlogarithmic average degree, which is more lenient than the assumption of linear average
degree in [5]. This assumption is expected to be close to optimal for this specific algorithm.
Additional regularization steps in the spirit of [30] could likely enable algorithms that extend
almost-exact recovery to sparser regimes. We do not pursue such additional steps here as they
are not directly related to our primary goal of understanding the effect of inhomogeneous
latent geometry on spectral clustering,.

The theoretical insights gained in our block latent-space model are leveraged in Section 7 to
extract community structure despite the confounding background geometric effects in some
real-world networks. There, we show that standard spectral methods may fail to identify
the communities of interest when the leading spectral information is dominated by geometry
rather than cluster structure. In such cases, better performance can be achieved by exploiting
a non-leading eigenvalue. Most notably, our theoretical predictions of the location of the ideal
eigenvalue match the observed ideal eigenvalues in these empirical experiments.

Let us stress that our algorithms do not assume that the latent positions are known; only
the network structure is observed. An estimator for the ideal eigenvalue position does require
some additional information, but even this is only about cluster-level parameters; see (7.2) and
the preceding discussion. This has significant relevance in the empirical applications as we
indeed lack prior knowledge of the specific latent geometric distributions in those examples.

Additional literature. The two-cluster SGBM and clustering algorithms from [5] were re-
cently extended in [4] to multiple clusters by using k-means instead of sign-based clustering.
The latter comes with similar restrictions to [5]: the geometry is toroidal and the algorithm is
non-robust when eigenvalue separation is small.

Clustering when latent positions are known has been considered in a stream of works,
starting from [1, 39]. In [39] information-theoretic conditions for weak recovery (detection)
were studied, and [1] studied both weak and exact recovery. More recently, [6, 19, 20, 21, 22]
refined the information-theoretic conditions for exact recovery and proposed efficient algo-
rithms based on local, geometry-aware propagation and refinement procedures. The papers
[19, 20, 22] focus on hard random geometric graph models, whereas [6, 21] study soft geomet-
ric models with distance-dependent connection probabilities. In all the above works, nodes are
assumed uniform on a torus, an assumption that is used both to obtain tractable information-
theoretic thresholds and to analyze the algorithms. It would be interesting to also pursue sharp
information-theoretic thresholds in our setting with unobserved and inhomogeneous latent
positions.

There has also been a significant recent work on the spectra of geometric graph models
without cluster structure [3, 7, 8, 9, 13, 14]. Topics of interest include the effect of high-
dimensional latent geometry or sparsity. It would also be interesting to understand the effect
of such features on clustering problems.



Outline. Section 2 introduces the model. We state our results regarding the spectral properties
and clustering algorithms in Sections 3 and 4, respectively. Proofs are given in Sections 5 and
6. We conclude with experiments on real-world data in Section 7. Further details, including
an outline of the extension to more than two clusters and additional experiments on synthetic
and real-world data are provided in the appendices.

2. MODEL DEFINITION AND ASSUMPTIONS

We consider a random graph model whose edge probabilities depend on latent variables
and cluster labels.

Fix a compact subset X C R? for some d > 1 and assume that the nodes are indepen-
dently assigned latent positions Xj, ..., X, in X following a fixed probability distribution p.
Further, independently assign random labels oy, ...,0, ~ Unif{1,2}. Generalizations with
more clusters and non-uniform assignment are considered in Remark 4.4 and the appendices.

To specify the dependence of the connection probabilities on latent positions, fix a measur-
able function K : X x X — [0, 1] with the symmetry constraint K(x, y) = K(y, x). Further, for
the dependence on the cluster labels, fix a, b € [0, 1] and define a symmetric 2 X 2 matrix

a b
P:= (b a) . (2.1)

Finally, to tune the graph’s sparsity, let p,, € [0, 1] be an n-dependent parameter.

A random graph G = (V,E) on n nodes is then said to come from the block latent-space
model if its edges are present conditionally independently given the latent positions X, and
cluster assignments o,, with conditional probability specified by

PX,O’((U> w) € E) = pnK(Xy, Xoy)P (00, 04y). (2.2)

}an

Equivalently, the conditional distribution of the adjacency matrix A € {0, 1 is given by

1-Agw

Pxo(A) = || (pnK(Xe, Xu)P (00, 0)) " (1 = puK (X, Xor)P(03, ) (2.3)

1<v<w<n

Example 2.1. If X = {0} is a single point, then the connection probabilities only depend on
the clusters assignments and one recovers the stochastic block model [24]. Moreover, if X C R
and K(x,y) = xy, then one recovers the degree-corrected stochastic block model [27, 38].

Example 2.2. Let K(x,y) = 1{||x —y|| < R} for some R > 0. Then, one recovers the geometric
random graph model [37] as the special case where a = b in (2.1). Moreover, by allowing a and
b to be different one gets a notion of cluster structure, giving an instance of the soft geometric
block model studied in [5] in the special case where X is a torus. The restriction to tori will not
be needed in the present work. A visualization of the model in the case, when X = [0, 1] X [0, 1]
is the square, is depicted in Figure 1. Note that this latent space introduces a boundary effect
which makes the geometry of the graph non-homogeneous and was not present in [5]: nodes
near the edge have fewer neighbors than those in the middle of the domain.

Non-example 2.3. We stress that the present setup is intended to model a setting where
clusters and geometry are two different features. This is reflected in our assumption that the
latent probability distribution p and the kernel K are the same for both clusters. In particular,
geometry-based clusters as in a Gaussian mixture block model graph [33] are a different notion
and are not admitted in our model. Hard geometric block models with cluster-dependent
connection kernels as in [16, 17] are not admitted in our model either.
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FIGURE 1. A random soft geometric graph with 200 points uniformly drawn in the square X as in Example 2.2 with
parameters R = 1/27, a = 0.75 and b = 0.2. Community membership is indicated by node colors.

2.1. Assumptions. So far, the cluster assignments o, could just as well have been incorpo-
rated in the latent positions by replacing the latent space X with two disjoint copies of itself
and modifying the kernel K. The following assumption rules this out to make the clustering

problem well-defined.

Assumption 2.4. The compact set X C R? is connected. Moreover, the support of the
measure p completely covers this set: supp(u) = X.

An assumption on K is required to ensure that it respects the underlying geometry of the
latent space. To this end, we will rely on a continuity assumption. It is however too restrictive
to impose that K is continuous as a bivariate function as this would rule out important examples
like block geometric random graphs; recall Example 2.2. The following is more flexible:

Assumption 2.5. The function x +— K(x,-) is continuous in the L?-norm for y. That is,
lim,_, fX (K(x,y) — K(x + & 1))?du(y) = 0 for every fixed x € X.

Assumptions 2.4 and 2.5 together encode the conceptual difference between clusters and
latent variables that we assume in this paper: while the cluster assignments are discrete in
nature, the latent space X is assumed to have a continuous character. Our focus will be
to understand how spectral algorithms for recovering the cluster labels are affected by the
confounding latent variables.

Of course, it may not be possible to recover the cluster label o, based on an observation
of the graph G if the associated vertex has no connections that we can use. Further, the two
clusters are statistically identical if a = b. This motivates the following assumptions:

Assumption 2.6. It holds that a + b > 0 and a — b # 0. Further, assume that for every x € X
it holds that /X K(x,y)du(y) > 0.

All results presented from here on suppose that Assumptions 2.4 to 2.6 are in effect.
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3. LIMITING SPECTRAL PROPERTIES

Associated with the kernel K, we have a linear operator K : L2(X, u) — L*(X, y) given by

(Kf)(x) = fX FK(xy) du(y). (3.1)

It follows from K being symmetric and taking values in [0, 1] that the operator K is self-
adjoint and compact. In particular, the spectral theorem applies [11, Ch. II, §5, Theorem 5.1]:
there exists an orthonormal system of eigenfunctions ¢, ¢, ... € L?(X, u) with eigenvalues
k1] > |x2| > ... whose only accumulation point is at zero such that for every f € L%(X, ),

Kf =" ®ilf, 0x)x. (3.2)
i=1

We next show that the limiting eigenvectors and eigenvalues of the adjacency matrix can be
computed as a transformation of those of K.

Proposition 3.1. Let M, ..., Ay be the eigenvalues of the rescaled adjacency matrix A/ (npy)
and assume that p, = w(In(n)/n). Then, there exists a measure v such that for any fixed Borel
set B with v(9B) = 0 and 0 ¢ B, we have

#{i<n:A € B} > v(B) (3.3)

in probability. Moreover, this limiting measure v is explicitly given by

V=) S, + S, . (3.4)
i=1

Proposition 3.1 can be viewed as a generalization of [5, Theorem 1] and [4, Theorem 2.1]
which concern cases where X is a torus. Our proof approach, however, is different. While
the analysis in [4, 5] used delicate combinatorial arguments for the tracial moments of the
adjacency matrix where the shape of the limiting spectrum appears somewhat miraculously,
here we adopt an operator-theoretic perspective. Our proof in Section 5, shows that the
adjacency matrix has spectral properties similar to an explicit limiting operator A with a
spectrum given by (3.4).

Specifically, this operator A can be viewed as a kernel operator on the discrete union of two
copies of X. Suppose that we are given a pair of functions f;, ; : X — R in L?(X, ), one for
each copy of X. Then, we define the action of A as follows:

2
A(fi, f2) = (g1,92) with gi(x) := %Z P(i, j) /X K(x,y)f;(y) du(y). (3.5)
j=1

Viewing the two copies of X as corresponding to the different clusters and recalling the
definition of the connection probabilities in the model from (2.2), one can interpret (3.5) as a
mean-field approximation to the action of the rescaled adjacency matrix A/(np,).!

Not only does this explain why the limiting spectrum has the form specified in (3.4), one can
also use this approach to deduce the structure of the eigenvectors. A direct calculation with
(3.5) verifies that the eigenfunctions of A are (¢;, ¢;) and (¢;, —¢;) with eigenvalues (a+b)x;/2

IThis mean-field approximation is similar in spirit to the now-classical result that a random graph sampled from
a graphon converges to it, as do the eigenvalues [35, §11.6]. Actually, the specific results from integral operator
theory [28, 29] that we build our proofs on even predate the graphon-theoretic terminology.
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and (a—b)x;/2, respectively. The eigenvectors of the adjacency matrix mimic this. Conditional
on the latent positions and the cluster assignments, let us define vectors /", 1/ € R" by

(Pi(Xv) ifo, =1

_qoi(XU) ifo,=2 (36)

(lp:-)v o« ¢;(X,) and (l#z_)v < {
where the proportionality constant is chosen so that these are unit vectors.” Then, we have
the following approximation result:

Proposition 3.2. Fix a Borel set B with v(B) > 0. Further, assume that v(dB) = 0 and 0 ¢ B.
Let W be the n X v(B) matrix with columns given the ;" with (a + b)x;/2 € B, and let ¥ be a
matrix with columns given by those eigenvectors of A/(np,) with eigenvalues in B.

Assume that p, = w(In(n)/n). Then, it holds asymptotically almost surely that ¥g is also
n X v(B). Moreover, it holds in probability that

~min  ||¥30 - ¥g|lr — 0 (3.7)
0c0(v(B))
where the minimum runs over orthogonal matrices and || - || is the Frobenius norm.

Remark 3.3. The principle that the spectral properties of the adjacency matrix are matched
by a limiting operator also extends to more general models, such as those where the kernel K
may depend on the cluster labels in addition to the latent positions. An explicit expression for
the spectrum and eigenfunctions of the latter operator will however only be possible in special
cases. For instance, the special case where X has toroidal geometry and p is the uniform
measure that was considered in [5] could be recovered in this fashion.

Remark 3.4. Models where the geometric kernel only depends on the distance between latent
variables have been studied in a number of works that aimed to understand the performance
of (non-spectral) clustering algorithms when the distance scales with n, thus making the
geometry ever more pronounced [1, 6, 16, 22]. For instance, take K (X, X,,) = k(yn|[Xo — Xwll)
for some sequence y, — oo and fixed compactly supported function k : Ry — [0,1]. It
would be interesting future work to establish results similar to Propositions 3.1 and 3.2 in such
regimes, as this would clarify how strong the geometry can be before spectral methods break.

4. SPECTRAL CLUSTERING ALGORITHM

A generalization of the Perron-Frobenius theorem to integral operators ensures that the
greatest eigenvalue of K, denoted ., has an eigenfunction ¢. € L*(X, ) that is strictly
positive:

@«(x) >0 forall x € X. (4.1)

Specifically, this follows by a variation on Jentzsch’ theorem [25, Theorem I]; see Lemma 6.7.
All other eigenfunctions of K have non-constant sign due to their orthogonality.

The entries of the associated vector ¢, € R" defined in (3.6) will then have sign that is
aligned with the cluster labels. Hence, by Proposition 3.2, we may expect that A will have an
eigenvector with eigenvalue close to A, := np,(a — b)x./2 that is informative for clustering.
Indeed, if this eigenvalue is simple in the limiting spectrum, then one can deduce that clustering
based on the sign of this eigenvector yields almost exact recovery of the cluster labels. Such a
simple sign-based clustering algorithm however has a few disadvantages.

First, sign-based clustering becomes unstable when the limiting eigenvalue has nontrivial
multiplicity. The limiting eigenfunctions are then not uniquely defined—any linear combina-
tion again giving an eigenfunction of the same eigenvalue—which causes the eigenvectors of

To make sense of pointwise evaluation of ¢; despite the equivalence relation implicit in L2(X, y1), let us note
that it follows from Assumption 2.5 that these eigenfunctions are continuous functions; see Lemma 6.6.
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the adjacency matrix with eigenvalues close to np,(a — b)x./2 to approximate linear combina-
tions of the vectors v,b;—' This is why the orthogonal transformations occur in (3.7). The sign of
the entries of a linear combination of ¢/, with these other vectors may not always respect the
cluster labels, which would make sign-based clustering unstable. Example 4.3 below provides
simulations that confirm this instability.

Second, sign-based clustering requires that we know exactly what eigenvector to use. This
can be problematic because, different from what happens in classical settings like the stochastic
block model, the correct eigenvalue to use is not necessarily the second largest. Rather, the
appropriate eigenvalue depends on the model parameters. We will see in Section 7 that it
is in-fact possible to estimate the eigenvalue location using only the observed network and
estimates for cluster-level parameters a, b, so the situation is not as bad as may first appear,
since detailed prior knowledge of the geometry encoded in K, y and X is not necessary. Still,
it is preferable to have an algorithm that can work with less information as one may not even
know the cluster-level parameters in practice.

4.1. Density-based higher-order clustering. Rather than assuming that we know the exact
ideal eigenvalue location, suppose that we know some set A C R that contains it. For instance,
one could take A = (—o00, —¢] U [¢, 00) with ¢ > 0 sufficiently small. Alternatively, if one has a
rough guess A, for the location of the ideal eigenvalue then one could take A = [A, — ¢, A, + ¢].

Our algorithm uses the eigenvectors with eigenvalues in A. Considering the coordinates
of these vectors then yields an embedding of the vertices in low-dimensional Euclidean space.
(See Figure 2 below for a simulated example.) The idea is then that the embeddings of vertices
from a fixed cluster should depend continuously on their latent position, while different clus-
ters should be well-separated due to the component of the embeddings aligned with . We
can exploit this structure using a density-based clustering algorithms like DBSCAN [15]. Pseu-
docode for the resulting procedure is presented in Algorithm 1, and the consistency guarantee
is stated in Theorem 4.1. The proof is given in Section 6.

Theorem 4.1. Suppose that we are given a Borel set B with (a — b)k./2 € B satisfying the usual
conditions that v(dB) = 0 and 0 ¢ B. Further, assume that p, = o(In(n)/n) and let
Ap = {npyy :y € B}. (4.2)
Then, there exist c1,c, > 0 such that the partition € of {1,...,n} output by Algorithm 1 with
parameters ¢ = ¢;/\n and MinPts = c,n satisfies the following asymptotically almost surely:
(a): Two linearly sized clusters. All except two parts in € have cardinality o(n). The remain-
ing two parts C1,C, € € satisfy that #C; = n/2 — o(n).
(b): Almost exact recovery. There exists a permutation & such that o, = 1 for all except o(n)
membersv € Cr (1), and such that o,, = 2 for all except o(n) members w € Cy(3).

Algorithm 1 Density-based spectral clustering (DBSPEC)

Input: The adjacency matrix A € {0, 1}"*", a set A, C R, and parameters e, MinPts > 0
Output: A partition € of the vertex set {1,...,n}

1: Compute eigenvalues il, .. .,in € R and corresponding eigenvectors g&l, cee lﬁn e R"of A

2: jﬁ—{an:ijeAn}

3: foryv = 1,2,.A..,nd0

£ Vwe [G)wijed]

5: end for

6: € « the clustering obtained by applying DBSCAN to the points V,, with parameters e,

MinPts, and using the Euclidean distance




Remark 4.2. The algorithm is not overly sensitive to the choice of the parameters € and
MinPts. More precisely, it follows from the analysis that there exists some C; > 0 such that
for every fixed 0 < ¢; < C; every choice of € € [c¢1/+/n, C;/+/n] will work as n — 0. Moreover,
there then exists a C; > 0 depending on ¢; such that for every fixed ¢; > 0 every choice of
MinPts € [can, Con] will work as n — oo.

Example 4.3. Let us illustrate how multi-dimensional spectral embeddings in the new al-
gorithm can be advantageous when the ideal eigenvalue exhibits bad separation from other
eigenvalues. We revisit the soft geometric block model from Example 2.2 with K(x,y) =
1{||x — y|| < R} and let X := T! be a one-dimensional torus T! := {(x,y) € R? : x* + y* = 1}
(i.e., a circle). The eigenvectors in a simulated example for a specific choice of parameters
are visualized in Figure 2. Observe that none of the individual eigenvectors ¢; close to the
ideal eigenvalue produces a clear separation of communities. On the other hand, if the eigen-
vectors are combined into a 3D spectral embedding V., = ((¥/2)w, (¥3) s (¥4)+y), then the two
communities become cleanly separated. Algorithm 1 would here give accuracy 100%, while
a sign-based clustering algorithm such as HOSC [5] using the single eigenvector 13 would
obtain accuracy only 64%.

Additional details related to this example are given in the appendix. We characterize there
the conditions under which the ideal eigenvalue is simple. In particular, we prove that b =
a(1 —sinc(2zR))/(1 + sinc(27R)) yields a non-simple eigenvalue in the limit. The qualitative
phenomena of this example also serve as a caricature of the expected behavior when the ideal
eigenvalue is simple in the limit but has small separation relative to the sampling noise.

373.98
362.38
356.85

0.02

0.02

0.01

P2 0

—0.01
—0.02

Eigenvector coordinate

—0.02

—0.02

o 1,000 2,000 3,000 4,000

Node index 0.02 0.02

FIGURE 2. As described in Example 4.3, we consider a simulation of the soft geometric block model on X = T'!. We
take parameters n = 5000, R = 1/2, a = 0.5, and b = a(1 — sinc(27R)) /(1 + sinc(27R)). It can be shown that the
ideal eigenvalue location should here be 362.42. The observed adjacency matrix in-fact has three eigenvalues close
to this location: the second largest eigenvalue Ay ~ 373.98, third largest 13 ~ 362.38 and fourth largest dg ~ 356.85.
For comparison, we have A ~ 435.89 and A5 ~ 308.20. (Left) Coordinates of the corresponding eigenvectors i,
5, and ¥4, after ordering vertices according to their cluster label and position in T;. (Right) Plot of the points
Viw = ((¥2)ws (¥3)w, (Y4)) With colors given by the true communities.

Remark 4.4. Our focus on two clusters is for simplicity, as this case covers all relevant
insights with minimal notational burden, but the analysis extends beyond this setting. Suppose
that the cluster assignments o, are in {1,...,k} independently with P(c, = j) = g; for
q1s--->qr > 0 with }; ¢; = 1, and that we replace P from (2.1) by a general symmetric k X k
matrix. Then, using the same argumentation, the limiting operator A may be replaced by
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P®IK with P := Pdiag(qy, . . ., qx) implying that the limiting measure in Proposition 3.1 will be
replaced by 25:1 sy Or; With 7y, .. ., 74 the eigenvalues of P. Further, if Assumption 2.6 is
generalized to impose that the symmetric matrix P has no repeated rows, then a performance
guarantee like Theorem 4.1 can be derived with the condition (a — b)k./2 € B replaced by
{rjk. : j <k, 7; # 0} C B. Algorithm 1 does not require modification. Arguments for this
generalization are given in the appendix.

5. ProoF or PROPOSITIONS 3.1 AND 3.2

Denote || - | the spectral norm of a matrix, i.e., || M|| = sup,., [|[Mx||/||x||, where ||x|| denotes
the Euclidean norm of x. The following preliminary reduction allows us to replace A by its
conditional expectation given the latent variables X, and the cluster assignments o,:

Lemma 5.1. Assume that p,, = w(In(n)/n). Then, |A—E[A | X, c]||/(npn) — 0 in probability.

Proof. One can decompose A — E[A | X, o] into a sum of () matrices that are conditionally
independent given the latent variables X, and the cluster assignments o:

_ {Av,w —E[AyuX, 0] if {i, j} = {v,w},
i,j -

A-E[AIX, 0] = > Y(o,w) with (Y(0, w)) . |
else.

o<w

(5.1)
Note that ||Y(v, w)|| < 1. Further, || Y,<., E[Y(0, w)? | X, o]|| < np, by a direct computation
using that the operator norm of a diagonal matrix is the maximum of its diagonal entries. The
matrix Bernstein inequality [40, Theorem 1.6] hence yields that for every t > 0,

[P’(||A—[E[A|Xo]||>t) < 2nex (ﬂ) (5.2)
’ )T P np, +t/3/) '
Using that p,, = w(In(n)/n) in (5.2) now yields the desired result. O

Let X UX :={(x,1) : x € X} U {(x,2) : x € X} denote the discrete union of two copies of
the latent space X, and define a measurable function & : (X U X) X (X U X) — [0,1] by

d ((x1,01), (x2,02)) = K(x1,x2)P(071, 02). (5.3)

Then, the operator A defined in (3.5) is the integral operator associated with the kernel & and
the probability measure p ® Unif{1, 2}. Further, by definition of the connection probabilities
(3.5),

pnﬂ((Xz,, 00), (Xuws aw)) ifo #w,

54
0 ifo =w. (-4

E[Aow | X, 0] = {
Propositions 3.1 and 3.2 now follow from results by Koltchinskii and Giné [29] and Koltchinskii
[28] regarding eigenvalues and eigenvectors of matrices sampled from an integral operator:

Proof of Proposition 3.1. Consider the rearrangement distance on £? sequences, given by &, (x, y)
:=1inf /2 (xi = yr(;))? where 7 runs over permutations. It is shown in [29, Theorem 3.1]
that if H = (1{o # w}h(Xy, X))}, ,,—, is @ matrix sampled from an arbitrary Hilbert-Schmidt
integral operator with symmetric kernel h, then the sequence of eigenvalues of H/n converges
to that of the integral operator with respect to the rearrangement distance. Applying this with
h = of shows that the eigenvalues of E [A | X, 0] /(np,) converge to those of A. In particular,

this implies convergence of the empirical counts for sets B with v(9B) = 0 and 0 ¢ B as are
considered in Proposition 3.1.

It remains to transfer this result from E[A | X, o] to the eigenvalues of A/(np,). The
assumption that v(9B) = 0 implies that we can find some ¢ such that every eigenvalue of A is
at distance > ¢ from 0B. The aforementioned convergence in rearrangement distance hence
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also implies that the eigenvalues M < <Ayof E[A | X, o]/(npy,) have distance > ¢ from
0B for large n. It hence suffices to show that the eigenvalues A; < ... < A, of A/(np,) satisfy

|A; = Ai| < & for all large n. Indeed, this follows from Lemma 5.1 since Weyl’s perturbation
inequality [26, Theorem 4.3.15] implies that |4; — 4;| < ||[(A = E[A | X, a])/(npn)|l- O

Proof of Proposition 3.2. This proceeds similarly to the proof of Proposition 3.1 except that we
now use [28, Theorem 2.1] to control the eigenvectors of E [A | X, 0] /(np,) and then combine
Lemma 5.1 with the Davis—Kahan theorem [43, Theorem 2].

The result of [28] is stated in the terminology of empirical process theory and involves
suprema over a function class. It may not be immediately obvious that it gives the claimed
estimate. To this end, consider the function class # given by the finite set consisting of the
eigenfunctions (¢;, +¢;) of A with eigenvalue (a + b)x;/2 in B.> Then, it follows from [28,
Theorem 2.1, Equation (2.2)] and the orthogonality of eigenfunctions that with ¢:" as in (3.6),

max max|(Pgy;, 1) - I{i = j, s = t}| = 0, (5.5)
i,j sit==%

almost surely. Here, Pp is the orthogonal projection on the eigenspace of E[A | X, o]/ (np,)
for the eigenvectors with eigenvalues in B. Equivalently, ||‘I’]§ Ps¥s —I||r — 0.

Let ¥3 have columns given by the eigenvectors of E[A | X, ¢]/(np,) with eigenvalues
in B. Then, Py = ¥5¥] so (5.5) is equivalent to Q := ¥} ¥ satisfying Q"Q — I Hence,
ming [|Q — O||r — 0 where the minimum runs over orthogonal matrices. Further, using that
IM|2 = Tr(MTM) as well as the definition of Q and the orthogonality of the eigenvectors l}i,

%5 — ¥pQII2 = Tr((¥p — ¥sQ) " (¥p — ¥5Q))
=Tr(¥; ¥p — Y5 ¥5Q — Q" ¥y ¥s + Q¥ ¥5Q) = Tr(¥;¥5 - Q'Q). (5.6

Note that ¥ ¥z — I in probability by using the law of large numbers with the definition
(3.6) and the orthogonality of the limiting eigenfunctions. Hence, using that QTQ — I and
ming ||Q — Ol|r — 0 we have ming || ¥p — Y50||F — 0.

Further, Proposition 3.1 and the assumption that v(dB) = 0 implies an asymptotically
nonzero spectral gap near B. Hence, by Lemma 5.1 with the Davis—Kahan theorem [43, Theo-
rem 2], we have ming ||¥5 — ¥5O0||r — 0 in probability. Thus, ming ||¥p — Y50l —» 0. O

6. PROOF OoF THEOREM 4.1

We shall show that the situation observed in Figure 2 always occurs: the spectral embeddings
concentrate near a connected set for nodes in a fixed cluster, and there is a minimal spacing
between the different clusters. It is intuitive that this implies that DBSPEC with well-chosen
parameters is consistent, which we will make rigorous.

6.1. Preliminaries. For easy reference in the subsequent proofs, we here collect some stan-
dard facts regarding the DBSCAN algorithm and regarding the eigenfunctions of K.

6.1.1. Properties of DBSCAN. Given a finite set of points & in a Euclidean space as well as
parameters e, MinPts > 0, we recall the following definitions due to the classical paper that
introduced DBSCAN [15, Section 3].

Definition 6.1. The neighborhood of a point p € P is Nc(p) :={q € P : ||[p — ql| < €}.

Definition 6.2. We say that p € & is a core point if #N.(p) > MinPts.

3This function class satisfies the conditions of the theorem because we have considered finitely many continuous
functions ¢; on a compact set. (For instance, this immediately implies that the functions are uniformly bounded.)
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Definition 6.3. A point p € 9 is directly density reachable from ¢ € & if c is a core point
and p € N(c). Moreover, p € & is density reachable from c if there exist ¢y, ..., ¢, € P with
¢1 = c and ¢, = p such that c;4; is directly density reachable from c; for every i.

Definition 6.4. Points p, g € & are density connected if there is a point ¢ € & such that both
p and q are density reachable from c.

The output of DBSCAN is not entirely deterministic, since the assignment of points p that
are density reachable from core points ¢y, c; € £ which are not themselves density connected
can depend on the order that data was processed; see [15, p.229-230]. This ambiguity does
not affect core points, nor does it affect points that are not density reachable from any core
point. Hence, the following guarantee follows from [15, Definition 6 & Lemma 2]:

Lemma 6.5. A partition € of P output by DBSCAN consists of sets Cy, ..., Ck, Cnoise S P
satisfying the following properties:

(1) It holds that p € Cyoise if and only if p is not density reachable from any core point.
(2) Core points c1, ¢, € P belong to the same part if and only if they are density connected.

Note that item 1 together with the fact that € is a partition implies that every point that
is density reachable from a core point belongs to some C; with i < k. In particular, this is the
case for the core points themselves.

6.1.2. Basic properties of the eigenfunctions.

Lemma 6.6. Every eigenfunction associated with a non-zero eigenvalue of K has a continuous
representative.

Proof. Let ¢ be eigenfunction with eigenvalue k, and suppose that ¢ is normalized to have
unit norm in L?(X, p). Then, by the eigenvector equation, ¢(x) — ¢(y) = % /X o(2)(K(x,z) —
K(y,z)du(z). Hence, by Cauchy-Schwarz, |¢(x) — ¢(y)| < ﬁHK(x, ) = K(y, Mz (x,p)- By
Assumption 2.5, the desired result follows. O

Lemma 6.7. The eigenfunction @, for the greatest eigenvalue of K is strictly positive.

Proof. As was announced just after (4.1), the statement follows from [25, Theorem I]. It may,
however, not be obvious that that theorem is applicable. First, let us note that Theorem I in
[25] is stated for the Lebesgue measure on a subset of R™. This is however merely a matter
of formulation: (X, i) can be realized using a measurable map from the unit interval with
the Lebesgue measure, as it is a standard probability space. More significantly, one of the
conditions in [25] asks that there should be some £ > 1 such that the kernel of the integral
operator K is strictly positive almost everywhere. We shall show that this is the case.

A direct computation shows that H := K? has kernel h(x,y) = f K (¢, u)K (u, y)dp(u).
Assumption 2.6 then implies that h(x,x) > 0 for every x € X. Further, the continuity of
x +— K(x,-) from Assumption 2.5 implies that h is continuous as a bivariate function. In
particular, every x € X admits some ¢, > 0 and open neighborhood U, such that h(y, z) > &
for every y, z € U,. Using that X is compact, one can reduce the open cover {U : x € X} to
a finite cover {Uy,, ..., Uy, } of, say, k > 1 open sets. The connectivity of X from Assumption
2.4 implies that every y,z € X admit a sequence i(1), ..., i(k) satisfying Uy, , N Uy, ., # 0
such that y € U;(;) and z € U;(x). Using this and that p(Uy, ;) N Uy, ;,,)) > 0 by Assumption
2.4, one can verify that K?* = H¥ indeed has a strictly positive kernel. This concludes the
proof. O
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6.2. Proof of the consistency guarantee. This section adopts the notation and assumptions
from Theorem 4.1. In particular, we assume that B C R is such that (a — b)k./2 € B with the
usual conditions v(dB) = 0 and 0 ¢ B, and we let A, = {np,y : y € B} as in (4.2).

Recall from Algorithm 1 that V;, = [(¢;)s : A € A,] is found by taking the wth entry
of each eigenvector of A with an eigenvalue in A,. Let us similarly define V,, := [(¥}),, :
(a+b)k;/2 € B]. We use Lemmas 6.6 and 6.7 to establish properties of the vectors V,,:

Lemma 6.8. For every ¢ > 0 there exists some § > 0 such that asymptotically almost surely
IVy = Vool < e/+/n for all values of v, w with || X, — X,,|| < § and o, = o.

Proof. Note that the V,, are v(B)-dimensional vectors, and that v(B) < oo since there are
only finitely many i with (a + b)x;/2 € B or (a — b)x;/2 € B because the only accumulation
point of the k; is at zero and we assume that 0 ¢ B. In other words, the V,, have a fixed
finite dimensionality. Recall further that ;" in the definition of V,, are defined using the
eigenfunctions ¢; in (3.6) with some proportionality constant (say Z,) chosen to get unit
vectors. By the law of large numbers, the proportionality constant satisfies y/nZ, — 1 almost
surely. The result hence follows from the continuity of the ¢; from Lemma 6.6. O

Lemma 6.9. There exists some ¢y > 0 such that such that asymptotically almost surely ||V, —
Vwll > &/+/n whenever o, # o,,.

Proof. Recall from Lemma 6.7 that the eigenfunction ¢, associated with the greatest eigenvalue
k. of K is strictly positive. In particular, there exists some ¢ > 0 such that ¢.(x) > ¢ for all
x € X. Recalling that we assumed that (a — b)k./2 € B, it follows from the definition (3.6) of
Y. that with Z, the proportionality constant,

Vo = Vil 2 [(¥)o = (Y )l = Znl (Xo) + 0o (X)) | > 2¢Zy. (6.1)
Here, we used that o, # o,, in the equality. Use that ynZ, — 1 almost surely by the law of
large numbers and take &y = 2¢ to conclude. O

We now determine an admissible range for the parameters in Algorithm 1. Let us fix
c1,C1 > 0 such that ¢; < C; < g /3 with g as in Lemma 6.9. We assume that

€ € [c1/Vn,Cy/Nn]. (6.2)
Further, let § be the value resulting from Lemma 6.8 with ¢ = ¢;/2. Using the compactness
of X we can find a finite open cover {U; : j = 1,...,r} consisting of sets of diameter < 6.

Recalling from Assumption 2.4 that the support of i covers X, each of these open sets has
nontrivial measure. Let us fix ¢;, C; > 0 with ¢; < C; < minj<, p(U;)/2, and assume that

MinPts € [can, Con]. (6.3)

To prove Theorem 4.1 it then suffices to show that Algorithm 1 achieves almost exact recovery
whenever the parameters are in this range. Note that this also yields the claim in Remark 4.2.

To this end, we shall next transfer the properties of the vectors V,, to the V,,. Proposition
3.2 ensures that the vectors V,, have dimensionality v(B) asymptotically almost surely. Hence,
we can assume by discarding an event of negligible probability that the dimensions of V,, and
V,, match. It is then also well-defined to consider some v(B) X v(B) orthogonal matrix O with

n n
VIO -V]|?*= min VIO - VD=2 (6.4)
WZ nO-V] Qe@w»; TQ-Vy

Given such a matrix O, let us define a set of good indices by
Igood = {W <n: ”‘}w6 - Vw“ < Y/\/E} where Y= min{cl/‘l, 50/33 50/3 - Cl} (6'5)

Almost all indices are good:
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Lemma 6.10. It holds that #145,4/n — 1 in probability asn — oo.

Proof. Since the square of the Frobenius norm of a matrix is the sum of the squares of the
Euclidean norms of its rows, it follows from Proposition 3.2 and (6.4) that

n
D IVIO-VIIPF =0 (6.6)
w=1

in probability as n — oo. On the other hand,

n
Z IV, O = Vi I > y*(1 — #Zgo0a/n). (6.7)
w=1

Combine (6.6) and (6.7) to conclude. O

We shall now work towards application of Lemma 6.5 to show that Algorithm 1 correctly
clusters all good indices. Let us take & := {V,, : w < n}. Recall Definitions 6.1 to 6.4.

Lemma 6.11. Asymptotically almost surely, every V,, with w € Zg00d s a core point.
Proof. For every w € Iyo04, using (6.2) and (6.5) with the triangle inequality,
#NG(VW) = #{U <n: “Vw - VU” < 6} 2 #{k € Igood : ||Vw - Vv” < (Cl - 2}/)/‘/5} (6'8)

Recall from before (6.3) that {U; : j < r} is an open cover of X consisting of sets of diameter
< 8, where § was chosen to allow an application of Lemma 6.8 with ¢ = ¢;/2. Let J(w) be the
random index with X, € Uj(,,). Then, ||V,, — V,|| < ¢1/2+/n for every v with X, € Uj(,,) and
o, = 0,,. Hence, using that y < ¢;/4 by (6.5), it holds for every w € 4504 that

#Nc (Vo) 2 #{v € Tyood : Xy € Uy(yy) and g, = 0} (6.9)
Combining the weak law of large numbers with Lemma 6.10 yields that
max |#{0 € Tyo0d : Xo € Ujand 0, =s}/n — ,u(Uj)/Z} -0 (6.10)
j<rse{12}

in probability as n — oo. In particular, recalling from (6.3) that MinPts < Cyn with C, <
min, <, p(U;)/2, it indeed holds that #N,(V,,) > MinPts for every w € 4,04 asymptotically
almost surely. This means that every V,, with w € 54,4 is a core point, as desired. ]

Lemma 6.12. Fix some s € {1,2}. Then, asymptotically almost surely, all V,, with w € Zg00d
and o, = s are density connected.

Proof. The argumentation in (6.8)—(6.9) shows that IV = Viw|l < € for every w,w' € Igood
with X, and X, in the same member of the cover {U; : j < r} and o,, = 0,,. Considering
Lemma 6.11 and Definition 6.4, it now suffices to show that for every wa, wp € Iyo0q4 With
Ow, =$ = 0, there exist w(0), .., w(k) € Zzood With w(0) = wy and w(k) = wp, such that
Ow(m) = $ and such that X,,(,,) and X,,(p+1) lie in a shared member of the cover for every m.
Let Uy and Ug be the random members of the open cover {U; : j < r} containing X,,, and
X\, respectively. The connectivity of X implies that there exist j(1), ..., j(£) with Uj;) = Ua
and Uj(y) = Up such that Uj(;n) NUj(m+1) # O for every 1 < m < £. Here, the weak law of large
numbers together with Lemma 6.10 implies that
UjmmUijI/l;t(Z) #{w € Iyooa : Xoy € UjN Uy and 0y = s}/n — Ujﬂm[]i;}¢®u(Uj NUj)/2 (6.11)
in probability. This limit is strictly positive since the support of 1 covers X. In particular, all
the sets on the left-hand side of (6.11) are nonempty asymptotically almost surely. Thus, there
exist w(1),...,w(f) € Iyooa With Xyy(m) € Ujm) N Uj(m41) and o(w(m)) = s for every m. Let
k =t + 1 and set w(0) = wa and w(k) = wp to conclude. O
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Lemma 6.13. Asymptotically almost surely, it holds for every wy, wy € Iyo0q With o, =1 and
Ow, = 2 that V., and V,,, are not density connected.

Proof. For every s € {1,2} define a subset R, C R"®) by
Ry :={xeR"® :|IxTO - V.l < &/3/n for some w < n with o,, = s}. (6.12)

Lemma 6.9 ensures that ||V,,, — V|| > &/+/n for every wy, w, with o,,, = 1 and o,,, = 2. Hence,
recalling from (6.2) that € < C;/+/n < &/3+/n every point in R; is at distance > € from every
point in R;. Further, Definition 6.4 yields that two core points c4, cp are density connected if
and only if one can find a sequence of core points cy, ..., ¢k with step sizes ||cj41 — ¢j|| < € such
that ¢; = ¢4 and ¢ = cp. It now suffices to show for every s that every sz with ws € Zgo0a
and o,, = s satisfies V,, € R, and that every V,, with V,, ¢ R; U R, is not a core point.

Regarding the first statement, the definition Z,0q4 yields that || V‘IS O- Vol <vy/ \/n for every
Ws € Tgo0d. SO, indeed sz € R, since y < g/3; recall (6.5). Regarding the second statement, it
is immediate from the definition of Ry that for every VW ¢ RiUR,,

#N(V) < {o<n: VO =V, || 2 &/3Vn — €} (6.13)
Recall from (6.2) that € < C;/+/n and recall from (6.5) that y < &/3 — C;. It hence follows that
{o<n:|[V;O-V|| 2 &/3Vn—e€} < n—#Loq (6.14)

Lemma 6.10 and the assumption that MinPts > can from (6.3) now ensures that asymptoti-
cally almost surely #N,(V,,) < MinPts for every V,, ¢ R; U R;. This means that V,, is not a
core point, concluding the proof. O

Proof of Theorem 4.1. Lemmas 6.11 and 6.12 imply that for every s € {1, 2} the set V; := {V,,

W € Igood, 01y = S} consists of mutually density connected core points. Moreover, Lemma 6.13
yields that V; is not density connected to V,. Lemma 6.5 hence implies that there exist two
distinct parts C; # C; in the partition output by DBSCAN with V; € C; and V, C C,. Using
that #5504 = n + 0o(n) by Lemma 6.10 now concludes the proof. m]

7. EXPERIMENTS WITH REAL-WORLD DATASETS

Recall that some experiments with synthetic data were given in Example 4.3 and more
extensively in the appendices. We here consider three real-world network datasets commonly
used in the community detection literature:

e LiveJournal [42]. A social network extracted from the LiveJournal online blogging
platform, with edges corresponding to declared friendship relations. The dataset was
released as part of the SNAP collection at Stanford University and is characterized by
a heterogeneous degree distribution and user-defined community memberships.

e Political Blogs [2]. A hyperlink network among U.S. political blogs. The ground-truth
partition is given by political leaning (liberal vs. conservative), making this dataset an
example of a two-community structure.

e DBLP [32]. A collaboration network derived from the DBLP computer science bib-
liography. Nodes represent authors and edges indicate co-authorship relationships.
Ground-truth community labels are based on publication venues. We consider two
classification examples: DBLP A (top communities 1 and 2) and DBLP B (top communi-
ties 1 and 3). We will also present results in a derived dataset, called DBLP A*, obtained
by removing the nodes from the 2 biggest cliques of DBLP A.

In each dataset considered, we removed overlapping nodes (nodes that are in the two com-
munities) and isolated nodes. Table 1 summarizes the main structural properties of each
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dataset, including the number of nodes (1), average degree (d) and median degree (d), com-
munity sizes (ny, ny), and the cluster connectivity parameters (ay, a;) and (b). Here, g; is the
internal connection density of the ith cluster, defined as the ratio of the number of edges
connecting two nodes in that cluster to the total number of possible edges. Similarly, b is the
inter cluster density defined in terms of the edges between clusters.

TaBLE 1. Structural properties of the real-world datasets.

Dataset n d d m ny a as b
Political Blogs 1224 27.31 13 588 636 0.042 0.039 0.0042
DBLP A 13036 494 3 7321 5715 0.000629 0.000876 0.000024
DBLP A* 12991 4.87 3 7297 5694 0.000621 0.000872 0.000023
DBLP B 12212 6.10 4 7566 4646 0.000635 0.0017 0.00002
LiveJournal 2766 1745 7 1426 1340 0.0061 0.0197 0.00014

One testable prediction from our model is on the location of the ideal eigenvalue for the
purpose of clustering. In the setting of our main discussion where the two clusters were
assumed to have the same size and internal connection probabilities, our results predicted
that this ideal eigenvalue should be located near A, = np,(a — b)k./2 with k. the eigenvalue
of the kernel operator K. This location depends on the latent geometry through k., which
is information that we do not have direct access to, but this dependence can be eliminated
through an observable quantity. Indeed, note that Proposition 3.1 predicts that the largest
eigenvalue of the adjacency matrix should be imax ~ npy(a+ b)k,/2 and this is an observable
quantity. Thus, the ideal eigenvalue should be located near imax(a —b)/(a+0Db).

Inspecting Table 1, we see that the assumption of equal community sizes and internal
connection densities is violated in some of the considered datasets. To account for this, we
consider the variants of our results described in Remark 4.4. Consider the matrix

P (nlal/n ngb/n)

nib/n  nyax/n|’

(7.1)

Let Tmin and 7,y denote the minimum and maximum eigenvalues of P, respectively. Then, by
Remark 4.4, the ideal eigenvalue for clustering should be located near the following value:

S A~

D t= A 2200 (7.2)

Tmax

To test the quality of eigenvalue locations we consider spectral clustering based on the sign
of the entries of a single eigenvector. We do this both for the eigenvector for the second eigen-
value (classical spectral clustering) and for an eigenvector with a higher-order eigenvalue (HO)
In the higher-order case, we consider both the eigenvalue closest to 1. and the eigenvalue )Lopt,
which was found to yield the best performance. Table 2 reports the accuracy of the resulting
clusterings, measured as the fraction of correctly classified nodes (up to label permutation),

together with the indices of the eigenvalues selected by the higher-order methods.

TaBLE 2. Sign-based clustering accuracy on real-world datasets.

Dataset Classical HO (A.) HO (Aypr) Index A, Index Agp
Political Blogs 93% 93% 93% 2 2
DBLP A 56% 56% 76% 1 12
DBLP A* 56% 76% 76% 10 10
DBLP B 65% 74% 75% 4 15

LiveJournal 56% 77% 85% 3 4
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The classical and higher-order methods naturally have identical performance when the
corresponding eigenvalues coincide, as in Political Blogs. However, the second eigenvalue
does not always match the one predicted by our theory. When it does not, selecting the
predicted higher-order eigenvalue can substantially improve performance. For instance, for
LiveJournal, selecting the third eigenvector improves the accuracy from the almost random
56% to a respectable 77%. For DBLP B, accuracy is improved from 65% to 74% by selecting
the fourth eigenvector. The eigenvectors indexed by 9 and 15 here achieve almost the same
accuracy as the 4-th one, and this is the greatest accuracy obtained in any eigenvector.

We now discuss DBLP A in more detail. Figure 3 (left) shows that the best accuracy is
achieved by the 12th eigenvector, associated with /112 = 14.64. The eigenvalues closest to
1. = 20.78 are however A; = 23.12 (the closest) and 1, = 17. To explain this discrepancy, let us
note that this dataset has one clique of size 18 and another of size 22. A clique of size n has
a large leading eigenvalue n — 1. By the interlacing theorem, the largest eigenvalue of DBLP
A must therefore be greater than 21. Since our estimator uses the largest eigenvalue of the
graph, these large cliques may significantly affect the estimate.

We repeat the experiment after removing these two cliques, thereby obtaining the modified
dataset DBLP A*. Now, the two largest eigenvalues of the adjacency matrix are A; = 16 and
/12 = 15.67. Corresponding to the significantly changed value for A1 = Amax, our estimator
A = 14.31 also changes substantially and now accurately reflects the optimal value; see
Figure 3 (right). While removing the clique does not substantially change the best possible
achievable accuracy, it does have significant effect on the estimator for the optimal eigenvalue
location.

0.7 i 0.7

Accuracy

0.6 0.6

0.5 i 05

! |
5 10 15 20 25 30 35 40 45 50 5 10 15 20 25 30 35 40 45 50

Eigenvector index Eigenvector index

FIGURE 3. Accuracy of the sign assignment for varying eigenvector indices. The left and right figures show DBLP
A and A", respectively. The dashed red line indicates the index of the eigenvalue closest to A..

The foregoing concerns sign-based clustering with a single eigenvector. We next illustrate
the DBSCAN-based algorithm DBSPEC with several eigenvectors on LiveJournal.*

Recall that higher-order sign-based clustering improved performance in many of our datasets.
In applications, however, one may not know the parameters ay, as, b nor ny, ny needed to deter-
mine A,. Less information is needed for density-based spectral clustering with a few leading
eigenvectors. It is hence natural to consider spectral embeddings by the rows of [{; ¥, 3],
the eigenvectors of the three largest eigenvalues.

For LiveJournal, we find that applying DBSCAN on the 3-dimensional spectral embeddings
with an ad-hoc optimized parameter choice € = 0.0003 and MinPts = 30 achieves 88%
accuracy on the assigned points but labels 62% of the vertices as noise. The accuracy of the
clustered points outcompetes sign-based clustering, but a large number of points have been
assigned to noise. One could address this, and likely achieve fairly high total accuracy, by using

*Discussion of DBSPEC clustering for DBLP A* is deferred to the appendices for brevity. We there find that
performance is also improved in DBLP A*, and surprisingly find signals that there are more than 2 clusters.
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some second algorithm to assign the noise points based on the assigned ones (for example,
in the spirit of [5, Algorithm 2]). However, we will next see that a closer inspection of the
spectral embeddings reveals that the noise points have an understandable root cause.

Observe in Figure 4 (left) that the spectral embeddings exhibit radial streaks. These radial
streaks cause bad separation near the origin while also causing greater spread of points that
are distant from the origin. This explains why a small value of € = 0.0003 was necessary for
DBSCAN to identify two clusters, but then also results in many points being assigned to noise.

Such radial streaks are a well-known phenomenon associated with large node degree fluctu-
ations that are common in real-world datasets, and multiple ways to address this phenomenon
have been proposed [10, 12, 18, 38]. One such method is to eliminate the radial component by
rescaling embeddings to the unit sphere, an algorithmic step that dates back to [36].

Figure 4 (right) visualizes the renormalized spectral embeddings. We observe a much cleaner
separation between the clusters, aside from only a relatively small number of points that can
reasonably be considered due to noise. Applying DBSCAN with ad-hoc parameters ¢ = 0.3
and MinPts = 50 returns two clusters with only 0.4% of the vertices labeled as noise and
near-perfect 99.3% accuracy on the assigned points. After normalizing for the well-understood
effects of degree fluctuations, LiveJournal thus behaves as our theory predicts: the embeddings
of each community is density-connected and DBSCAN correspondingly attains high accuracy.

0.05

FIGURE 4. Spectral embedding of LiveJournal given by the rows of [y1 ¥, ¥3], the eigenvectors of the three
largest eigenvalues, colored according to the ground-truth communities. Left: the unnormalized embedding, with
axes truncated at +0.13 (0.6% of the points fall outside the displayed range). We observe radial streaks and poor
separation between the communities near the origin. Right: the same embedding after normalizing each row to
the unit sphere. The two communities become well separated.

7.1. Conclusion. This paper studied spectral clustering in the block latent space model, a
random graph model with community structure in the presence of a potentially inhomoge-
neous confounding latent geometry. Propositions 3.1 and 3.2 described the spectrum of the
graph’s adjacency matrix in terms of a limiting kernel. Theorem 4.1 leveraged this structure to
give a consistency guarantee for DBSPEC, a DBSCAN-based higher-order spectral clustering
algorithm.

For real-world data, our results are consistent with the observed behavior once the under-
stood effects of large cliques and degree fluctuations are taken into account. We found that
a higher-order eigenvalue can give better performance than the classical second eigenvalue,
and our theory gives good predictions for the location of the ideal eigenvalue. Further, ro-
bust multidimensional spectral embedding can significantly improve performance relative to
sign-based assignment with a single eigenvector.
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APPENDIX A. PROOF FOR REMARK 4.4

Recall that Remark 4.4 concerns generalizations to settings with multiple clusters and non-
uniform cluster label assignments.

A.1. Model and performance guarantee. As in the main text, we assume that nodes are
independently assigned latent positions Xj, . . ., X,, following some probability measure y on
X C R4, and we consider some kernel K : X x X — [0,1]. However, we now assume that
cluster assignments o, are in {1,..., k} for some k > 2, independently with P(o, = j) = g;
for q1,...,qx > 0 with 3; g; = 1. Further, fix some P € [0, 1]¥*F that is symmetric, PT = P.

A random graph G = (V,E) on n nodes is then said to come from the general k-cluster
block latent space model if its edges are present conditionally independently given the latent
positions X, and cluster assignments o, with conditional probability specified by

[FDX,O'((U: w) € E) = an(Xv: Xw)P(0y, 0vy). (A1)

As before, we adopt Assumptions 2.4 and 2.5 concerning the connectedness of X and L*-
continuity of K. As a replacement for Assumption 2.6, we consider the following:

Assumption A.1. The rows of P are pairwise distinct. Further, assume that for every x € X
it holds that fX K(x,y)du(y) > 0.

Consider the matrix P defined by

P :=Pdiag(qy,...,qr), (A.2)
where diag(-) refers to the diagonal matrix with the specified diagonal. Let 73,..., 7 € R be
the eigenvalues of P. The following generalizes Theorem 4.1.

Theorem A.2. Suppose that we are given a Borel set B with
{tike, ... ks 1 j < k,Tj # 0} C B. (A.3)
Assume that B satisfies v(dB) = 0 and 0 ¢ B. Further, assume that p,, = w(In(n)/n) and let

Ap ={npny : y € B}. (A.4)

Then, there exist c1,co > 0 such that the partition € of {1, ...,n} output by Algorithm 1 with

parameters € = ¢;/\n and MinPts = c,n satisfies the following asymptotically almost surely:

(a): Linearly sized clusters. All except k parts in € have cardinality o(n). The remaining k
parts Cy, ..., Cr € € satisfy that #C; = q;n — o(n).

(b): Almost exact recovery. There exists a permutation & such that o, = i for all except o(n)
membersv € Cr(;) for everyi < k.

We explain the necessary modifications to the statements and proofs of Propositions 3.1
and 3.2 in Appendix A.2. Given those extensions, the proof of Theorem A.2 proceeds almost
identically to the proof of Theorem 4.1 given in Section 6, with a minor modification in the
proof of Lemma 6.9. We give the latter modification in Appendix A.3.

A.2. Extensions of Propositions 3.1 and 3.2. Let LI % be the discrete union of k copies
of the latent space and define a measurable function oA (I_Ii.‘:l‘K) X (I_Ii.‘:ﬂ( ) — [0,1] by

d ((x1,01), (32, 02)) := K(x1, x2)P(03, 02). (A.5)
Then, by definition of the connection probabilities,

pnd((Xz,, 0v), (X, ow)) ifo #w,

A.6
0 ifo=w. (A.6)

[E[Av,w |X, O-] = {
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Associated to the kernel o , we define an integral operator. For fi,..., fy € L2(X, U, we let

k
A(fis- s ) = (g1, 9x) with g, ==ZP(i,j)qj/K(x,y)fj(y)du(y)- (A7)

j=1 X
Note that A = P ® K. Hence, A has eigenvalues of the form 7;x;.

Proposition A.3. Adopt the notation and assumptions of Appendix A.1. Let A, ..., A be the
eigenvalues of the rescaled adjacency matrix A/ (np,) and assume that p,, = a)(ln(ﬁ)/n). Then,
there exists a measure V such that for any fixed Borel set B with v(dB) = 0 and 0 ¢ B, we have

#{i<n: € B} > ¥(B) (A.8)

in probability. Moreover, this limiting measure V is explicitly given by

7= i Zk: Sy (A.9)

i=1 j=1

Proof. Applying the matrix Bernstein inequality [40, Theorem 1.6] word-for-word as in the
proof of Lemma 5.1, it follows from the assumption p, = w(In(n)/n) that

IA-E[A | X, alll/(npn) — 0, (A.10)
in probability.

Let Q be the probability measure on {1, ..., k} with weights ¢, . .., gx. Then, we observe
that E[A,+ | X, 0]/pn is a random matrix sampled from the kernel o on I_Ii.‘le when the
latter space is equipped with the probability measure Q ® u. The associated integral operator
for the kernel of and the measure Q ® y is exactly A.

The remainder of the argument now follows exactly as in the proof of Proposition 3.1. One
can use [29, Theorem 3.1] to match the eigenvalues of E[A | X, o]/(np,) with those of A.

Further, one can use (A.10) and Weyl’s perturbation inequality [26, Theorem 4.3.15] to match
the eigenvalues of A with those of E[A | X, o]. O

Let 01,...,0r € R¥ be the right eigenvectors of P with eigenvalues 7y, . . ., ¢, respectively.
Then, recalling from (3.2) that we denote ¢; for the eigenfunction of K, the eigenfunction of
the operator A are exactly of the form ¢; ® ¢;. As the corresponding generalization for (3.6)

we define vectors i,ﬁl.(j .. .,l/;l.(j ) e R" by

W0 o (07)0(0) 01 (Xo), (A11)

with the proportionality constant chosen such that these are unit vectors.

Proposition A.4. Adopt the notation and assumptions of Appendix A.1. Fix a Borel set B with
7(B) > 0. Further, assume that #(B) = 0 and 0 ¢ B. Let 1}3 be the n X v(B) matrix with columns
given the I}i(j) with 7jk; € B, and let ¥ be a matrix with columns given by those eigenvectors of
A/(np,) with eigenvalues in B.

Assume that p, = w(In(n)/n). Then, it holds asymptotically almost surely that ¥y is also
n X ¥(B). Moreover, it holds in probability that

~min ||¥50 - ¥pl[r — 0 (A.12)
OcO(#(B))
where the minimum runs over orthogonal matrices and || - || is the Frobenius norm.

Proof. This follows identically to Proposition 3.2 by using [28, Theorem 2.1] to control the
eigenvectors of E[A | X, o]/(np,) in terms of those of A and then using the Davis-Kahan
theorem [43, Theorem 2] to match the eigenvectors of A with those of E[A | X, o]. O
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A.3. Proof of Theorem A.2. The main modification to the proof in Section 6 is an argument
that Assumption A.1 suffices to guarantee some spacing between the clusters’ spectral em-
beddings. Recall from Algorithm 1 that VW = [(¥i)w : Ai € A,] takes the wth entry of each

eigenvector of A with an eigenvalue in A,,. Similarly, we define V,, := [(xj;l.(j ) )w : Tjk; € B].

Lemma A.5. Adopt the notation and assumptions of Theorem A.2. Then, there exists some gy > 0
such that such that asymptotically almost surely ||V, — V,,|| > &/+/n whenever o, # o,

Proof. Recall from Lemma 6.7 that the eigenfunction ¢, associated with the greatest eigenvalue
k. of K is strictly positive. In particular, there exists some ¢ > 0 such that ¢.(x) > ¢ for all
x e X.

The assumption that the rows of the symmetric matrix P are pairwise distinct implies that
for everys,t € {1,..., k} there exists some vector x in its column space with x; # x;. Note that
the column space of the matrix P = P diag(qy,, ..., qx) is equal to that of P and spanned by
the right eigenvectors p; of P with nonzero eigenvalue 7j # 0. It follows that there is some p;
with nonzero eigenvalue and (p;)s # (p;):. Let r > 0 some small constant that lower bounds
the absolute difference, say r := mingy, max;.;z0l(pj)s = (p)sl-

Recall that we assumed in (A.3) of Theorem A.2 that 7k, € B for all values with 7; # 0. It
follows from the definition (A.11) of lﬁy ) that with Z ; the (random) proportionality constant
for rescaling to a unit vector,

1V, = Vil = m;x|(¢£f’>v — (W)l = 0. (%) max Zj|(p))o(o) = (pj)o(w| 2 cr max Z;.
(A.13)

Here, we used that o, # o,,. Use that \nZ i — 1 almost surely, by the law of large numbers,
to conclude. |

Proof of Theorem A.2. This follows identically to the proof of Theorem 4.1 given in Section 6,
except that we use Lemma A.5 in place of Lemma 6.9. O

APPENDIX B. ADDITIONAL SYNTHETIC EXPERIMENTS

We continue discussing the model from Example 2.2. This example serves to highlight that
X does not need to be a torus, the latter being a common assumption in previous works.

Consider two communities with 1500 nodes each. We want to apply our algorithm to recover
communities of the block latent-space model with the following parameters R = 0.35, a = 0.75
and b = 0.2 and to investigate the effect of the underlymg topology. In the scenario with the
square space X = [0, 1]?, the ideal eigenvalue is /1 = 256.52. The eigenvalue /14 = 255.08 is
closest to A, and we depict the coordinates of ¢4 in Figure 5 (left). From Figure 5 (left) it is
easy to see that Algorithm 1 can accurately classify all nodes of the graph. Figure 5 (right)
depicts the coordinates of the eigenvector associated with A, = 308.87, which clearly would
not recover the true community labels, showing that the standard spectral clustering does not
work in this example.

To see how the ideal eigenvalue changes with the geometry, we now consider the same
parameters, but with X = T?, the unitary two-dimensional torus. We now have A = 317.26.
Also, Figure 6 depicts the coordinates of the eigenvectors associated with Ay = 318.81 (left) and
Ay = 281.19 (right), respectively. One can see that i/, recover the true communities. Compared
with the previous example, this shows that the location of the optimal eigenvalue depends on
the underlying geometry and may or may not coincide with the second eigenvalue.

We now examine a regime where A, is a multiple eigenvalue in the limiting spectrum. As
shown in equation (10) of [5], this situation occurs for specific values of the model parameters.
(See also Appendix C.) In this setting, we compare the algorithms HOSC [5] and DBSPEC. Let
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FIGURE 5. On the left, plot of the eigenvector coordinates associated with A4 = 255.09. On the right, the eigenvector
coordinates associated with A, = 308.87.
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FIGURE 6. On the left, plot of the eigenvector coordinates of 1/, associated with A, = 318.81. On the right, plot of
the eigenvector coordinates of ¢4 associated with A, = 281.19.

us continue with X = T? and set n = 3000, R = 1/2r, p, = 1, and K(x,y) = 1{||x — y|| < R}.
We vary a from 0.15 to 1, with step size 0.05. For each a, we let b be given by
_1-sinc(27R)
By sinc(27R)’
the ideal eigenvalue A, is non-simple in the limiting spectrum; see equation (C.3) in Appen-
dix C.

Figure 7 depicts the evolution of accuracy for HOSC (blue) and DBSPEC (red) for such
pairs (a, b). Here DBSPEC is run with the three eigenvectors whose eigenvalues are closest
to A, and its density-based step is DBSCAN with ¢ = 0.01 and MinPts = 10 in the Euclidean
metric. Reported accuracies are averaged over 30 independent runs, and bars indicate standard
deviation for the individual samples. We note that DBSPEC recovers the true communities
for every pair (a, b) consistently, while HOSC accuracy fluctuates wildly. This confirms the
benefit of the new algorithm being robust to non-simple eigenvalues.

(B.1)

. . . 1 2
Finally let us consider an example of sparse graphs. Specifically, we take p, = 10 - @

and vary n from 500 to 10000. The other parameters of SGBM are given by a = 1/2 and
b =1/5. Figure 8 depicts the evolution of the accuracy and the density as n grows. Reported
accuracies are averaged over 50 independent runs. We observe that DBSPEC recovers the
true community clusters even for modest size of n.

APPENDIX C. WHEN THE IDEAL EIGENVALUE IS NON-SIMPLE IN THE LIMITING SPECTRUM

Let us consider a model similar to Example 2.2, with the only difference in the choice X = T?,
the unitary torus, which can be represented by [—%, %] ? with the toroidal metric and specify

25



=
o0
|

g
€ 0.6
g
= 04
0.2+ —e— DBSPEC
—s— HOSC
0 T T T T T T

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
a

FIGURE 7. Accuracy of SGBM for HOSC [5] and DBSPEC with b is chosen depending on a as in (B.1). Due to the
linearity of (B.1), changing a is here equivalent to modifying the sparsity parameter p,. The bars indicate one
standard deviation for the individual samples across runs.

1 ]
0.08 -

0.8

0.6 £ 0.06 -

0.4 — 0.04 —

Accuracy
Density

0.2

0.02

T T T T T T T T
2,000 4,000 6,000 8,000 2,000 4,000 6,000 8,000

n n

FIGURE 8. On the left, evolution of DBSPEC accuracy in the sparse regime as n increases, that is, the proportion
of correctly classified vertices. On the right, the average density for each n, where the density is the ratio between
the number of edges and the total number of possible edges.

a condition of the ideal eigenvalue multiplicity. As in [5], we define
Fin(x) =a-I{[lx -yl <R} and Fou(x) =b- I{[lx -yl <R},

for some b < a € (0, 1],
Lin = / Fin(x)dx = a(2R)? and Hout = / Fout (x)dx = b(2R)?,
TZ Tz

and
ﬁin(k) =/ Fin(x)e_Zi”<k’X>dx and ﬁout(k) :/ Fout(x)e_Zi’T(k’x)dx,
T2 T2

the Fourier transforms of Fy,(x) and Fou:(x).
From Theorem 1 and Proposition 1 of [5], we know that the ideal eigenvalue A, will not be

simple in the limiting spectrum, if and only if

ﬁin(k) + ﬁout(k) = Hin — Houts (Cl)
for some k € Z*\{0}. Using Lemma 3 from [5] for the expression of the Fourier transform, we
can specify the above condition to

2
(2R)*(a + b) l_[ sinc(27k;R) = (ZR)d(a -b), (C.2)
j=1
for some k € Z?\{0}, where

sin x : .
e if x # 0;

sinc(x) =
(x) 1, otherwise.
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In particular, by taking k = (0, 1), the ideal eigenvalue will be non-simple in the limiting
spectrum if
1 — sinc(2zR)

=q———. C3
a1+sinc(27rR) (€3)

APPENDIX D. ADDITIONAL EXPERIMENTS WITH DBSPEC ON REAL-WORLD DATA

We here consider the performance of DBSPEC with multi-dimensional spectral embeddings
for DBLP A™.

We consider the three eigenvectors s, 19, and 19, whose associated eigenvalues are closest
to our estimator /i* = 14.31, namely /ig =14.92, /ig = 14.84 and )Atlo = 14.63, respectively. The
next eigenvalue, Ay = 13.87 is separated from Ao by a comparatively wide gap.

Figure 9 shows the spectral embedding given by the rows of [/ ¥ 119], after normalizing
each embedded point to lie on the unit sphere. Interestingly, for a wide range of DBSCAN
parameters (for instance € = 0.30 and MinPts = 500) this embedding yields four clusters
rather than two. Among the 12,991 embedded points, the largest cluster contains 7,702 points,
of which 84% belong to the first community, while the other three clusters, with 1,657, 1,312
and 922 points, consist almost entirely of vertices of the second community (89%, 93% and
83% of their points, respectively), the remaining 1,398 points (10.8%) are labeled as noise. In
particular, if the latter three clusters are merged into a single one, the resulting bipartition
attains accuracy 0.86 when the noise points are removed. The adjacency matrix may also
suggest that four clusters are more natural for this dataset, since reordering the rows and
columns of the adjacency matrix by the four clusters reveals four dense diagonal blocks, with
only 3.6% of the edges crossing a block boundary (Figure 10).

F1GURE 9. Three dimensional spectral embedding based on the eigenvectors s, 1o, and /19, with each embedded
point normalized to lie on the unit sphere. On the left, points are colored according to the true communities. On
the right, points are colored according to the four clusters obtained by DBSCAN with € = 0.30 and MinPts = 500,
with noise points shown in gray (10.8% of the vertices).

This finding of four natural clusters is somewhat surprising, since the dataset was explicitly
constructed with two ground-truth clusters. In DBLP, however, these ground-truth clusters
are based on publication venues. Moreover, the variant DBLP A" is based on the two largest
such venues. One plausible hypothesis is that the four clusters correspond to natural subcom-
munities in these large venues.
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FIGURE 10. Adjacency matrix of DBLP A* with rows and columns sorted by the four DBSCAN clusters of Figure 9
(noise vertices last). Red lines mark the cluster boundaries. The three subgroups of the second community appear
as dense diagonal blocks; only 3.6% of the edges among the assigned vertices cross a block boundary.

Let us finally recall that the main text considered spectral embeddings for LiveJournal based
on the rows of [{; ¥ 3], the eigenvectors of the three largest eigenvalues. The choice of
these three eigenvalues was motivates as being natural when one does not have access to
information about the ideal eigenvalues, but it is natural to wonder what would happen if a
different choice of eigenvectors were used.

Figure 11 visualizes the (normalized) spectral embeddings associated to the rows of [/ /4 5]
in LiveJournal. The accuracy of DBSCAN in this case is 99.2%, essentially identical to the per-
formance 99.3% achieved using [/; ¥» ¥3]. This confirms that the accuracy is not too sensitive
to the choice of the set of eigenvectors, as long as the set includes the ideal eigenvectors.

Ps 0

FIGURE 11. Spectral embedding of LiveJournal given by the rows of [¢/3 s /5], normalized to the unit sphere,
colored by the labels returned by DBSCAN with € = 0.35 and MinPts = 50 (gray = noise, 0.6% of the vertices).
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